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Perturbative series,
Padé approximants,
Borel transform
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asimpﬁoﬁt seyries

Perturbative expansions in QFTs are (at best) asymptotic

0.30F :

Perbturbakive error is _
0'25;_ relaked to missing higher j

[ orders (MHOs) )
0.20[ :
0.15F h

: 1™\

I 1 Physical
0.10[ :
0050 vt v v v v b

0 2 4 6 8 10 12 14

Perturbative order

QCD is the Limiting factor in several SM observables ok
present (MHOs and uncertainty in parame&evs)

Resulks bejonci ] Looys umtiw‘etj ko appear amvﬁme SOOW....
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c:&i,vergevxc:es and renormalons

aX(Y\d ~ n'
&>@)1ﬂﬂﬂ WWGW MA@AM/» W@}M\N

1 T S
n=0
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c&i;vergemces and renormalons

aX(Y\d ~ n'
&>@)1ﬂﬂﬂ WWGW MA@AM/» ww@}mm

1 T S
n=0

Borel transform method
o

t"
BR|(t) = Z "n 7 which can be “summed’=—>
n=0 ' \

Singularities in the Borel plane: renormalons
Beneke '99

5115

=L, (n# 1)

OPE

IR
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divergences and renormalons

-4 ¢ Ty ~ T
N\l\'a@\/\’\/\ W\MGW—FMA@AMN—I—wW@}WN_'_...

%k

1 T S
n=0

Borel transform method
o

t"
BR|(t) = Z "n 7 which can be “summed’=—>
n=0 ' \

Singularities in the Borel plane: renormalons
Beneke '99

TR B[R|(t) = (w—2) (A2>2

IR
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estimating missing higher orders

Use of (model independent)

Qu(x) a0+ aix + ax® + -+ + amx™
Ry(x) 1+ bix + box? + -+ byxV

\/1—|—%X

(1 + 2x)?

Py (x) =

example: f(x) =

Mabtching the T&vmr series

f(x) &~ 1 — 3.75x + 10.969x° — 28.867x> + 71.591x" + - - -

1 ap + aix 5 5
Py (x) = 1+ bix ~ agp + (a1 — agb1)x + (agb; — a1 b1 )x™ + - - -

Estinmates of higher orders
f(x) ~ 1 — 3.75x + 10.969x> — 28.867x> + 71.591x" + - - -

Pl(x) &~ 1 — 3.75x + 10.969x> — 32.084x> + 93.845x" + - - -
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estimating missing higher orders

Use of (model independent)

Qu(x) a0+ aix + ax® + -+ + amx™

Py (x) = —
v () Rn(x) 1+ bix + box? 4+ -+ - + byx"

(x) e optimised use of the information |
- (a few coefficients)

e very effective

® can reproduce poles

® model independent

‘e convergence theorems
(in some cases) Baker

® provides an error estimate
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estimating missing higher orders

approximants
Baker

® Useful for functions with cuts or branch points

1
(1 —2)7

+ B(z2) F(z):%lnf(z)% (,uiz)

I—> meromorphic

® D-log Padé to f(z) is defined as

Dlogi (z) = £(0) exp{/dz P]]\\%(z)} PA applied to F(z)

® The D-log Padé is not a rational approximant, however F'(z) is meromorphic
® |t is possible to determine the position of the cut and its multiplicity

® The D-log Padé recreates the first M 4+ N + 1 coefficients of the function f(z)
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Application to hadronic tau decays



QCD i kauw detajs

==
!
|

| I’ — hadrons v, |
| R’T — _
| Ulr — e v v,

— Perturbative QCD (massless)
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QCD in tau decays

Davier et al '14 |

= 3.6280 £ 0.0094

| R _ ['/7 — hadrons v, |
"A{ T T = e vy

— - _ —

Im(s)A

Re(s)

Sum rule (using Cauchy’s theorem)

Braaten, Narison, Pich '92 K\
(2)

S0 1 5 —1 ~
R, = 0 ds w(s) ;Imﬂ(s) =5 7{ dzw(z) Il
|z[=5s0
~
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QCD i kauw d&tajs

['/7 — hadrons v, |

|\

t R =
i{{ Ulr — e v v,
| ,

s = e ——

Braaten, Narison, Pich '92

e.xpe.rimenﬁ —\
—1

R. / dsw(s ImH() — 7{ dz w(z) II(2)

271

Sum rule (using Cauchy’s theorem) <

3" 3", 67(MC)

Studying these sum rules one can extract the
strong coupling and parameters of non-

Eer?:urba&ive QCD,
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QCD i kauw detajs

Ty (g) =1 / d'z e (0| T{J, ()7, (0)'}|0)

|
]

Below charm one works with massless correlators.
1 . 4
2mi j{ dzw(z)I1(z) ~ N.(1 +£§,; +dpw + doPE + 0DVs) 60 = cnal

Gorishnii, Kataev, Larin 91 : , )
’ ’ B I , Ch € I ’ K h ‘08
Surguladze&Samuel "9 1 e e

v v '
1 2 3 4 £ loops.
Q o 0% o 4

o
5% = 0.1012 + 0.0533 + 0.0273 + 0.0133 = 0.1952 | Pt correction is ~20%
WJ

Moments dominated by perturbation theory
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disclaimer!

Gorishnii, Kataey, Larin '91 . . L
Surguladze&Samuel "9 | Baikov, Chetyrkin, Kiihn ‘08

v ;
1 2 3 4 ,
s & Pasiy

5% = 0.1012 + 0.0533 + 0.0273 + 0.0133 :ﬁ, 1050
687 = 0.1375 +0.0262 + 0.0104 + 0.0072 =|0.1814

84
pt. correction is ~20%

theoretical um«mr&aim&v

Contour Improved Perturbation Theory (CIPT)

CIPT has a different Borel sum and requires a different OPE
Hoang and Regner, arXiv:2008.00578, arXiv: 2105.11222

rder Perturbat'\on Theory
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testing the method

We validate our strategy with the help of a reallstlc model:

Gluon propagator with insertions of qq loops

++++++ e e+ e e

QT f asnf
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testing the method

We validate our strategy with the help of a reallstlc model:

Gluon propagator with insertions of qq loops

O‘S(QQ) O‘S(QQ)

"Non-abelianization" of the result

ng — 6708, A set of non-abelioan diagrams is
/ included (running coupling)
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testing the method

We validate our strategy with the help of a realistic model. large- 3y limit

1 dx d
0 140 140 140
00 = — ¢ =W(@) Dyl (m2a) D0 (s) = —s— [0 (s)|
|z|=1
Borel transformed Adler function exactly known  *°f | Ilb
R 32 e(C—I—5/3)u 0 (_1)kk A
B({D = 0.00 [3—$—8—8—$ —
Duslu) = 30 =5—, ; k2 — (1 — u)?]2
Beneke 93 Broadhurst ‘93 ool o
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testing the method

We validate our strategy with the help of a realistic model:

1 dx (140 140 d 140
50 = — W (@)Dl (m2a) D) = —s 7= [ (s)|
|z|=1
Borel transformed Adler function exactly known  *°f | Iﬂ
R 32 e(C-I—5/3)u 0 (_1)kk A
B|D = 000 f§—8—8—8—% R —
Puslu) = 305 L [k = (1 - u)P
Beneke '93 Broadhurst ‘93 oqo bl A
o — as(Q)
o 59 function (FOPT): "

5t0 15(2@) = ag + 5.119a + 28.78ay, + 156.7ap + 900.8ap, + 4867ag + - - - .

o Borel transform of the 69 function:
—12 sin(7u)
(u—1)(uv—3)(u—4)

B[5©](u) = B[D](u),
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convergence

Systematic study of different strategies:

o PAs on B[D](u);

o PAs on D(as);

o PAs on 5%)(045);
o PAs on B[6{0](u);

o DLog PAs on B[D](u):
o DLog PAs on B[5{J](u);

Check (and understand!) the convergence of the different Padé sequences

relative error of the 1st predicted coeff.

Orel —

With many input coefficients everything
works well, Problem: apﬁimiz.a the method
with only four coefficients,

P

Cn,l o Cn71

Cn,1

10 11
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o P&&MO\L strateqies

Systematlc study of different strategles Optlmal strategies
e PAs on E[D](u)
e PAs on D(as);

PAs on 6%)(045); Padés bo the series in alphams

PAs on B[5Sg](u);

DLog PAs on B[B](u);

DLog PAs on B[5|(:(g](U); 'b'"i.os Padés bto the Borel Eramsform
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o P&&MO\L strateqies

Systematic study of different strategles Optlmal strategies
e PAs on E[D](u)
e PAs on D(as);
o PAs on 6%)(045); Padés bo the series in alphams
e PAs on B[5Sg](u);
e DLog PAs on B[B](u);
o DLog PAs on B[égg](u); D-log Padés to the Borel transform

Why are D-log Padés best tn Ehis case?

@ D-log method:

Fu) = dilog(B[«s“’)](u))

2 3 1 1 1 1

— C t —_ - —
+3+7TCO(7TU) 1+ u +3—u+4—u+1—u+2—u u_l_

simptiﬁ«:&&am of the analytic structure (ho double poles, o scheme
dependence, no cuks...)
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results in larqge-beta0

the method can be tested in the so called “large-beta0” limit of QCD

(5.1 Co,1 7.1 Cs,1 Co,1
Large-Bo (exact) 787.8 —1991  9.857 x 10*  —1.078 x 10°  2.775 x 10’
P3 749.3  —1444 8.169 x 10* —7.514 x 10>  1.917 x 10’
Dlog] 818.7 —2738 1.189 x 10> —1.663 x 10°  4.495 x 10’
DB, Masjuan, Oliani 'l 8 —
0.32 I | TrQe vallue | | | | 4 o032} | Borél su‘m | | | | | 3 0.32 | | Bofel Sdm | .
FOPTP5 —=— Lo ‘FOPT DLogj —=— { s FOPT —=— |
028  CIPTPS --»- . | 028 |- CIPT Dlog] - -~ - | 0.28 |- CIPT - -~ - r
-% 0.24
50.20
0.16
0.12
1 | 3 | 5 7 | 9 | 11
Perturbative order Perturbative order Perturbative order
P3 () Dlog? (u) Large-fo (exact)

Excellent reproduction of the series at high orders (up to ~10)

Apply the optimal strategies to QCD

Diogo Boito




Results in QCD



Resulks it QCD

@ In QCD we know only the first four coefficients:
D(ag) = aq + 1.640a3 + 6.371a}, + 49.08a, + cs.1a3 + Co.135 + - - -

@ Apply the optimal strategies (from the study of large-5o):

PAs on 6% function:

Ca.1 Cs5,1 Co,1 c7.1 8,1 Co,1 Padé sum
P? 55.62 276.1 3865 1.952 x 10*  4.288 x 10>  1.289 x 10° 0.2080
P, 55.53 276.5 3855 1.959 x 10*  4.272 x 10>  1.307 x 10° 0.2079
P} input  304.7 3171  2.442 x 10* 3.149 x 10>  2.633 x 10° 0.2053
P; input 301.3 3189  2.391 x 10*  3.193 x 10°  2.521 x 10° 0.2051
D-log PAs on Borel transform of §\°) function:
C4,1 Cs,1 C6,1 C7.1 Cs.1 Co.1 Borel sum
DLog; 51.90 272.6 3530 1.939 x 10* 3.816 x 10°  1.439 x 10° 0.2050
DLog] 52.08 273.7 3548 1.953 x 10* 3.840 x 10>  1.456 x 10° 0.2052
DLog;  input  254.1 3243  1.725 x 10*  3.447 x 10°  1.186 x 10° 0.2012
DLog, input 256.4 3270 1.769 x 10*  3.493 x 10>  1.258 x 10° 0.2019
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Resulks it QCD

@ In QCD we know only the first four coefficients:

D(ag) = aq + 1.640a3 + 6.371a +49.08

4 5 6
3o T C5,1dg + C,1dp + * *

@ Apply the optimal strategies (from the study of large-5o):

PAs on 6% function:

Ca.1 Cs5,1 Co,1 c7.1 8,1 Co,1 Padé sum
P? |55.62| 276.1 3865 1.952 x 10*  4.288 x 10°  1.289 x 10° 0.2080
P, |55.53] 276.5 3855 1.959 x 10*  4.272 x 10>  1.307 x 10° 0.2079
P;  input  304.7 3171 2.442 x 10*  3.149 x 10°  2.633 x 10° 0.2053
P;  input  301.3 3189  2.391 x 10*  3.193 x 10>  2.521 x 10° 0.2051
D-log PAs on Borel transform of 5 function:
C4,1 Cs,1 C6,1 C7.1 Cs.1 Co.1 Borel sum
DLog; (51.90| 272.6 3530 1.939 x 10* 3.816 x 10>  1.439 x 10° 0.2050
DLog] |52.08| 273.7 3548 1.953 x 10*  3.840 x 10°  1.456 x 10° 0.2052
DLog;  input  254.1 3243  1.725 x 10*  3.447 x 10°  1.186 x 10° 0.2012
DLogy input 256.4 3270 1.769 x 10*  3.493 x 10>  1.258 x 10° 0.2019

Excellent post-diction of the §-loop result

C471 — 03 -
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Resulks it QCD

@ In QCD we know only the first four coefficients:

D(ag) = aq + 1.640a3 + 6.371a +49.08

4 5 6
3o T C5,1dg + C,1dp + * *

@ Apply the optimal strategies (from the study of large-5o):

PAs on 6% function:

Ca.1 Cs5,1 Co,1 c7.1 8,1 Co,1 Padé sum
P? |55.62| 276.1 3865 1.952 x 10*  4.288 x 10°  1.289 x 10° 0.2080
P, |55.53] 276.5 3855 1.959 x 10*  4.272 x 10>  1.307 x 10° 0.2079
P} input  304.7 3171 2.442 x 10* 3.149 x 10>  2.633 x 10° 0.2053
P; input 301.3 3189  2.391 x 10*  3.193 x 10°  2.521 x 10° 0.2051
D-log PAs on Borel transform of §\°) function:
C4,1 Cs,1 C6,1 C7.1 Cs.1 Co.1 Borel sum
DlLog; |51.90| 272.6 3530 1.939 x 10* 3.816 x 10°  1.439 x 10° 0.2050
DLog] |52.08] 273.7 3548 1.953 x 10* 3.840 x 10>  1.456 x 10° 0.2052
DLog;  input  254.1 3243  1.725 x 10*  3.447 x 10°  1.186 x 10° 0.2012
DLog, input 256.4 3270 1.769 x 10*  3.493 x 10>  1.258 x 10° 0.2019

Excellent post-diction of the §-loop result

C471 — 03 -

Estimabes from obher methods

C41 = 27+ 16 [Kataev, Starshenko 94,95]

proved less effective

[Baikov et al, 03]

Diogo Boito



Resulks it QCD

@ In QCD we know only the first four coefficients:

D(aq) = aq + 1.6403% + 6.371a}, + 49.08a% I copag+ -
@ Apply the optimal strategies (from the study of large-5o):
PAs on 6% function:
Ca.1 Cs5,1 Co,1 c7.1 8,1 Co,1 Padé sum

P2 55.62 | 276.1| 3865 1.952 x 10* 4.288 x 10° 1.289 x 10°  0.2080

P, 55.53 | 276.5| 3855 1.959 x 10*  4.272 x 10>  1.307 x 10° 0.2079

P;  input | 304.7| 3171 2.442 x 10*  3.149 x 10°  2.633 x 10° 0.2053

P;  input | 301.3 | 3189 2.391 x 10* 3.193 x 10°  2.521 x 10° 0.2051

D-log PAs on Borel transform of 69 function:

C4,1 Cs,1 C6,1 C7.1 Cs.1 Co.1 Borel sum
Dlogl 51.00 272.6 | 3530 1.939 x 10* 3.816 x 10°  1.439 x 10° 0.2050
DLog] 52.08 |273.7 | 3548 1.953 x 10*  3.840 x 10°  1.456 x 10° 0.2052
DLog;  input |254.1 | 3243  1.725 x 10*  3.447 x 10°  1.186 x 10° 0.2012
DLog, input |256.4 | 3270 1.769 x 10*  3.493 x 10>  1.258 x 10° 0.2019
C5.1 — 277 = 51

Diogo Boito



Resulks it QCD

@ In QCD we know only the first four coefficients:

D(aq) = aq + 1.640a + 6.371a, + 49.08a¢ + cs,12p |

e Apply the optimal strategies (from the study of Iarg-“

PAs on 6% function:

Ca.1 Cs5,1 Co,1 c7.1 8,1 Co,1 Padé sum
P? 5562 | 276.11 | 1.952 x 10*  4.288 x 10>  1.289 x 10° 0.2080
P, 55.53 | 276.5 | 1.959 x 10*  4.272 x 10>  1.307 x 10° 0.2079
P;  input | 304.7 || | 2.442 x 10*  3.149 x 10>  2.633 x 10° 0.2053
P;  input | 301.3 | | 2.391 x 10*  3.193 x 10°  2.521 x 10°  0.2051
D-log PAs on Borel transform of 69 function:
Cs4,1 Cs,1 C6,1 C7.1 8,1 Co,1 Borel sum
Dlog;  51.90 | 1.939 x 10*  3.816 x 10°  1.439 x 10°  0.2050
DLog?  52.08 - 1.953 x 10*  3.840 x 10°  1.456 x 10° 0.2052
DLog;  input 1.725 x 10*  3.447 x 10° 1.186 x 10° 0.2012
DLogy  input 1.769 x 10*  3.493 x 10°  1.258 x 10° 0.2019

c51=277+51 61 = 3460 = 690

Diogo Boito



Resulks it QCD

@ In QCD we know only the first four coefficients:

D(aq) = aq + 1.640a + 6.371a, + 49.08a¢ + cs,12p |

e Apply the optimal strategies (from the study of Iarg-“

PAs on 6% function:

Ca.1 Cs5,1 Co,1 c7.1 8,1 Co,1 Padé sum
P? 5562 | 276.11 | 1.952 x 10* | 4.288 x 10>  1.289 x 10° 0.2080
P, 55.53 | 276.5 111.959 x 10* | 4.272 x 10>  1.307 x 10° 0.2079
P;  input | 304.7 || 2,442 x 10* | 3.149 x 10>  2.633 x 10° 0.2053
P;  input | 301.3 | | 2.391 x 10* | 3.193 x 10°  2.521 x 10°  0.2051
D-log PAs on Borel transform of 69 function:
Cs4,1 Cs,1 C6,1 C7.1 8,1 Co,1 Borel sum
Dlog;  51.90 | 1.939 x 10*| 3.816 x 10°  1.439 x 10°  0.2050
DLog?  52.08 11.953 x 10*| 3.840 x 10°  1.456 x 10° 0.2052
DLog;  input 1.725 x 10*  3.447 x 10° 1.186 x 10° 0.2012
DLogy  input 1.769 x 10*| 3.493 x 10°  1.258 x 10° 0.2019

c51=277+51 61 = 3460 = 690
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Resulks it QCD

, 1 C6,1 , 8.1
277 + 51) 3460 £ 690 (2.02+0.72) x 10* (3.7 1.1) x 10°

C10.1 C11.1 C12.1

(1.6 +1.4) x 10° (6.6 +£3.2) x 10" (=5+57)x 107  (2.1+1.5) x 10%°

C5,1 = 283 + 142 'Beneke, Jamin, 08] (Using Borel Model)
c5,1 = 140 + 100 [Baikov et al, 03] (Using part of five loop info)
cs1 = 275 [Baikov et al, 08] (Using the principle of Fastest
Apparent Convregence)
¢5.1 = 287 4 40 [Caprini '19] (Conformal mappings)
| T | T T T T (0) L
0.32 L Borel sum | 0"’ = 0.2050 £+ 0.0067 £ 0.0130
FOPT —&—
028 B ClPT - A - —
- B 4
o
= 0.24 - -
- L |
=
s 0.20
I7e) B
0.16
0.12

Perturbative order
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Resulks it QCD

1 C6,1 , 8,1
\ 277+ 51) 3460 + 600  (2.02+0.72) x 10* (3.7 + 1.1) x 10°

10,1 C11,1 €121

(1.6 +1.4) x 10° (6.6 +£3.2) x 10" (=5+57)x 107  (2.1+1.5) x 10%°

cs,1 = 283 = 142 [Beneke, Jamin, 08] (Using Borel Model)
¢5,1 = 140 £ 100 Baikov et al, 03] (Using part of five loop info)
cs1 = 275 [Baikov et al, 08] (Using the principle of Fastest
Apparent Convregence)
c5.1 = 287 £ 40 [Caprini ’19] (Conformal mappings)
| T | T T T T (0) L
032 L Borel sum _ 0"’ = 0.2050 £ 0.0067 £ 0.0130
FOPT —&—
0.28 - CIPT -- A -- | . .
c . Impact on the strong coupling perturbative
g 0.24 - al uncertainty from tau decays
6? 0.20 T — (hadrons) + Vs
I7e) B
016 1 a,(mz) = 0.1171 4 0.0010
0.12 e e
DB, Golterman, Maltman, Peris, Rodrigues, Schaaf, PRD 2|
Perturbative order arXiv:[2012.10440]

Diogo Boito



Higgs decays to bottom quarks



H — bb

Decay H — bb
b b
H ------ < F (P <§g + H —--e-- @ +
b b b

Scalar qq correlator
Optical theorem (%) = i [ do € (QT{i(2)5 (01
['(H — bb) = ImIl/mpg

j(@) =mq : qs(z) qs():
(massless limit)

Diogo Boito



H — bb

Decay H — bb
Ne
ImIl(s) = — m
S
L
!
1980
Braaten, Leveille
Sakai
2-loop
NLO

2
b

S

i - i
1+ Z CnQ.
. n=>0 _

co = 29.1467

1990

Gorishny et al

3-loop

N2LO

(massless case)

g
as = =
-
c3 = 41.7576 cqy = —825.747
1997 2006
Chetyrkin Baikov, Chetyrkin, Kiihn
4-loop 5-loop
N3LO N4LO
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Calibrating the strategies

large-3y limit

e Scalar correlator in large-f3,

N, L 18 n—1 ; s
HLﬁ(S) — 47'('2 mQS 1 — 5 — § (—&> Hn_|_1(L) Ag | L=In <——2)

[Broadhurst, Kataev, Maxwell '01]

o For,u2:—3ande=5

N
Mrs(s) = m?s [1 + 3.0542a, + 17.990aZ + 63.519a2 + 443.45a; + 2958.45a> + . .. |
70

10 T T T T T T T T T

3

10°1 & Dlog"y @ DlogNn,q1 ¥ DlogN .2
2L

10 \\\\ u DlogN+1N A DlogN+2N

101 _— \\ . —

D-loq Padés (ko the second derivative)
again superior to ordinary Padés

10° [- A A -

elative Error

1071 | N e —

2 Se—
- S
— ST

R
o
/

I

107 - .

107°
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Resulks i QCD

Second derivative of the massless scalar correlator

!/ NC 2
IT (s) = —23 i 1+ 3.6667as + 12.8098 a> + 39.6839 a2 + 153.955a; + ... |
70 S
4 5 T'6 rT T8 T9

Py(u) 184 1143 8850 82240 891 707 1.10 x 10

Pi(uw) - | 5149 39954 361671 3.74 x 10°
Pi(u) - {7401 4297 29376 231963 2.08 x 10°
T4 rs T'e r7 S r9
Dlog](vw) 107 247 473 716 802 581
Dlogg(u) 103 196 114  —956  —4287  —5728
Dlogd(u) - |789} 4877 36178 307326 2.99 x 10°
DlogZ(u) - (9050 5605 34626 262295 2.21 x 10°

Using all available coefficients we obtain stable results.

Diogo Boito



Resulks i QCD

We can then get the perturbative coefficieﬁts of the scalar correlator

ds 1 de 1 drn dg
P{(u) 40968 549637 8.37 x 10° 1.43 x 10°
Py(u) 40912 548137 8.34 x 10° 1.42 x 10°
Dlogh(u) 40961 549284 8.36 x 10° 1.43 x 10°
Dlogi(u) 41077 551531 8.39 x 10° 1.43 x 10°
Pl(as) 40769 544499 8.26 x 10° 1.41 x 10°
Py(as) 40770 544430 8.26 x 10° 1.41 x 10°
Final resulks
ds. 1 de.1 d7 1 dsg 1

(4.09 +0.03) x 10

(5.48 +0.07) x 10°

(8.33 £0.12) x 10°

(1.42 4 0.02) x 10°
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Results tn QCD

We can then get the perturbative coefﬂments of the scalar correlator

ds.1 de.1 d7.1 dg. 1

P{(u) 40968 549637 8.37 x 10° 1.43 x 10°

Pj(u) 40912 548137 8.34 x 10° 1.42 x 10°

Dlogh(u) 40961 549284 8.36 x 10° 1.43 x 10°

Dlogo(u) 41077 551531 8.39 x 10° 1.43 x 10°

Pl(as) 40769 544499 8.26 x 10° 1.41 x 10°

Py(as) 40770 544430 8.26 x 10° 1.41 x 10°

Final resulks

ds. 1 de.1 d7 1 dsg 1

(4.09 £ 0.03) x 10*

(5.48 +0.07) x 10°

(8.33 £0.12) x 10°

(1.42 4 0.02) x 10°

..and of the imaginary part

Ne o |0
ImIl(s) = —mgs 1—|—Z

ST

CrQy

Estlmated Coefhcnents

( 280i069) % 10
= (1.48 +2.03) x 10°
cg = (2.39 +4.92) x 10°
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Results in QCD

Decay H — bb
Ne
ImIl(s) = —
m I1(s) o
L1
!
1980
Braaten, Leveille
Sakai
2-loop
NLO

i - i
2 s |1+ Z Cn@.
. n=>0 _

co = 29.1467
1990

Gorishny et al
3-loop
N2LO

cy3 = 41.7576

1997
Chetyrkin

4-loop
N3LO

c; = —3200 == 308

Estimated 6-loop (N5LO)

T R e eSS
DB, P Masjuan, C London, in preparation

(massless case)

g
as —
T
cqy = —825.747
2006
Baikov, Chetyrkin, Kuhn
5-loop
N4LO
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H — bb theory uncertainties

Decay H — bb

Truncation error vs. strong coupling error

1-28 I 1 I | I | | 1 1 I I | | I 1
|
"-- |
1.25 T
;f T
n 122k |
3 I
o |
—
= 119} Exact :
=)
= |
116 | Borel Sum @ y=my _
: Wpy=myl2 A u=2my
"TE ] A N R R L L,
1 2 3 4 5 6 7

Perturbative Order
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H — bb theory uncertainties

Decay H — bb

Truncation error vs. strong coupling error

1.28 I 1 I | I | | 1 1 I | | I | | I 1 I
| -
.- |
1.25 T-E- i
~ =1 A A R AR T A
3 | -
n1.22F | i
3 |
S . -
= 119 Exact : Forecast _
3 . .
L
116 | Borel Sum @ y=my _
o | Wp=mpr2 s p=2my |
"I T] A I I I T R R R
1 2 3 4 5 6 7 8
Perturbative Order
B e e ———————————c
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H — bb theory uncertainties

Decay H — bb

Renormalization scale variation

1.26 ‘I | | I | | I | I | | I
\
\
\
.---4‘.~~ -
\
T ' |
E 124 oo o == — e ]
[ \\
= \
O \ -
_IL \
~ ( ‘} 3 N el
= | — Borel\Sum N°LO |
::; 1.22 :
L -~ NLO Y — NLO
\
= NNLO N°LO
N \ J
1-20 I 1 l\ 5 l 1 I 1 l 5
0.5 1.0 1.5 2.0 2.5 3.0
p il my
i ———esteESERSSESEERET

Ak N4LO we already have a very stable perturbative series
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) Cownclusions |

Method for a systematic, model ind., estimate of MHOs in pt. QCD.
Borel Transform + D-log Padés very effective (faster convergence).
Methods calibrated in the large- 53

Very good post-diction of 5-loop results —> reliable 6-loop results.

Excellent results for hadronic tau decays.

Very good results for H — bb

In H — bb it is better to invest in QCD parameters than in more loops.
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