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Introduction and Motivation

I Doubly heavy hadrons: exotic quarkonium, doubly heavy baryons, pentaquarks and
more...

I All doubly heavy hadrons have some common characteristics.
• Heavy quarks are non relativistic mQ � ΛQCD.
• Adiabatic expansion ΛQCD � mQv2.

I Born-Oppenheimer EFT built upon the expansions on these two ratios.
• General formulation available for all doubly heavy hadrons Soto, JT Phys.Rev.D 102 (2020).

I Potentials are nonperturbative and lattice data is not always available!
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BOEFT for doubly heavy baryons
Soto, JT Phys.Rev.D 102 (2020)

Why doubly heavy baryons?
• The simplest doubly heavy hadron with valence light quarks.
• Ground state, Ξcc , observed.

I The EFT is formulated in terms of the Ψκp = Ψα i
κp (t, r ,R) fields:

• κp light-quark state quantum numbers.
• α and i light-quark and heavy-quark spin indices.
• r heavy quark distance, R heavy quark center of mass.

I The Lagrangian in the single baryon sector is

LQQq =
∑
κp

Ψ†
κp [i∂t − hκp ] Ψκp

I The Hamiltonian density is organized as on expansion in 1/mQ

hκp =
p2

mQ
+

P2

4mQ
+ V (0)

κp (r) +
1

mQ
V (1)
κp (r , p) +O(1/m2

Q)

I Operators organized in representations of D∞h (cylindrical symmetry).
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BOEFT for doubly heavy baryons: Static potential
Soto, JT Phys.Rev.D 102 (2020)

I The leading term are the static potentials

V (0)
κp (r) =

∑
Λ

V (0)
κpΛ(r)PκΛ

I Matching to NRQCD one finds the expressions of the potentials as a Wilson loop

V (0)
κpΛ(r) = lim

t→∞

i
t

log Tr

PκΛ

〈
Q†
κp Qκp

〉
Qα(1/2)+ (t, x) = T l

[
P+ql (t, x)

]α
Qα(1/2)− (t, x) = T l

[
P+γ

5ql (t, x)
]α

Qβ
(3/2)−

(t, x) = C3/2 β
1 m 1/2αT l

[(
e†m · D

)
(P+q(t, x))α

]l

(T l are the 3̄ tensor invariants)

P 1
2

1
2

= 12

P 3
2

1
2

=
9
8
14 −

1
2

(
r̂ · S3/2

)2

P 3
2

3
2

= −
1
8
14 +

1
2

(
r̂ · S3/2

)2
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Lattice static energies for doubly heavy baryons
Najjar, Bali PoS LAT2009 (2009)

Nf = 2, a = 0.084 fm, L ' 1.3 fm, mπ ' 783 MeV.

O(3) D∞h
(1/2)+ (1/2)g
(3/2)− (1/2)u, (3/2)u
(1/2)− (1/2)′u
(3/2)+ (1/2)′g , (3/2)g
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BOEFT for doubly heavy baryons: Hyperfine contributions

I Hyperfine operators appear at 1/mQ

V (1)
(1/2)±SD

(r) =V s1
(1/2)± (r)SQQ · S1/2 + V s2

(1/2)± (r)SQQ ·
(

T 2 · S1/2

)
+ V l

(1/2)± (r)
(

LQQ · S1/2

)
(T ij

2 = r̂ i r̂ j − δij/3, for κ = 3/2 see Soto, JT Phys.Rev.D 102 (2020))
I Matching expressions of the potentials

V s1
(1/2)± (r) = −cF lim

t→∞

4
3t

∫ t/2

−t/2

dt′
Tr

[
S1/2 ·

〈
gB(t′)

Q†
(1/2)± Q(1/2)±

〉]
Tr
[〈

Q†
(1/2)± Q(1/2)±

〉]

V s2
(1/2)± (r) = −cF lim

t→∞

6
t

∫ t/2

−t/2

dt′
Tr

[(
S1/2 · T2

)
·

〈
gB(t′)

Q†
(1/2)± Q(1/2)±

〉]
Tr
[〈

Q†
(1/2)± Q(1/2)±

〉]

V l
(1/2)± =− lim

t→∞
2

∫ 1

0

ds s

Tr

[
S1/2 ·

(
2
312 − T2

)
·

〈
gB(s)

Q†
(1/2)± Q(1/2)±

〉]
Tr
[〈

Q†
(1/2)± Q(1/2)±

〉]
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Problem:

I No lattice data for the 1/mQ suppressed potentials.

⇒ Parametrize the potentials from short-distance and long-distance de-
scriptions.
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Short-distance regime

Short distance: r � 1/ΛQCD

• Integrate out mQv and ΛQCD in two steps.
• The intermediate step is formally equivalent to weakly coupled pNRQCD. Pineda, Soto

Nucl.Phys.Proc.Suppl.64 (1998); Brambilla, Pineda, Soto, Vairo Nucl.Phys.B566 (2000), Brambilla, Vairo, Rosch, Phys.Rev.D72

(2005)

I Compute the Wilson loop in weakly coupled pNRQCD

= + + + . . .

• Triplet field (single line), sextet field (double line), light quark (dashed line).
• � chromoelectric dipole, � chromoelectric quadrupole.

I Static potentials:

V (0)
(1/2)±

(r) = −
2
3
αs

r
+ Λ(1/2)± + Λ(1)

(1/2)± r2 + . . .

I Heavy quark-diquark duality Savage, Wise, Phys. Lett. B248,(1990):
• mB = Λ(1/2)+ +O(1/mb) (or D mesons).
• mD∗0 (2300) − mD = Λ(1/2)− − Λ(1/2)+ +O(1/mc ) (or from mD1(2420) − mD∗(2007)).
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Short-distance regime: Hyperfine operators potentials

I Wilson loops with operator insertion:

++

=

+ perm.++ +

• Black/white dots indicate heavy quark spin or angular momentum dependent operators.
I The hyperfine potentials can be expanded as

V s1
(1/2)± (r) = cF

(
∆(0)

(1/2)±
+ ∆(1,0)

(1/2)±
r2 + . . .

)
V s2

(1/2)± (r) = cF ∆(1,2)
(1/2)±

r2 + . . .

V l
(1/2)± =

1
2

[
∆(0)

(1/2)±
+
(

∆(1,0)
(1/2)±

−
1
3

∆(1,2)
(1/2)±

)
r2
]

+ . . .

I From heavy quark-diquark duality Brambilla, Vairo, Rosch, Phys.Rev.D72 (2005):

mP∗
Q̄q
− mPQ̄q

=
2cF (mQ)

mQ
∆(0)

(1/2)±
+O(1/m2

Q)
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Long-distance regime: Effective string theory

Hypotesis
• At long distances a flux tube emerges from each static sources joining at the

position of the light quark.

I The flux tube is a bosonic string: ξµ(τ, λ)

Sg = −σ

∫
d2x
√
|det(g)|

g induced metric on the string, σ string tension. Nambu, Phys.Lett.B80 (1979); Luscher, Symanzik, Weisz,

Nucl.Phys.B173 (1980); Luscher, Weisz, JHEP07 (2002)

I Fermion constrained on the string

Sl.q =

∫
d2x√gψ̄(x)

(
iρa←→

∂ a − ml.q.
)
ψ(x)

ψ̄ρa←→∂ aψ ≡
(
ψ̄(ρa∂aψ)− (∂aψ̄)ρaψ

)
/2, ρa ≡ γµea

µ, eαa ≡ ∂ξ
α/∂xa.

I Expand for small fluctuations ∂ξ ∼ 1/(rΛQCD)� 1.
I Compute as in 1 + 1 dimensional QFT.
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Computation of the potentials in the Effective string theory

Mapping: Wilson loop to EST
• Match operators with same symmetry properties (parity, flavor, D∞h,...)

Perez-Nadal, Soto, Phys.Rev.D79 (2009)

• Q(1/2)± 7→ ground state string fermion with matching parity.
• Different components of B belong to different representations of D∞h.

Bl (t, z) 7→ Λf ψ̄(t, z)
Σl

2
ψ(t, z) , l = 1, 2

B3(t, z) 7→ Λ′f ψ̄(t, z)
Σ3

2
ψ(t, z) , Σ = diag(σ, σ)

I The static potential

V (0)
(1/2)±

(r) = σr + E1 , E1 =
√

(π/r)2 + m2
l.q.

I Heavy-quark spin and angular momentum dependent potentials

V s1
(1/2)± (r) =

cF

3r

(
1∓

ml.q.

E1

)(
Λ′f − 2Λf

)
V s2

(1/2)± (r) =
cF

r

(
1∓

ml.q.

E1

)(
Λ′f + Λf

)
V l

(1/2)± =−
1
2r

(
1∓

4
π2

ml.q.

E1

)
Λf
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Spectra at leading order
Soto, JTC, Phys.Rev.D 102 (2020)

I We consider the 4 lowest laying static energies.
I The static potentials are obtained from constrained fits to the lattice data of Najjar,

Bali PoS LAT2009 (2009).
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I Short distance:
• Coulombic − 2

3
αs
r + Λ

• Λ(1/2)+ = 0.555(31) GeV Bazavov et al. Phys. Rev.
D98 (2018)

• Λ’s consistent with heavy-quark-diquark symme-
try.

I Long distance:
• Linear σr + c(ml.q.).
• σ = 0.21 GeV2
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Spectra at leading order
Soto, JTC, Phys.Rev.D 102 (2020)

Ξcc spectrum

Λc
0
D
0 Threshold

(1/2)g

(1/2)u
′

(3/2)u\(1/2)u

(1/2)u

(1/2)+ (3/2)+ (5/2)+ (7/2)+ (1/2)- (3/2)- (5/2)- (7/2)- (9/2)-
3.6

3.8

4.0

4.2

4.4

4.6

4.8

Mass(GeV)

Ξbb spectrum

Λb
0
B
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′

(3/2)u\(1/2)u

(1/2)u
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10.2
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Spectra including hyperfine contributions for κ = 1/2
Soto, JTC, ??

Only EST parameters fitted

All parameters fitted
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I Minimal model for the hyperfine potentials:

V = Vshort
rn

0
rn + rn

0
+ Vlong

rn

rn + rn
0

(n chosen to ensure correct limits)
I Unknown parameters fitted to lattice determi-

nations of the hyperfine splittings.
I All inputs are QCD-based except interpolation

choice.
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Spectra including hyperfine contributions for κ = 1/2
Soto, JTC, ??

Ξcc spectrum

Λc
0
D
0 Threshold

(1/2)g

(1/2)u
′

(3/2)u\(1/2)u

(1/2)+ (3/2)+ (5/2)+ (7/2)+ (1/2)- (3/2)- (5/2)- (7/2)- (9/2)-
3.6

3.8

4.0

4.2

4.4

4.6

4.8

Mass(GeV)

mΞcc =3.654(75) GeV ,mΞ∗cc
= 3.741(75) GeV

δhf = 87(14) MeV

Ξbb spectrum

Λb
0B0 Threshold

(1/2)g

(1/2)u
′
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(1/2)+ (3/2)+ (5/2)+ (7/2)+ (9/2)+ (1/2)- (3/2)- (5/2)- (7/2)- (9/2)-
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=10.121(52) GeV ,mΞ∗bb

= 10.149(52) GeV

δhf = 28(5) MeV
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Summary

I We applied BOEFT to doubly heavy baryons.
I Lattice data is only available for (region of) the static potential.
I Developed parametrizations of the hyperfine potentials with minimal modeling.

• Short-distance: multipole expansion (weakly coupled pNRQCD).
• Long-distance: Effective String Theory with a fermion.

I Computed the spectrum for doubly heavy baryons including hyperfine contributions.
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