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NRQCD: factorization

Factorization formula Bodwin, Braaten, Lepage, 9407339

Hadronization (LDMEs)Production of a heavy quark pair

• 𝑛: quantum numbers of  the pair: color, spin, orbital angular momentum, total 

angular momentum, spectroscopic notation 2S+1𝐿𝐽
𝑐

A glory history

• Solved IR divergences in P-wave quarkonium decay

• Explained 𝜓′ surplus 

• Explained 𝜒𝑐2/𝜒𝑐1 production ratio

• ….

Thanks to color-

octet mechanism
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• Best fit of  𝐽/𝜓 hadroproduction data at high 𝑝𝑇: 

M0 = 𝑂 1S0
8

+ 3.9 𝑂 𝟑𝑷0
8

/𝑚𝑐
2 ≈ 0.074GeV

3

M1 = 𝑂 𝟑S1
8

− 0.56 𝑂 𝟑𝑷0
8

/𝑚𝑐
2 ≈ 0.0005 GeV

3

• Velocity scaling rule: 𝑀0 ∼ 𝑀1

NRQCD: pheno difficulties

Polarization puzzle (th. trans. VS exp. unpol.)
• 𝐽/𝜓: transverse polarization largely canceled between 3𝑺1

𝟖
and 3P𝐽

𝟖

• 𝜓′: cancelation is weak, still hard to understand
Chao,YQM,Shao,Wang, Zhang,1201.2675

Bodwin, Chung, Kim, Lee, 1403.3612

Hierarchy problem

YQM, Wang, Chao, 1009.3655

Universality problem

• Upper bound of  𝑀0 from 𝑒+𝑒− collision: 𝑀0 < 0.02GeV
3

• Global fit of  LDMEs:  

Zhang, YQM, Wang, Chao, 0911.2166

Butenschoen, Kniehl, 1105.0820

See also Pietro Faccioli’s talk
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Theoretical challenges: power corr.

Soft gluon emission in color-bleaching process

• P𝜓 is different from 𝑃, 𝑃 = 𝑃𝜓[1 + 𝑂 𝜆 ]

• NRQCD expand 𝑃 around 𝑃𝜓

Bad convergence of  

NRQCD expansion

With 𝜆 ≈ 𝑣2 ≈ 0.3

 
−1

1 𝑑cos𝜃

2(1 + λ + λ cos𝜃 )4
= 0.42

= 1 − 4𝜆 + 40/3𝜆2 − 40𝜆3 + ⋯

= 1 − 1.2 + 1.2 − 1.08 + 0.91 − 0.73 + ⋯

• Cross section approximately ∝ 𝑃−4 = 𝑃𝜓
−4[1 + 𝑂 𝜆 ]−4

Mangano, Petrelli, 9610364

YQM, Vogt, 1609.06042 

• Solution: soft gluon momentum should be kept, but not expanded. 

Resummation of  power corrections (or relativistic corrections).
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Theoretical challenges: over subtraction

Eg. 𝝌𝒄𝑱 production: 𝑑𝜎𝜒𝑐𝐽
/(2𝐽 + 1) ≈ 𝑑  𝜎 𝟑𝑷𝑱

𝟏 𝑂 𝟑𝑷0
𝟏

+ 𝑑  𝜎 𝟑S1
8 𝑂 𝟑S1

8

Braaten, Chen, 9610401

YQM, Wang, Chao, 1002.3987

• Soft gluon in P-wave: factorized to S-wave matrix element

• Subtraction scheme: at zero momentum, which contributes the largest 

production rate. Over subtracted! P-wave negative! 

• Big cancellation between S-wave and P-wave! Perturbation unstable

• Solution: soft gluon momentum should be kept during subtraction process

gluon 
soft
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Theoretical challenges: threshold region

At threshold region

• Large logarithms appear: can be resummed by introducing shape 

functions

• Soft gluon momentum: has leading contribution for quarkonium

momentum distribution, cannot be ignored

Beneke, Rothstein, Wise, 9705286

Fleming, Leibovich, Mehen, 0306139

Leibovich, Liu, 0705.3230

Combination of  logs resummation and powers 

resummation is needed

See also Sean Fleming’s talk

• Keep soft gluon momentum unexpanded is the first step.
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Summary of NRQCD factorization

Rigorousness
• Based on EFT of  QCD: NRQCD

• Factorization has been tested to NNLO

Color-octet mechanism: great success in solving 

theoretical issues and explaining data

Nayak, Qiu, Sterman, 0509021

Bodwin, Chung, Ee, Kim, Lee, 1910.05497

Zhang, Meng, YQM, Chao, 2011.04905 

Color-octet mechanism: final-state radiation of  

soft gluons results in large power and log corr.

• Should be responsible for phenomenological failures

Soft gluon factorization: resum a dominant series 

of  power corrections (kinematic effects) and log 

corrections
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Power corrections in NRQCD fac.

Dominant power (relativistic) corrections
• Equations of  motion of  NRQCD EFT:

For kinematic effects, ignore gluon field and replace 𝐷 by ∇

• NRQCD factorization: use EOM to remove ∇0, leaving operators like:

Leading term Relative (spatial) momentum Total (spatial) momentum

Power (relativistic) corrections

Other power corrections in NRQCD fac.

• Usually less important, can also be calculated (ignored in this talk)

Warning: needs proper gluon fields to make them gauge invariant 
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SGF: exclusive processes

Different way to use EOM
• Use EOM to remove relative derivatives, leaving only total derivatives:

〈0|∇0
𝑛1∇2𝑛2 𝜒†𝜓 |𝐻〉

the same degrees of  freedom as NRQCD factorization

Using integration by parts

• Remove operators unless 𝑛1 = 𝑛2 = 0

Factorization

“S”: field operators are in small momentum regions

Li, Feng, YQM, 1911.05886

Chen, YQM, 2005.08786

• Matching coefficients are functions of  quarkonium mass
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SGF: inclusive processes

Use EOM to remove relative derivatives

Using integration by parts

• Remove operators unless 𝑛1 = 𝑛2 = 0

• Matching coefficients are functions of: 𝑃𝐻
2, 𝑃𝐻 ⋅ 𝑃𝑋, 𝑃𝑋

2

Factorization

〈𝐻 + 𝑋|𝛻0
𝑛1𝛻2𝑛2 𝜒†𝜓 |0〉

• 𝑛 =2𝑆+1 𝐿𝐽
𝑐

• P: momentum of  𝑄  𝑄• 𝓗𝑛: perturbatively calculable hard parts

• 𝐹𝑛→𝐻: nonperturbative soft gluon distributions (SGDs) 

• UV renormalization scale is suppressed

YQM, Chao, 1703.08402

Chen, YQM, 2005.08786
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Soft gluon distributions (SGDs)

Operator definition

• Expectation values of  bilocal operators in QCD vacuum

with

Spin project operators:

Color project operators:
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Soft gluon distributions (SGDs)

Gauge link

Evaluated in small region

• Subscript “S”: evaluate the matrix element in the region where off-

shellness of  all particles is much smaller than heavy quark mass

• When 𝑏 is finite, gauge link along 𝑏 direction (avoid gauge-

link-collinear divergence)

• When 𝑏 → 0, gauge link unambiguously along 𝑙 direction 

(agree with gauge-completed NRQCD matrix elements)

Nayak, Qiu, Sterman, 0509021
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RGEs for SGDs

RGEs

• Evolution kernels

Chen, Jin, YQM, Meng, 2103.15121
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FF: 𝒈 → 𝑸 𝑸( 𝟑𝑺𝟏
𝟖
) + 𝑿 up to NLO

Feynman diagrams Chen, Jin, YQM, Meng, 2103.15121
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Hard part for 𝒈 → 𝑸 𝑸( 𝟑𝑺𝟏
𝟖
) + 𝑿

NRQCD

• Double logs as 𝑧 → 1 (threshold logs)

Chen, Jin, YQM, Meng, 2103.15121SGF

• No threshold logs in hard part

• Logs are resummed by REGs of  SGDs

Braaten, Lee, 0004228

YQM, Qiu, Zhang, 1311.7078
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Numerical: 𝒈 → 𝑸 𝑸( 𝟑𝑺𝟏
𝟖
) + 𝑿

Gluon FFs in 𝟑𝑺𝟏
𝟖

channel
Chen, Jin, YQM, Meng, 2103.15121

𝑅𝑁𝑅𝑄𝐶𝐷 ≈ 6

 Λ: average momentum emitted
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Summary

NRQCD factorization: polarization puzzle, 

hierarchy problem, universality problem

Soft gluon factorization (SGF)

• Soft gluons effects considered; should have much better convergence in 

𝑣2 expansion

• Possible reason: convergence of  𝑣2 expansion is bad because of  soft 

gluon emission

• Rigorously defined; equivalent to NRQCD, but with power corrections 

originated from kinematic effects resummed, (partial) large logs resummed

• Phenomenological difficulties encountered in NRQCD: to be studied in SGF

Thank you!
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Sensitivity of nonperturbative model

The first class of models   Fleming, Leibovich, Mehen, 0306139

the zeroth, first and second moments are                          and

 The other models  



22/20

RGEs effects

Input

After RGEs


