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Perturbative expansions in QFTs are (at best) asymptotic
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QCD is the limiting factor in several SM observables at 
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Results beyond 5 loops unlikely to appear anytime soon….
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Use of Padé approximants (model independent)

estimating missing higher ordersAsymptotic series, Borel transform and Padé approximants

Padé approximants (PAs)

F. Oliani ENFPC 2018 September 26th, 2018 12 / 23

Definition:
PM

N (x) = QM(x)
RN(x) = a0 + a1x + a2x2 + · · · + aMxM

1 + b1x + b2x2 + · · · + bNxN

Rational approximant.
Reproduce first M + N + 1 terms of a function.
Improve the prediction of the function behaviour using the same quantity of
information:
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Use of Padé approximants (model independent)

Asymptotic series, Borel transform and Padé approximants
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Padé

Taylor

Baker

optimised use of the information 
(a few coefficients)

very effective

can reproduce poles

model independent

convergence theorems  
(in some cases)

provides an error estimate

estimating missing higher orders
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D-log Padé approximants

estimating missing higher ordersAsymptotic Series and Padé Approximants Padé Approximants

D-log Padé Approximant

• Useful for functions with cuts or branch points

f(z) = A(z)
1

(µ� z)�
+B(z) F (z) =

d

dz
ln f(z) ⇡

�

(µ� z)

• D-log Padé to f(z) is defined as

Dlog
M

N (z) = f(0) exp

⇢Z
dz P

M

N (z)

�

• The D-log Padé is not a rational approximant, however F (z) is meromorphic

• It is possible to determine the position of the cut and its multiplicity

• The D-log Padé recreates the first M +N + 1 coefficients of the function f(z)

Cristiane London (IFSC) Master’s Defense March 17, 2021 27 / 68

meromorphic

PA applied to F (z)

Baker
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Application to hadronic tau decays
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QCD in tau decays
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QCD in tau decays
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Below charm one works with massless correlators.

+
↵s

⇡
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n
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n
s
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s

⇥(0)
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= 0.1012 + 0.0533 + 0.0273 + 0.0133 = 0.1952

Gorishnii, Kataev, Larin ’91 
Surguladze&Samuel ’91

pt. correction is ~20%

Baikov, Chetyrkin, Kühn ‘08

Moments dominated by perturbation theory

Z s0

0
dsw(s)
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�
Im�̃(s) =
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2�i

I

|z|=s0

dz w(z) �̃(z) ⇡ Nc(1 + �(0) + �EM + �OPE + �DVs)EW
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5 loops!

5

The context: hadronic τ decays

Pere Masjuan QCD19, 3rd July 19

W (x) = (1� x)3(1 + x)
<latexit sha1_base64="PJz66NsUZFOczCg8dIp6yZnoyh8="></latexit>

The tau hadronic width can be parametrized as

where the perturbative contribution is obtained using analyticity, as a contour integral 
of a weighted Adler function:

R⌧,V/A =
Nc

2
SEW|Vud|2

h
1 + �(0) + �NP + �EW

i

<latexit sha1_base64="JwG5pJmyQgP1f2rU2OQ0KgdRaBI="></latexit>
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<latexit sha1_base64="IR364viysDN/YjJV+K9xwCu6Q44="></latexit>

(Adler function)QCD in tau decays
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�(0)
FO

= 0.1014 + 0.0535 + 0.0275 + 0.0134 = 0.1959

�(0)
CI

= 0.1375 + 0.0262 + 0.0104 + 0.0072 = 0.1814 theoretical uncertainty

5 loops!

Disclaimer: CIPT has a different Borel sum and requires a different OPE
Hoang and Regner, arXiv:2008.00578, arXiv: 2105.11222

I will focus on Fixed Order Perturbation Theory

disclaimer!

Contour Improved Perturbation Theory (CIPT) 
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testing the method
We validate our strategy with the help of a realistic model: large-�0 limit

<latexit sha1_base64="ob8mDyATft7clckYgWmR5l7unXU=">AAAB/nicdVDLSgNBEJyNrxhfUfHkZTAKXlxmV43mFvTiUcE8IAlhdtKJg7MPZnqFsAj+ihcPinj1O7z5N05iBBUtaCiquunuChIlDTL27uSmpmdm5/LzhYXFpeWV4upa3cSpFlATsYp1M+AGlIyghhIVNBMNPAwUNILr05HfuAFtZBxd4jCBTsgHkexLwdFK3eKG4noAe9vtAJB32TZVMpTYLZaYW6mwA69MmXvImF+uWML2/eNymXouG6NEJjjvFt/avVikIUQoFDem5bEEOxnXKIWC20I7NZBwcc0H0LI04iGYTjY+/5buWKVH+7G2FSEdq98nMh4aMwwD2xlyvDK/vZH4l9dKsX/cyWSUpAiR+FzUTxXFmI6yoD2pQaAaWsKFlvZWKq645gJtYgUbwten9H9S911v3/Uv/FL1ZBJHnmySLbJLPHJEquSMnJMaESQj9+SRPDl3zoPz7Lx8tuacycw6+QHn9QNKp5UR</latexit>
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Figure 8 – Corrections to the gluon propagator due to light-quark loops, yielding the leading-nf

terms. Each bubble loop counts as nf↵s.

Figure 9 – Singlet diagram which also contributes to the leading-nf term in the decay H ! gg at
NNLO which are not due to light-quark bubble corrections to the gluon propagator.

gluon propagator, that appears in the NLO diagrams, due to light-quark bubble loops,
shown in Fig. 8 — the successive additions of these loop corrections contribute with nf↵s

terms in perturbation theory. (We note that when there are external gluon legs — for
example, in the decay H ! gg —, there are other types of diagrams which contribute to
the leading-nf terms; as an example, at the NNLO level of H ! gg, light-fermion box
diagrams also contribute to the leading-nf term, as shown in the diagram of Fig. 9.)

Thus, the introduction of these loop corrections (Fig. 8) to the gluon propagator in
the process H ! �� at NLO generates the leading-nf terms. However, for working in this
limit and proceed to the large-�0 limit, it is useful to work in the so-called Borel space.
We will now briefly introduce the concept of divergent series and the Borel transform, and
after that we return to the discussion of the large-�0 limit which will be instrumental in
the introduction of the key concept of renormalons.

3.3.1 Divergent series and the Borel transform

The discussion presented in the section is based mainly in Ref. [22].
Let us assume we have an observable R which admits a power expansion in the strong

coupling ↵s,
R ⇠

X

n

rn↵
n

s
. (3.44)

It has been known for a long time, through an argument by Dyson in 1952, that these
series expansions in QED are divergent even after charge and mass renormalization [37].
For quantum field theories such as QED and QCD, it is assumed that the series expansion
for observables are asymptotic — when we truncate the series at a certain order, it agrees
to a great accuracy with experiments and therefore it seems to be approaching the true

Gluon propagator with insertions of       loops

↵snf
<latexit sha1_base64="e3/OibOBMA25HBWyPWCKTr8J/iA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmhMl20y7dbMLuRiilf8OLB0W8+me8+W/ctjlo64OBx3szzMyLMsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZorylo0FanqRqiZ4JK1DDeCdTPFMIkE60Sju5nfeWJK81Q+mnHGggQHksecorGS76PIhhhqIsM4rFTdmjsHWSVeQapQoBlWvvx+SvOESUMFat3z3MwEE1SGU8GmZT/XLEM6wgHrWSoxYTqYzG+eknOr9EmcKlvSkLn6e2KCidbjJLKdCZqhXvZm4n9eLzfxTTDhMssNk3SxKM4FMSmZBUD6XDFqxNgSpIrbWwkdokJqbExlG4K3/PIqaddr3mWt/nBVbdwWcZTgFM7gAjy4hgbcQxNaQCGDZ3iFNyd3Xpx352PRuuYUMyfwB87nD75fkX0=</latexit>

(↵snf )
2

<latexit sha1_base64="TNu6o4gflbzEz4c2RpWMAArqiCI=">AAAB+XicbVBNS8NAEJ34bf2KevSyWIR6KUkV9Fj04lHBfkBbw2S7aZduNmF3UyjBf+LFgyJe/Sfe/Dduaw7a+mDg8d4MM/PCVHBtPO/LWVpeWV1b39gsbW3v7O65+wdNnWSKsgZNRKLaIWomuGQNw41g7VQxjEPBWuHoeuq3xkxpnsh7M0lZL8aB5BGnaKwUuG6liyIdYqCJDKLTh1rglr2qNwNZJH5BylDgNnA/u/2EZjGThgrUuuN7qenlqAyngj2WuplmKdIRDljHUokx0718dvkjObFKn0SJsiUNmam/J3KMtZ7Eoe2M0Qz1vDcV//M6mYkuezmXaWaYpD+LokwQk5BpDKTPFaNGTCxBqri9ldAhKqTGhlWyIfjzLy+SZq3qn1Vrd+fl+lURxwYcwTFUwIcLqMMN3EIDKIzhCV7g1cmdZ+fNef9pXXKKmUP4A+fjGy/1krc=</latexit>

↵snf ⇠ O(1)
<latexit sha1_base64="W26CRFytSLDWNOJKCz9QcAVWKU4=">AAACCXicbVBNS8NAEN3Ur1q/qh69LBahXkpSBT0WvXizgv2AJoTJdtMu3WzC7kYooVcv/hUvHhTx6j/w5r9x2+agrQ8GHu/NMDMvSDhT2ra/rcLK6tr6RnGztLW9s7tX3j9oqziVhLZIzGPZDUBRzgRtaaY57SaSQhRw2glG11O/80ClYrG41+OEehEMBAsZAW0kv4xd4MkQfIWFH2JXsQi7EeghAZ7dTqrOqV+u2DV7BrxMnJ xUUI6mX/5y+zFJIyo04aBUz7ET7WUgNSOcTkpuqmgCZAQD2jNUQESVl80+meATo/RxGEtTQuOZ+nsig0ipcRSYzumVatGbiv95vVSHl17GRJJqKsh8UZhyrGM8jQX3maRE87EhQCQzt2IyBAlEm/BKJgRn8eVl0q7XnLNa/e680rjK4yiiI3SMqshBF6iBblATtRBBj+gZvaI368l6sd6tj3lrwcpnDtEfWJ8/LVeZWg==</latexit>

49

In the above expression we note that the ambiguity possess a behaviour analogous to the
power corrections in Eq. (3.53). Thus the terms present in the OPE can, in principle,
cancel the ambiguity present in R̃. In fact this cancellation should occur, since observables
can not have ambiguities, although in practice this remains a conjecture.

Therefore, this example shows that the ambiguity in the Borel integral is related to
exponentially small terms due to IR divergences; the inclusion of OPE power corrections
which needs to be inserted due to the non-perturbative character of QCD at low-energies
then should cancel the ambiguity and result in a unambiguous observable.

Borel transform of the resummed gluon propagator

Since the leading-nf terms in H ! �� are due to the corrections to the gluon propagator
shown in Fig. 8 (which we usually call resummed gluon propagator) at the NLO level, it is
useful to introduce the resummed gluon propagator in Borel space.

Consider the gluon propagator, Gµ⌫ , with the corrections given by light quarks bubbles,

Gµ⌫ =
�i

k2

✓
gµ⌫ �

kµk⌫

k2

◆
1

1 + ⇧0(k2)
+ (�i)⇠

kµk⌫

k4
. (3.55)

The term 1 + ⇧0(k2) in the denominator of the above expression encodes the effect of the
corrections due to quark loops. Each renormalized fermion loop is given by

� �0,f↵s[ ln(�k
2
/µ

2) + C], (3.56)

where
�0,f =

nf

6⇡
(3.57)

is the fermionic contribution to the first term of the QCD �-function. The constant C

depends on the renormalization scheme. For the MS scheme, C = �5/3; in the MS scheme,
C = �5/3 + �E � ln 4⇡.

Using the definition in Eq. (3.46), the resummed gluon propagator in Borel space
reads [22]

B[↵sGµ⌫ ](u) =
(�i)

k2

✓
gµ⌫ �

kµk⌫

k2

◆✓
� µ

2

k2
e
�C

◆u

+ (�i)⇠
kµk⌫

k4
, (3.58)

where
u = ��0,f t. (3.59)

Notice that, in the definition of the transformation (Eq. (3.58)), we multiplied the gluon
propagator by ↵s; thus, the lowest order term in the u expansion corresponds already
to the first QCD correction. Furthermore, in Eq. (3.58), besides the factor (�µ

2
e
�C)u,

the first term of the propagator is basically the original gluon propagator in Landau

Large-�0 Limit Scalar Correlator in Large-�0

Scalar Correlator

• First-order correction in large-�0

• Scalar correlator in large-�0
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Figure 8 – Corrections to the gluon propagator due to light-quark loops, yielding the leading-nf

terms. Each bubble loop counts as nf↵s.

Figure 9 – Singlet diagram which also contributes to the leading-nf term in the decay H ! gg at
NNLO which are not due to light-quark bubble corrections to the gluon propagator.

gluon propagator, that appears in the NLO diagrams, due to light-quark bubble loops,
shown in Fig. 8 — the successive additions of these loop corrections contribute with nf↵s

terms in perturbation theory. (We note that when there are external gluon legs — for
example, in the decay H ! gg —, there are other types of diagrams which contribute to
the leading-nf terms; as an example, at the NNLO level of H ! gg, light-fermion box
diagrams also contribute to the leading-nf term, as shown in the diagram of Fig. 9.)

Thus, the introduction of these loop corrections (Fig. 8) to the gluon propagator in
the process H ! �� at NLO generates the leading-nf terms. However, for working in this
limit and proceed to the large-�0 limit, it is useful to work in the so-called Borel space.
We will now briefly introduce the concept of divergent series and the Borel transform, and
after that we return to the discussion of the large-�0 limit which will be instrumental in
the introduction of the key concept of renormalons.

3.3.1 Divergent series and the Borel transform

The discussion presented in the section is based mainly in Ref. [22].
Let us assume we have an observable R which admits a power expansion in the strong

coupling ↵s,
R ⇠

X

n

rn↵
n

s
. (3.44)

It has been known for a long time, through an argument by Dyson in 1952, that these
series expansions in QED are divergent even after charge and mass renormalization [37].
For quantum field theories such as QED and QCD, it is assumed that the series expansion
for observables are asymptotic — when we truncate the series at a certain order, it agrees
to a great accuracy with experiments and therefore it seems to be approaching the true

Gluon propagator with insertions of       loops

↵snf
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In the above expression we note that the ambiguity possess a behaviour analogous to the
power corrections in Eq. (3.53). Thus the terms present in the OPE can, in principle,
cancel the ambiguity present in R̃. In fact this cancellation should occur, since observables
can not have ambiguities, although in practice this remains a conjecture.

Therefore, this example shows that the ambiguity in the Borel integral is related to
exponentially small terms due to IR divergences; the inclusion of OPE power corrections
which needs to be inserted due to the non-perturbative character of QCD at low-energies
then should cancel the ambiguity and result in a unambiguous observable.

Borel transform of the resummed gluon propagator

Since the leading-nf terms in H ! �� are due to the corrections to the gluon propagator
shown in Fig. 8 (which we usually call resummed gluon propagator) at the NLO level, it is
useful to introduce the resummed gluon propagator in Borel space.

Consider the gluon propagator, Gµ⌫ , with the corrections given by light quarks bubbles,

Gµ⌫ =
�i

k2

✓
gµ⌫ �

kµk⌫

k2

◆
1

1 + ⇧0(k2)
+ (�i)⇠

kµk⌫

k4
. (3.55)

The term 1 + ⇧0(k2) in the denominator of the above expression encodes the effect of the
corrections due to quark loops. Each renormalized fermion loop is given by

� �0,f↵s[ ln(�k
2
/µ

2) + C], (3.56)

where
�0,f =

nf

6⇡
(3.57)

is the fermionic contribution to the first term of the QCD �-function. The constant C

depends on the renormalization scheme. For the MS scheme, C = �5/3; in the MS scheme,
C = �5/3 + �E � ln 4⇡.

Using the definition in Eq. (3.46), the resummed gluon propagator in Borel space
reads [22]

B[↵sGµ⌫ ](u) =
(�i)

k2

✓
gµ⌫ �

kµk⌫

k2

◆✓
� µ

2

k2
e
�C

◆u

+ (�i)⇠
kµk⌫

k4
, (3.58)

where
u = ��0,f t. (3.59)

Notice that, in the definition of the transformation (Eq. (3.58)), we multiplied the gluon
propagator by ↵s; thus, the lowest order term in the u expansion corresponds already
to the first QCD correction. Furthermore, in Eq. (3.58), besides the factor (�µ

2
e
�C)u,

the first term of the propagator is basically the original gluon propagator in Landau

Large-�0 Limit Scalar Correlator in Large-�0

Scalar Correlator

• First-order correction in large-�0

• Scalar correlator in large-�0
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included (running coupling)
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Figure 8 – Corrections to the gluon propagator due to light-quark loops, yielding the leading-nf

terms. Each bubble loop counts as nf↵s.

Figure 9 – Singlet diagram which also contributes to the leading-nf term in the decay H ! gg at
NNLO which are not due to light-quark bubble corrections to the gluon propagator.

gluon propagator, that appears in the NLO diagrams, due to light-quark bubble loops,
shown in Fig. 8 — the successive additions of these loop corrections contribute with nf↵s

terms in perturbation theory. (We note that when there are external gluon legs — for
example, in the decay H ! gg —, there are other types of diagrams which contribute to
the leading-nf terms; as an example, at the NNLO level of H ! gg, light-fermion box
diagrams also contribute to the leading-nf term, as shown in the diagram of Fig. 9.)

Thus, the introduction of these loop corrections (Fig. 8) to the gluon propagator in
the process H ! �� at NLO generates the leading-nf terms. However, for working in this
limit and proceed to the large-�0 limit, it is useful to work in the so-called Borel space.
We will now briefly introduce the concept of divergent series and the Borel transform, and
after that we return to the discussion of the large-�0 limit which will be instrumental in
the introduction of the key concept of renormalons.

3.3.1 Divergent series and the Borel transform

The discussion presented in the section is based mainly in Ref. [22].
Let us assume we have an observable R which admits a power expansion in the strong

coupling ↵s,
R ⇠

X

n

rn↵
n

s
. (3.44)

It has been known for a long time, through an argument by Dyson in 1952, that these
series expansions in QED are divergent even after charge and mass renormalization [37].
For quantum field theories such as QED and QCD, it is assumed that the series expansion
for observables are asymptotic — when we truncate the series at a certain order, it agrees
to a great accuracy with experiments and therefore it seems to be approaching the true
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testing the method
We validate our strategy with the help of a realistic model: large-�0 limit
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Large-Nf limit. Keep fixed –sNf ≥ O(1).

Substitute Nf by —0 ∆ Asymptotic freedom.
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e(C+5/3)u

2 ≠ u
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Perturbative series known at all orders.

Borel transform of the Adler function:

B[‚DL— ](u) = 32
3fi

e(C+5/3)u

2 ≠ u

Œÿ

k=2

(≠1)kk
[k2 ≠ (1 ≠ u)2]2

Pole on u = ≠1 ∆ Sign-alternating series.
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The context: hadronic τ decays

Pere Masjuan QCD19, 3rd July 19

W (x) = (1� x)3(1 + x)
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The tau hadronic width can be parametrized as

where the perturbative contribution is obtained using analyticity, as a contour integral 
of a weighted Adler function:

R⌧,V/A =
Nc

2
SEW|Vud|2

h
1 + �(0) + �NP + �EW

i
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”(0) function (FOPT):
”(0)

FO,l—(aQ) = aQ + 5.119a2
Q + 28.78a3

Q + 156.7a4
Q + 900.8a5

Q + 4867a6
Q + · · · .

Borel transform of the ”(0) function:
B[”(0)](u) =

≠12
(u ≠ 1)(u ≠ 3)(u ≠ 4)

sin(fiu)
fiu B[‚D](u),

D-log method:
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5
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Figure 1. Results for the perturbative expansion of the Adler function in large-β0 (solid line) and
using the P 2

1 (u) (dashed line) and P 3
2 (u) (dot dashed line). The result of the Borel sum of the series is

displayed with a band that represents its ambiguity. In all figures we use αs(m2
τ ) = 0.316±0.010 [53].
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Figure 2. Results for δ(0) order by order in perturbation theory for large-β0 (solid line) and for
the P 2

1 (u) (dashed line) and P 3
2 (u) (dot dashed line) in FOPT (left) and CIPT (right). The Borel

sum of series with its ambiguity is shown as the horizontal band.

used as input we define the relative error as

σrel =

∣∣∣∣∣
cPn,1 − cn,1

cn,1

∣∣∣∣∣ , (4.11)

where cPn,1 is the coefficient extracted from the Padé approximant. If the PA sequence

converges, the parameter σrel should tend to zero as n grows.

In figure 3a we show the behavior of the relative error of the estimate of the c2N+3,1

coefficient for the sequence PN+1
N as a function of N . Being the Adler function in large-β0

a meromorphic function, the Pommerenke’s theorem ensures the convergence for a larger

set of PA sequences than the PN+1
N . To show this excellent global convergence pattern, we

– 15 –

Check (and understand!) the convergence of the different Padé sequences

Systematic study of different strategies:

With many input coefficients everything 
works well. Problem: optimize the method 

with only four coefficients.

relative error of the 1st predicted coeff.

Results in Large-—0

Strategy – Large-—0

F. Oliani XXVIII RETINHA March 14th, 2019 18 / 27

Many possible paths:
PAs on B[‚D](u);
PAs on ‚D(–s);
PAs on ”

(0)
FO(–s);

PAs on B[”(0)
FO ](u);

DLog PAs on B[‚D](u);
DLog PAs on B[”(0)

FO ](u);
· · ·

p
r
o
o
f
s
 
J
H
E
P
_
1
0
5
P
_
0
7
1
8

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

 0  1  2  3  4  5  6  7  8  9  10  11

σ
re

l

M+N

PN
N+1

PN
N

   

PN+1
N

   

PN+3
N

   

(a)

0.10

0.12

0.14

0.16

0.18

 1  2  3  4  5  6  7  8  9  10  11

B
o
re

l I
n
te

g
ra

l (
A

d
le

r 
fu

n
ct

io
n
)

M+N

Borel sum

PN
N+1

PN
N   

PN+1
N   

PN+3
N   

(b)

Figure 3. Results for four different Padé sequences in the MS scheme. (a) Relative error of the
first forecast coefficient of the Adler function, as defined in eq. (4.11). (b) Results for the Borel
sum, eq. (2.10). The horizontal band gives the imaginary ambiguity of the true value.

collect in figure 3a few of the closest-to-diagonal sequences, in particular the PN+1
N , PN

N ,

PN
N+1, and PN

N+3.

The results are qualitatively similar for all sequences: in all cases the convergence to

the exact results happens fast as N grows. We observe in figure 3a that the improvement

once N is increased by one unity is often of about one order of magnitude or more (notice

the log scale of the plot). There are a few outliers where increasing N by one unity does not

represent an improvement, or even makes the relative error larger. A close scrutiny of the

particular approximants reveals why this is so. For meromorphic non-Stieltjes functions,

it is a feature of the Pommerenke’s theorem [26–29] that the convergence pattern can be

altered by the presence of defects, transients poles almost cancelled by a close-by zero as it

is clearly noticed after observing the convergence pattern of the pole positions for the PN
N+1

sequence: P 1
2 (u) has poles at u = −0.56 and at u = 0.89; P 2

3 (u) at u = −0.86 together

with a couple of complex-conjugated (CC) poles at u = 1.43± 0.46i — notice the stability

of the UV pole which is driving the large-order behavior of the series (since it is always

the closest to the origin) — then, P 3
4 (u) contains poles at u = −0.85, the CC poles at

u = 1.40± 0.47i and an extraneous new pole closer to the origin at u = −0.3991. This last

one, which would eventually spoil the convergence, is a new pole and it is actually canceled

by a close-by zero at u = 0.3989 effectively reducing the order of this approximant to a

P 2
3 . A similar feature is observed for the second and fifth elements of the PN

N+3 sequence.

In this last case, the cancellation among zero and pole is of the order of 10−13, i.e., the

residue of the spurious pole is O(10−13). Identifying these cancelations will be important

in the obtention of the final results of this paper.

When N = 4, in all sequences the results are better by a few orders of magnitude

compared to the first PA in each sequence. We remark that the convergence of some of

these sequences was already studied in ref. [32] and we confirm and extend their results.

– 16 –
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”(0) function (FOPT):
”(0)

FO,l—(aQ) = aQ + 5.119a2
Q + 28.78a3

Q + 156.7a4
Q + 900.8a5

Q + 4867a6
Q + · · · .

Borel transform of the ”(0) function:
B[”(0)](u) =

≠12
(u ≠ 1)(u ≠ 3)(u ≠ 4)

sin(fiu)
fiu B[‚D](u),

D-log method:

F (u) =
d

du log
!

B[”(0)](u)
"

= C +
5
3

+ ficot(fiu) ≠
2

1 + u +
3

3 ≠ u +
1

4 ≠ u +
1

1 ≠ u +
1

2 ≠ u ≠
1
u + · · · .

−0.10

0.00

0.10

−5 −4 −3 −2 −1  0  1  2  3  4  5

UV poles IR poles

Im
(x

)

Re(x)

Why are D-log Padés best in this case?

simplification of the analytic structure (no double poles, no scheme 
dependence, no cuts…)
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c5,1 c6,1 c7,1 c8,1 c9,1

Large-—0 (exact) 787.8 ≠1991 9.857 ◊ 104 ≠1.078 ◊ 106 2.775 ◊ 107

P2
2 749.3 ≠1444 8.169 ◊ 104 ≠7.514 ◊ 105 1.917 ◊ 107

Dlog1
1 818.7 ≠2738 1.189 ◊ 105 ≠1.663 ◊ 106 4.495 ◊ 107
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the method can be tested in the so called “large-beta0” limit of QCD

Excellent reproduction of the series at high orders (up to ~10)

DB, Masjuan, Oliani '18

Apply the optimal strategies to QCD
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In QCD we know only the first four coe�cients:
‚D(aQ) = aQ + 1.640a2

Q + 6.371a3
Q + 49.08a4

Q + c5,1a5
Q + c6,1a6

Q + · · ·

Apply the optimal strategies (from the study of large-—0):

PAs on ”(0) function:

c4,1 c5,1 c6,1 c7,1 c8,1 c9,1 Padé sum

P2
1 55.62 276.1 3865 1.952 ◊ 104 4.288 ◊ 105 1.289 ◊ 106 0.2080

P1
2 55.53 276.5 3855 1.959 ◊ 104 4.272 ◊ 105 1.307 ◊ 106 0.2079

P3
1 input 304.7 3171 2.442 ◊ 104 3.149 ◊ 105 2.633 ◊ 106 0.2053

P1
3 input 301.3 3189 2.391 ◊ 104 3.193 ◊ 105 2.521 ◊ 106 0.2051

D-log PAs on Borel transform of ”(0) function:

c4,1 c5,1 c6,1 c7,1 c8,1 c9,1 Borel sum

DLog1
0 51.90 272.6 3530 1.939 ◊ 104 3.816 ◊ 105 1.439 ◊ 106 0.2050

DLog0
1 52.08 273.7 3548 1.953 ◊ 104 3.840 ◊ 105 1.456 ◊ 106 0.2052

DLog2
0 input 254.1 3243 1.725 ◊ 104 3.447 ◊ 105 1.186 ◊ 106 0.2012

DLog0
2 input 256.4 3270 1.769 ◊ 104 3.493 ◊ 105 1.258 ◊ 106 0.2019
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In QCD we know only the first four coe�cients:
‚D(aQ) = aQ + 1.640a2

Q + 6.371a3
Q + 49.08a4

Q + c5,1a5
Q + c6,1a6

Q + · · ·

Apply the optimal strategies (from the study of large-—0):

PAs on ”(0) function:

c4,1 c5,1 c6,1 c7,1 c8,1 c9,1 Padé sum

P2
1 55.62 276.1 3865 1.952 ◊ 104 4.288 ◊ 105 1.289 ◊ 106 0.2080

P1
2 55.53 276.5 3855 1.959 ◊ 104 4.272 ◊ 105 1.307 ◊ 106 0.2079

P3
1 input 304.7 3171 2.442 ◊ 104 3.149 ◊ 105 2.633 ◊ 106 0.2053

P1
3 input 301.3 3189 2.391 ◊ 104 3.193 ◊ 105 2.521 ◊ 106 0.2051

D-log PAs on Borel transform of ”(0) function:

c4,1 c5,1 c6,1 c7,1 c8,1 c9,1 Borel sum

DLog1
0 51.90 272.6 3530 1.939 ◊ 104 3.816 ◊ 105 1.439 ◊ 106 0.2050
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1 52.08 273.7 3548 1.953 ◊ 104 3.840 ◊ 105 1.456 ◊ 106 0.2052

DLog2
0 input 254.1 3243 1.725 ◊ 104 3.447 ◊ 105 1.186 ◊ 106 0.2012

DLog0
2 input 256.4 3270 1.769 ◊ 104 3.493 ◊ 105 1.258 ◊ 106 0.2019

c4,1 = 53± 4
<latexit sha1_base64="fkA41eEaicYBMsXwXQ0SVXZkkU4=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCCwlJGtu6EIpuXFawD2hDmEwn7dDJg5mJUEO/xI0LRdz6Ke78GydtBRU9cOFwzr3ce4+fMCqkaX5ohZXVtfWN4mZpa3tnt6zv7XdEnHJM2jhmMe/5SBBGI9KWVDLSSzhBoc9I159c5X73jnBB4+hWThPihmgU0YBiJJXk6WXsZc6pNbs4qw6SEDqeXjGN80bNdmrQNEyzbtlWTuy6U3WgpZQcFbBEy9PfB8MYpyGJJGZIiL5lJtLNEJcUMzIrDVJBEoQnaET6ikYoJMLN5ofP4LFShjCIuapIwrn6fSJDoRDT0FedIZJj8dvLxb+8fiqDhpvRKEklifBiUZAyKGOYpwCHlBMs2VQRhDlVt0I8RhxhqbIqqRC+PoX/k45tWFXDvnEqzctlHEVwCI7ACbBAHTTBNWiBNsAgBQ/gCTxr99qj9qK9LloL2nLmAPyA9vYJ/cySBA==</latexit>

Excellent post-diction of the 5-loop result
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PAs on ”(0) function:
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P2
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2 55.53 276.5 3855 1.959 ◊ 104 4.272 ◊ 105 1.307 ◊ 106 0.2079
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1 input 304.7 3171 2.442 ◊ 104 3.149 ◊ 105 2.633 ◊ 106 0.2053

P1
3 input 301.3 3189 2.391 ◊ 104 3.193 ◊ 105 2.521 ◊ 106 0.2051

D-log PAs on Borel transform of ”(0) function:

c4,1 c5,1 c6,1 c7,1 c8,1 c9,1 Borel sum

DLog1
0 51.90 272.6 3530 1.939 ◊ 104 3.816 ◊ 105 1.439 ◊ 106 0.2050

DLog0
1 52.08 273.7 3548 1.953 ◊ 104 3.840 ◊ 105 1.456 ◊ 106 0.2052

DLog2
0 input 254.1 3243 1.725 ◊ 104 3.447 ◊ 105 1.186 ◊ 106 0.2012

DLog0
2 input 256.4 3270 1.769 ◊ 104 3.493 ◊ 105 1.258 ◊ 106 0.2019

c4,1 = 53± 4
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Excellent post-diction of the 5-loop result

17

Application to QCD

Pere Masjuan QCD19, 3rd July 19

Nice convergence and stability: Postdiction of c4,1

c4,1 = 53± 4
<latexit sha1_base64="OEytJa6iLH6mQ/ouwBLfbG6wVac="></latexit>

c4,1 = 49.08
<latexit sha1_base64="YNPM9+/Rs4m3UJgrBdYkWJdCSp8="></latexit>

c4,1 = 27± 16
<latexit sha1_base64="2N6eqIibXALXmgL55P9TlVru1Rw="></latexit>

[Baikov et al, 03]
[Kataev, Starshenko 94,95]

Estimates from other methods 
proved less effective



Diogo Boito

Results in QCD
Results in QCD

Results in QCD

F. Oliani XXVIII RETINHA March 14th, 2019 24 / 27

In QCD we know only the first four coe�cients:
‚D(aQ) = aQ + 1.640a2

Q + 6.371a3
Q + 49.08a4

Q + c5,1a5
Q + c6,1a6

Q + · · ·

Apply the optimal strategies (from the study of large-—0):

PAs on ”(0) function:

c4,1 c5,1 c6,1 c7,1 c8,1 c9,1 Padé sum

P2
1 55.62 276.1 3865 1.952 ◊ 104 4.288 ◊ 105 1.289 ◊ 106 0.2080

P1
2 55.53 276.5 3855 1.959 ◊ 104 4.272 ◊ 105 1.307 ◊ 106 0.2079

P3
1 input 304.7 3171 2.442 ◊ 104 3.149 ◊ 105 2.633 ◊ 106 0.2053

P1
3 input 301.3 3189 2.391 ◊ 104 3.193 ◊ 105 2.521 ◊ 106 0.2051

D-log PAs on Borel transform of ”(0) function:

c4,1 c5,1 c6,1 c7,1 c8,1 c9,1 Borel sum

DLog1
0 51.90 272.6 3530 1.939 ◊ 104 3.816 ◊ 105 1.439 ◊ 106 0.2050

DLog0
1 52.08 273.7 3548 1.953 ◊ 104 3.840 ◊ 105 1.456 ◊ 106 0.2052

DLog2
0 input 254.1 3243 1.725 ◊ 104 3.447 ◊ 105 1.186 ◊ 106 0.2012

DLog0
2 input 256.4 3270 1.769 ◊ 104 3.493 ◊ 105 1.258 ◊ 106 0.2019

c5,1 = 277± 51
<latexit sha1_base64="hESel8RDDZauRz5h5GH8H8yhRIA=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIvgQsqkWqddCEU3LivYB7TDkEkzbWjmQZJRythPceNCEbd+iTv/xkxbQUUPXDiccy/33uPFnEllWR9Gbml5ZXUtv17Y2Nza3jGLu20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8caXmd+5pUKyKLxRk5g6AR6GzGcEKy25ZpG4afUYTc8rtt2PA1hFrlmyypZlIYRgRpB9ZmlSr9cqqA ZRZmmUwAJN13zvDyKSBDRUhGMpe8iKlZNioRjhdFroJ5LGmIzxkPY0DXFApZPOTp/CQ60MoB8JXaGCM/X7RIoDKSeBpzsDrEbyt5eJf3m9RPk1J2VhnCgakvkiP+FQRTDLAQ6YoETxiSaYCKZvhWSEBSZKp1XQIXx9Cv8n7UoZnZQr16elxsUijjzYBwfgCCBggwa4Ak3QAgTcgQfwBJ6Ne+PReDFe5605YzGzB37AePsE3/eSdw==</latexit>
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In QCD we know only the first four coe�cients:
‚D(aQ) = aQ + 1.640a2

Q + 6.371a3
Q + 49.08a4

Q + c5,1a5
Q + c6,1a6

Q + · · ·

Apply the optimal strategies (from the study of large-—0):

PAs on ”(0) function:

c4,1 c5,1 c6,1 c7,1 c8,1 c9,1 Padé sum

P2
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c5,1 = 277± 51
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c6,1 = 3460± 690
<latexit sha1_base64="tv6iGHI6zwIBPEJvsyNDQez4Cmw=">AAAB/HicdZDLSgMxFIYz9VbrbbRLN8EiuJAh09aqC6HoxmUFWwvtMGTStA3NXEgywjDUV3HjQhG3Pog738ZMOwUV/SHw851zOCe/F3EmFUKfRmFpeWV1rbhe2tjc2t4xd/c6MowFoW0S8lB0PSwpZwFtK6Y47UaCYt/j9M6bXGX1u3sqJAuDW5VE1PHxKGBDRrDSyDXLxE0bx/b0olZvoH7kw8Y5cs0Ksk5QJogstDA5sXNSAblarvnRH4Qk9mmgCMdS9mwUKSfFQjHC6bTUjyWNMJngEe1pG2CfSiedHT+Fh5oM4DAU+gUKzuj3iRT7Uia+pzt9rMbydy2Df9V6sRqeOSkLoljRgMwXDWMOVQizJOCACUoUT7TBRDB9KyRjLDBROq+SDmHxU/i/6VQtu2ZVb+qV5mUeRxHsgwNwBGxwCprgGrRAGxCQgEfwDF6MB+PJeDXe5q0FI58pgx8y3r8AkWeSxg==</latexit>
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The perturbative expansion of the quantity I reads

I =
X

n�1

In a
n
µ, µ = m⌧ , (59)

where the first coe�cients are

I1 = 1, I2 = 2.76, I3 = 8.06, I4 = �17.85 + c4,1,

I5 = �379.33 + 4.5 c4,1 + c5,1, (60)

I6 = �2190.8� 31.99 c4,1 + 5.63 c5,1 + c6,1,

I7 = �895.7� 406.2 c4,1 � 49.98 c5,1 + 6.75 c6,1 + c7,1.

We have used in the calculation the first three coe�cients
cn,1 from (6), and left free c4,1 and the next coe�cients.

From the discussion in the previous section, we expect
the Borel transform of I, defined in analogy with (7) and
(8) by the Taylor series

BI(u) =
1X

n=0

In+1

�n
0
n!

un, (61)

to have analyticity properties in the u plane similar to
those of the Borel transform BD(u) of the Adler func-
tion. In particular, because the corresponding function
F! appearing in (57) does not have zeros at u = �1 and
u = 2, the nature of the first singularities of BI(u) is
expected to be given by (9) and (10). Therefore, we can
represent BI(u) by an expansion in powers of the opti-
mal variable w, with the implementation of the nature
of the first singularities, similar to the expansion (29) of
the Adler function.

As a first check, we kept three terms in the numerator
of the representation, using as input the first three co-
e�cients given in (60). When reexpanded in powers of
u, this representation contains higher terms, from which,
using (60), we extracted the five-loop coe�cient

c4,1 = 53.3. (62)

Using then as input the first four coe�cients from (60),
with the known value of c4,1 from (6), we obtained the
representation

BI(u) =
1� 0.536w � 1.168w2 � 1.181w3

(1 + w)2�1(1� w)2�2
, (63)

which, reexpanded in powers of u, reads

BI(u) = 1 + 1.229u+ 0.796u2 + 0.457u3

+ 0.274u4 + 0.133u5 + 0.091u6 + . . . (64)

Using (60) and (61), we obtained from this expansion the
next perturbative coe�cients

c5,1 = 327.0, c6,1 = 2840.6, c7,1 = 26475 . (65)

If we use, instead of (29), the expansion (34) based on
the alternative conformal mapping (30), the results are

c4,1 = 51.6, (66)

and, respectively,

c5,1 = 308.9, c6,1 = 2876.0, c7,1 = 22829 . (67)

IX. AVERAGE OF THE UNBIASED
PREDICTIONS

In the previous sections, we investigated the prediction
of the higher-order perturbative coe�cients cn,1 using the
method of conformal mappings for the expansions of the
Adler function and of its contour integrals. The investi-
gation in Sec. V showed that a precise prediction using
the C renormalization scheme is not possible, since an
allowed interval for the parameter C is not a priori avail-
able. Furthermore, the analysis presented in Sec. VI
showed that in the case of the ⌧ hadronic width, the be-
havior of the Borel transform near the first singularities,
which plays an important role in the method applied in
this paper, is not known exactly.
Therefore, we retain for calculating an average the pre-

dictions obtained from the expansions of the Adler func-
tion in the MS scheme, investigated in Sec. IV, and the
contour integral considered in Sec. VIII. In these cases,
the nature of the first singularities in the Borel plane is
exactly known, which considerably improves the predic-
tive power of the method of conformal mappings. For
these quantities, we used both expansions (29) and (34),
based on the optimal mapping (25) and the alternative
mapping (30).
Assuming first that only three perturbative coe�cients

from (6) are used as input, the method leads to a pre-
diction for the coe�cient c4,1. From the values given by
the above expansion for N = 4 in Table I and the results
quoted in Eqs. (62) and (66), we obtain the average

c4,1 = 34.4± 19.6, (68)

where we took as error the largest of the up and down
values. We note that the error is rather large, which is
actually to be expected at such a low order. The pre-
diction is however compatible within errors with the true
value c4,1 = 49.076 given in (6).
Using as input the first four coe�cients from (6), the

method leads to the predictions for the next coe�cients
given in Eqs. (37), (40), (65) and (67). Taking the aver-
age of these values we obtain

c5,1 = 287± 40, c6,1 = 2948± 208,

c7,1 = (1.89± 0.75)⇥ 104, (69)

where, as above, the error is the largest of the up and
down values. As in [8], we cannot attach a statistical
meaning to this error. Rather, it is chosen such as to
cover the range of the values entering the average.

X. SUMMARY AND CONCLUSIONS

The state of the art in perturbative QCD is the cal-
culation of some correlators to five-loop order. For the
Adler function, the known perturbative coe�cients are
given in (6). The knowledge of the higher-order coef-
ficients is of much interest, in particular for increasing

[Caprini ’19] (Conformal mappings)
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⌧ ! (hadrons) + ⌫⌧

1407 in αs larger than the error we obtained in Eq. (4.5).21 It is
1408 clear that the data show the existence of nonzero DVs and,
1409 while a first-principles derivation from QCD does not exist,
1410 the main features of a DV ansatz cannot be taken to be
1411 arbitrary. As already pointed out in Sec. II, a minimal set of
1412 assumptions, based on commonly accepted properties of
1413 QCD such as, e.g., Regge behavior, leads to the para-
1414 metrization (2.12) [24].
1415 In fact, we have quantitative information on this issue,

1416 from the fits involving IðwnÞ
exp ðs0Þwith n ¼ 2, 3, 4, because of

1417 the single pinch in w2, and the double pinch in w3;4, which
1418 suppress DVs at different rates. Comparing the values of
1419 αsðmτÞ in Eqs. (4.3) and (4.4) to the value in Eq. (4.1), we
1420 see that the central value of αsðmτÞ varies by no more than
1421 0.0004, i.e., 0.13% of the central value, to be compared
1422 with the 2.3% relative error in Eq. (4.5). Such variations are
1423 much smaller than we would expect were the larger DV
1424 contributions to the w0 sum rule to have been incorrectly
1425 represented by the DV ansatz Eq. (2.12).
1426 Running the result of Eq. (4.5) to the Z-mass scale using
1427 the standard self-consistent combination of five-loop run-
1428 ning [33,34] with four-loop matching [78,79] at the charm
1429 and bottom thresholds (2mcðmcÞ and 2mbðmbÞ, respec-
1430 tively, with MS masses from the PDG [55]) we obtain the
1431 corresponding nf ¼ 5 result

αsðmZÞ ¼ 0.1171$ 0.0010 ðnf ¼ 5; FOPTÞ: ð4:6Þ

14321433 With five-loop running and four-loop matching the uncer-
1434 tainty due to the running is very small. If we perform the
1435 matching at mcðmcÞ and mbðmbÞ we find a shift of just
1436 0.00009, which does not contribute to the final uncertainty.
1437 To conclude this section, we compare our new value of
1438 αsðmτÞ given in Eq. (4.5) with those obtained from analyses
1439 of the ALEPH data [8], the OPAL data [12], and from
1440 eþe− → hadrons below 2 GeV [80], where the latter was
1441 based on the combined electroproduction spectral data of
1442 Ref. [13]. These previously obtained values are

αsðmτÞ ¼ 0.325$ 0.018 ðOPALdataÞ;
αsðmτÞ ¼ 0.296$ 0.010 ðALEPHdataÞ;
αsðmτÞ ¼ 0.298$ 0.017 ðeþe− dataÞ: ð4:7Þ

14431444 Previously, we quoted a weighted average of the two
1445 τ-based values in Eq. (4.7), of the ALEPH-based and
1446 OPAL-based results, αsðmτÞ ¼ 0.303$ 0.009, as our best
1447 determination from τ decays. This value and the values

1448shown in Eq. (4.7) are in good agreement with our new,
1449more precise value in Eq. (4.5).
1450A direct comparison with other recent determinations of
1451αs from τ decays [4,9] is problematic because they are all
1452based on the truncated OPE strategy, which was shown in
1453Refs. [25,26] to be contaminated by uncontrolled system-
1454atic effects arising mainly from the neglect of unknown
1455higher-order terms in the OPE in Refs. [4–6,9]. The values
1456of Refs. [4,9] are also highly correlated, since they are
1457based on the same general strategy and the same ALEPH
1458dataset. We note that the values of Refs. [4,9] are signifi-
1459cantly larger than ours αsðmZÞ ¼ 0.1199$ 0.0015, from
1460Ref. [4] and αsðmZÞ ¼ 0.1197$ 0.0015, from Ref. [9].

1461V. CONCLUSION

1462The determination of the strong coupling from hadronic
1463τ decays has the potential to provide one of the most precise
1464values among the many determinations from different
1465methods that have appeared in the literature. It thus makes
1466sense to aim for a determination from the combined
1467experimental information available, and this is what we
1468set out to do in this paper. This led us to construct a new
1469nonstrange vector, isovector spectral function, which is
1470presented in Table I and Fig. 5.
1471In order to construct this spectral function, we combined
1472the τ → π−π 0ντ, τ → 2π−πþπ 0ντ and τ → π−3π 0ντ exper-
1473imental data available from the ALEPH and OPAL col-
1474laborations, using the method employed before in Ref. [13].
1475The sum of these contributions constitutes 98% of the
1476spectral function as measured by branching fraction.
1477Details of the contributions from the remaining exclusive
1478channels, a number of which were estimated using Monte-
1479Carlo, were not provided by ALEPH or OPAL. We have
1480replaced the estimates for these residual-mode contribu-
1481tions using recent τ results for theK−K0 mode and the large
1482amount of data now available, via CVC, from electro-
1483production experiments for the remaining residual modes,
1484with conservative estimates of the systematic errors asso-
1485ciated with this approach. As measured by the spectral
1486moments shown in Table II, this leads to a more accurate
1487determination of the spectral function ρud;VðsÞ, especially
1488in the upper part of the τ kinematic range. This is a
1489consequence of the fact that electroproduction data are
1490not kinematically limited near the τ mass. We emphasize
1491that the inclusive spectral function which results is a sum of
1492s-dependent exclusive-mode contributions, all of which are
1493now obtained from experiment and none of which require
1494Monte-Carlo input any more.
1495One of the most important applications of this new
1496combined dataset is a determination of the strong coupling
1497αs at the τ mass scale. We employed previously developed
1498methods using finite-energy sum rules to extract a new
1499estimate of the MS value of αsðmτÞ from these data, which,
1500when evolved to the Z mass scale, produces a five-flavor

21Contrary to claims in the literature, use of the truncated-OPE
strategy (which ignores DVs, as well as certain higher dimension
OPE contributions) in sum-rule fits to moments of the sum of the
V and A spectral functions can lead to systematic effects of order
10% in αsðmτÞ [25].
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QCD Higgs decay to bb̄

Scalar Correlator

Optical Theorem
�(H ! bb̄) = Im⇧/mH

Leading order

• Correlator of two scalar currents

⇧(p
2
) ⌘ i

Z
dx e

ipx
h⌦|T{j(x)j

†
(0)}|⌦i, j(x) = mq : qf (x)qf (x) :
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QCD Higgs decay to bb̄

Scalar Correlator

• General perturbative expansion

⇧(s) = �
Nc

8⇡2
m

2
s

1X

n=0

dn a
n

s (µ) , dn =

n+1X

k=0

dn,kL
k
, s ⌘ p

2 and L ⌘ ln

✓
�

s

µ2

◆

• Known up to fourth order
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• Not a physical observable
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QCD Higgs decay to bb̄

Scalar Correlator

Optical Theorem
�(H ! bb̄) = Im⇧/mH

Leading order

• Correlator of two scalar currents
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QCD Higgs decay to bb̄

Scalar Correlator

Master integrals method

After renormalization
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two-loop diagramtwo one-loop diagrams
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Optical theorem

Optical theorem

QCD Higgs decay to bb̄

Scalar Correlator

Optical Theorem
�(H ! bb̄) = Im⇧/mH

Leading order

• Correlator of two scalar currents

⇧(p
2
) ⌘ i

Z
dx e

ipx
h⌦|T{j(x)j

†
(0)}|⌦i, j(x) = mq : qf (x)qf (x) :

Cristiane London (IFSC) Master’s Defense March 17, 2021 12 / 68

QCD Higgs decay to bb̄

Scalar Correlator

Optical Theorem
�(H ! bb̄) = Im⇧/mH

Leading order

• Correlator of two scalar currents

⇧(p
2
) ⌘ i

Z
dx e

ipx
h⌦|T{j(x)j

†
(0)}|⌦i, j(x) = mq : qf (x)qf (x) :

Cristiane London (IFSC) Master’s Defense March 17, 2021 12 / 68

Scalar qq correlator

(massless limit)

H ! bb̄
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QCD Higgs decay to bb̄

Imaginary Part of the Scalar Correlator

• For µ2
= s = m
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2-loop 3-loop 4-loop 5-loop

Braaten, Leveille 
Sakai 

Gorishny et al Chetyrkin Baikov, Chetyrkin, Kühn

NLO N2LO N3LO N4LO
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Decay (massless case)

H ! bb̄
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Large-�0 Limit Scalar Correlator in Large-�0

Scalar Correlator

• First-order correction in large-�0

• Scalar correlator in large-�0
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dressed gluon

propagator

[Broadhurst, Kataev, Maxwell ’01]

Large-�0 Limit Results in Large-�0

D-log Padés to the Second Derivative

• D-log Padés applied to the Borel transform of bDC
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D-log Padés (to the second derivative) 
again superior to ordinary Padés

large-�0 limit
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Calibrating the strategies
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Results in QCD Second Derivative

Standard PAs to the Second Derivative
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6

• Good prediction for the fourth-order coefficient (error around 20%)

• All the coefficients are positive

• Indication that the UV renormalons do not govern the behavior of the series at
intermediate orders
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Results in QCD Second Derivative

D-log Padés to the Second Derivative
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• Dlog
1
1 has a defect – not considered

• Good predictions for the fourth-order coefficient (error around 30%) – higher-orders
very different

• All the coefficients are positive (except Dlog
1
0)
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Using all available coefficients we obtain stable results.

Second derivative of the massless scalar correlator

Results in QCD
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We can then get the perturbative coefficients of the scalar correlator

Results in QCD Final Results

Coefficients dn,1

dn,1 = rn + d0,1 �
(n)
m +

1

2

n�1X

m=1

⇣
m�n�m + 2�

(n�m)
m

⌘
dm,1

d5,1 d6,1 d7,1 d8,1

P
2
1 (u) 40 968 549 637 8.37⇥ 10

6
1.43⇥ 10

8

P
1
2 (u) 40 912 548 137 8.34⇥ 10

6
1.42⇥ 10

8

Dlog
0
2(u) 40 961 549 284 8.36⇥ 10

6
1.43⇥ 10

8

Dlog
2
0(u) 41 077 551 531 8.39⇥ 10

6
1.43⇥ 10

8

P
3
1 (as) 40 769 544 499 8.26⇥ 10

6
1.41⇥ 10

8

P
1
3 (as) 40 770 544 430 8.26⇥ 10

6
1.41⇥ 10

8
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Results more

stable than rn

Results in QCD Final Results

Coefficients dn,1

d5,1 d6,1 d7,1 d8,1

(4.09± 0.03)⇥ 10
4

(5.48± 0.07)⇥ 10
5

(8.33± 0.12)⇥ 10
6

(1.42± 0.02)⇥ 10
8
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Results more

stable than rn

Results in QCD Final Results

Coefficients dn,1

d5,1 d6,1 d7,1 d8,1

(4.09± 0.03)⇥ 10
4

(5.48± 0.07)⇥ 10
5

(8.33± 0.12)⇥ 10
6

(1.42± 0.02)⇥ 10
8
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Results in QCD Final Results

Coefficients cn

Estimated Coefficients

c5 = �8200± 308

c6 = (�2.80± 0.69)⇥ 10
4

c7 = (1.48± 2.03)⇥ 10
5

c8 = (2.39± 4.92)⇥ 10
6

• Errors higher than the dn,1 ones

• Errors higher than 100% for seventh- and eighth-orders – small value of the coupling
suppresses it

• The coefficients are not sign-alternated – UV renormalons do not govern the behavior
of the series at intermediate orders
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QCD Higgs decay to bb̄

Imaginary Part of the Scalar Correlator

• For µ2
= s = m

2
H and Nf = 5

Im⇧(s) =
Nc

8⇡
m

2
s

1X

n=0

a
n

s (mH)

[n/2]X

k=0

dn,2k+1 (i⇡)
2k

=
Nc

8⇡
m

2
s

"
1 +

1X

n=0

cna
n

s

#

c1 =
17

3
c2 = 29.1467 c3 = 41.7576 c4 = �825.747
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…and of the imaginary part

DB, P Masjuan, C London, in preparation
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2-loop 3-loop 4-loop 5-loop

Braaten, Leveille 
Sakai 

Gorishny et al Chetyrkin Baikov, Chetyrkin, Kühn

NLO N2LO N3LO N4LO

c5 = �8200± 308
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Estimated 6-loop (N5LO)

DB, P Masjuan, C London, in preparation
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Decay (massless case)
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Results in QCD Final Results

Decay Width
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↵s uncertainty difference between PA estimates

H ! bb̄
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Decay

 Exact  Forecast

Truncation error vs. strong coupling error
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Decay

Results in QCD Final Results

Decay Width

• Strong coupling and quark mass calcu-
lated using RunDec

• Lower-order terms depend more on the
renormalization scale

• Decay width already stable at fourth-
order

• N
4
LO term in agreement with the Borel

integral at the range [0.3, 3]mH
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[Chetyrkin, Kühn,

Steinhauser ’00]

Renormalization scale variation

At N4lO we already have a very stable perturbative series

theory uncertaintiesH ! bb̄
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Conclusions

Method for a systematic, model ind., estimate of MHOs in pt. QCD.

Borel Transform + D-log Padés very effective (faster convergence).

Methods calibrated in the 

Very good post-diction of 5-loop results —> reliable 6-loop results.

Excellent results for hadronic tau decays.

H ! bb̄
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Very good results for 

In                 it is better to invest in QCD parameters than in more loops.H ! bb̄
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