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The static energy of a quark-antiquark pair

Elatt(r) _ Elatt(rref) — Eth(r) o Eth(l’ref)
In pPNRQCD the singlet static energy admits the expression

Eth(r) = V(ra Dys = Vs) + 5VRG(r7 Vs, Vus) + 5Eus(r; Vus)

V has a u = 1/2 renormalon

m This renormalon is r independent
m We use the derivative of the static energy (%V =F)
d
=—F*
F o (r)
d d
:F(r7 Vys = Vs) + 75VRG("7 Vs, Vus) + 75Eus(r> Vus)

dr dr

= We fit .
Elatt(r) . Elatt(rmf) — / dr’ ]-"(r')
I'vef
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The principal value Borel sum

m Not a new idea

m Based on Phys.Rev.D99,074019 we use the principal value
Borel sums

F = F(ryvns = vg)

d d
+7r5VRG(r7 VSaVus) +EEus(ra Vus)

PVd

NSLL PV

m We define the principal value Borel sum

S) oo > r
R=>"ra"(u),  Roy=PV [ dre /ey My
n=0 0 n=0 "
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Terminants

m Leading singularity in t = 2”d ; Np(d) = -2l {1-ca(p)}

Boa(p)
Np(d) 2m|d| 141 ldnext|
Rev ~ Y (1) +T(d, Np, 1)+O (e Pty (1% 48 )>
n=0

m In our case d = 3 and the terminant takes the form

= Va(WK® rpde 7w (5‘)0‘—(“)) (HR{P)a(uHO (o?(u))>

4

where n. = —3b + 6’” -1, b= 2%12 and

Z;21_3bﬁ33b+1/2 _

(P) _ _ 12| _ 1
K r(1+3b) ° [”C+3]
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Normalization of the u = 3/2 renormalon

m The PV Borel sum of the force requires knowledge of Z{ (recall Z§ = 2zY)

o orr s B0\ T(n+1+3b) 3p 1
=25 () (6#) ta+a) U aratO\m

m We estimate it dividing by the exact value (x = 1.52)

Zf |, _3 = 0.3723%8(Ax) + 0.02(N*LO) — 0.05(O(1/n)) + 0.005(us) = 0.37(17)
1.0 ¢ ; ‘
@ N =3 - 2
0.8F N e RIS ZE
- N e 25
0.6r HIRSZE
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d
F=Sv
dr
o0
V= Z Vo(r, vs, vus )™ ()
n=0
Cr 1
Va(r, vs, vus) = _TF(47T)n‘9"(r’ Vs, Vus)

ap = 1
ai(r,vs) = a1 + 20 log (vs€7€r)

2
™
as(r,vs) = ax + ?ﬁg + (4a180 + 2/1) log (vs€7Er) + 455 log? (vs€Er)
2 _2 5 3
a3(r, vs, vus) = a3 + a1 g + Tﬂoﬁl + 16¢365

16
+ (27T258 + 6200 + 4a151 + 2[32) log (vs€&r) + 3 372 log (vuseEr)

+ (123153 + 10,8061> log? (vse e r) + 8533 log® (vs€7Er)
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Details on the fits |

Data from Phys.Rev.D100,114511
B = 8.4 lattice spacing a = 0.025fm = 0.125 GeV !

We consider the ranges
m Set |: 0.353 GeV~! < r < 0.499 GeV~!; 8 points

m Set II: 0.353 GeV~! < r <0.612 GeV~!; 17 points
m Set Ill: 0.353 GeV~! < r < 0.8002 GeV~!;: 31 points
m Set IV: 0.353 GeV~! < r <1 GeV~!; 50 points

B e = 0.353GeV !

m The central values for the soft and ultrasoft scales are
mys=1/r
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Details on the fits Il

We will explore the following orders

= LL/LO
Fro(r) = F(r,vs = 15)
LOin a(vs)
= NLL/NLO
Fnvo(r) = F(r,vus = 1)
NLO in a(vs)
= N°LL J
Frern(r) = F(rovus = 15) + ?5VRG(Y~, Vs, Vus)
N2LO in a(s) r N2LL
= N°LL

d d
Forn(r) = Flrovu = 1) + S VRG(r v tne)| S 0B )

N3LO in a(vs) N3LL LO in a(vus)

= N3LLiy,

d

dr5VRG(f., Vs, Vus)

Fropn(r) =F(r,vus = vs)

+ T(d=3,Np =3,15) +
N3LOina(vs) N3LL

d
+ —08Eus(r, vus)

7 — T(d =3, Np = 0,11)

LOin a(vus)
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350 . N’\;f;:i) [MeV] 141 szed K . ~ )
340 “-0'““_'_'_'__'_'_'_.'; """"""""""""""""
335} 081 g
330 06
m r € [0.353,0.499] x GeV~!
m r €[0.353,0.612] x GeV~!
m r € [0.353,0.8002] x GeV !
m r €[0.353,1] x GeV~!
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Cacr(vs)

Variations on 15 = x,/r and vy = X525,

700
600
500

X = 1/21/2

300 [

200 [ 1 1 1 1 1
LL NLL NNLL NNNLL NNNLLpyp

Continuous x,s = 1; Dashed v, = 1 GeV
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Variations on vs = x;/r and vy = Xus—25,—

420

400

380

360
Xs = 2

. X5 = 1/21/2

340
320

300

Il
LL NLL NNLL NNNLL NNNLLpyp
Continuous xus = 1; Dashed x,s = xs; Dotted v,y = 1 GeV
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Final numbers

Set I AU = 338(2)51at(10)1.0.(8)s,,, MeV = 338(12) MeV
Set I AY3) = 341(1)gtat(11)h.0.(6)r,. MeV = 341(14) MeV
Set 1 AU = 343(1)ctat (13)1.0. (7)., MeV = 343(14) MeV
Set IV AU = 343(0)stat (13)1.0. (9)s,., MeV = 343(16) MeV
Therefore our central value result for the strong coupling

m o("=3)(M,) = 0.3151(65)
m o= (M,) = 0.1181(8)ay 5 (4) M, —m, = 0.1181(9)
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Conclusions

m We have obtained the normalization of the d = 3 renormalon
of V

Z5 |, s = 037(17)

m Making use of the hyperasymptotic expansion of principal
value Borel sums and N3LL resummation we have obtained
an estimate of the QCD strong coupling

o{"=5)(M,) = 0.1181(9)
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Formulas |

d oo
F= EV., F= Z folr, vs, vus )" (vs)

G c
= 5. A=y s {ans) ~ 260}
Cr
fh = @ {aa(r,vs) — 4ai(r,vs)Bo — 251}
Cr
fy = Gy {33(r Vs, Vus) — 6a3(r, vs)Bo — 4ar(r, vs)B1 — 2B — —C }

ai(r,vs) = a1 + 2f log (vse™€r)
2
a(r,vs) = a2+ %ﬁg + (43180 + 2B1) log (vs€™¢r) + 4533 log” (vs€™ 1)
2 2 57 3
a3(r, Vs, Vus) = a3 + a1857° + g PP +16(s55
233 Ve 16 5 > e
+ [ 27°35 + 622830 + 4a151 + 232 | log (vs€7Er) + ?CAW log (vus€™Er)

+ (1231/7’5 + 10ﬁ0ﬂ1> log? (vse™€r) + 863 log> (vs€Er)
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Formulas Il

 31Ca — 20Tkny

ai
9
400n2 T2 55
=— T F  CeneTr (= —1
ap a1 FnsTE ( 3 6C(3)>
4343 1672 — 7t 22¢(3) 1798  56¢(3)
a — Can¢ TF |
J“C“<162jL 5 3 ) AMIF T8 T3

az = ag3)n,3r + agz) n,% + agl)nf + ago)
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Formulas IlI

3
- (F) 7

) (12541  368((3) , 64r* o, (14002  416¢(3) )
s ( 243 3 135 ) ©ATF 81 3 ) CFTF
dzbed gabed 1264 976 184 32 107°
agm = %{7\'2(7 - T((3) + log(2)[64 + 672((3)]) + 7r4( -3 + 3 log(2) — 32Iog2(2)> + Tn}
A

+ TF{C,% (? + ?((3) - 160((5)) + CACF< - % +264¢(3) + 80((5))

58747 17 4 19
2 - = A= —32 log(2){ — = — 14 - = -
G- Tl w2 g7~ 320 o) § - 140030} - 43)] - 350c(3)
157 5 1091 57 761
af 7 5 2 1091 57 » 761 5
77 [ TR log(2) + log (2)] % ¢(5) + 2( 3)+ 520" 48y6)}
dabcddabcd
A0 = T 21452 aeg, 1 1og(2)| 2702 3ar2c(3)] - %3
Wa 9 3 3
560 496 15117 385645 053 584, 175
4l-1 “—log(2) + — log?(2 3 2 22 0% ik
+7'r( 56 + 3 og(2) + 3 og®(2) ) + 5 +C 2016 77 o 394+ 2C(3)
L2 o7 584 J(139 20 a0 LN 1927 143,
+1og(2)] - 24 2T ) + 5o 40t (G - Froutd) - Fro)) - ) - )
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Formulas IV

dgbedgzbed 18 — 6N2 + N2

Na 962
dlz_ibcddj‘bcd B NC(NE +6)
Ny 48
—log(2))"
0, = Lip(1/2) + 1262 of,( )

Yo = ¢(=5,-1) +¢(6)

Where ((z) is the Riemann zeta function, {(z1, z2) is the multiple
zeta function, and Li,(z) is the polylogarithm.
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Formulas V

1 1 a(Vys
= ——OCFCiﬁoﬁ(Vs)log( ( ))

N2LL 64 a(vs)
_ 3la3 Ry 1 a(vys)
N3LL = CrCa r? ( S){ 660 o8 < a(vs) )
4ﬁ K{a Vys) — lX(Vs)} + % <2 - % [a1 + 250 Iog(rusevs)]) (vs) log <0;((1’Vuss))> }

d
570 VRa(r,vs, vus)

6VRG(r7 Vs, Vus)

dr

83 1 1
=3 @R 272 (Ca (47 + 67%) — 10TEny)
L=log ™

VS
N2LL - a3+n(ys)L” ~ (13+n(l/s) Iog"(a(zxs)) -~ (13(1/5) if (X(Z/S)L o1
N3LL : o™ (0)L" ~ o (1) log" (a(ws)) ~ a* (vs) if o)L ~ 1
d 3 1 3 Cac(vs)
. us = _— s us | ~A\Ts) | 2 1
dréE LO in a(tus) CrCa 1272722 (vs)a(v, ){ 0g< T + log(2) +1/6
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Formulas VI

T = Jal)K® i wm <500‘()> - (1+R1(P)a(u)+(9 (042(#))>

where nC:—3b+6”C—1 b= 2% and

283
ZF21_3b7T33b+1/2 B 1
® _ 4 | 1
K f+3p) 1o [ ”C+3]
-) _  Bo/(3m) N 1, 1 1
= T TR T3 Tt 20" T 100
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LO/LL NLO/LL NNLO/LL NNNLO/LL NNNLO/LLpyp

m Central value fits with log resummation
U=y = 1/r
B Uy =y = 2/r

B Vg = Vus = 1/(\/§f)
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