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motivation & plan

e lattice simulations can be used as a
lab to explore quark mass, N, volume
dependence of hadron dynamics

e ditto: number of colours

= explore N. dependence in problems

where qualitative/quantitative insight
can be expected
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motivation & plan

_ _ _ CLS Ny =2 a
e lattice simulations can be used as a o) I Ne =2
QCDSF Ne=2 &
lab to explore quark mass, Nf, volume BGR Ne=2 4
JLQCD Ne = 2
: (plag) TWQCD Ne=2 +
dependence of hadron dynamics (Twa) TWQD Ne=2
(HEX) BMW Ne=2+1
(stout) BMW N =241
(stout-stag) BMW N =241
. CLS Ne=2+1 O
e ditto: number of colours . Ne=241 ¢
QCDSF Ne=2+1 o
JLQCD Ne=2+1
(M6bius) JLQCD Ny =2+1
. RBC-UKQCD Ne =241 o
= explore N: dependence in problems (DSDR) RBG-UKQCD Ni=241 o
(Mobius) RBC-UKQCD Ne=2+4+1 O
. . . . . . MILC Ne=2+1 o
where qualitative/quantitative insight MILG Ne=2+1+1 o
BMW Ne=1+4+1+4+1+1
can be expected LQCD/CP-PACS (2001) | Ne=2 X
~ (experimen

e original motivation: non-leptonic kaon decay, especially Al=1/2

e spinoffs (current focus): meson properties (mass, decay constants) and interactions
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QCD @ large N,

varying-N. lattice simulations have become a mature tool [cf. review by Hernéndez,
Romero-Loépez 2012.03331]

e Yang-Mills
- string tension, glueball masses [Bali et al. 2013]
- topological susceptibility [Cé, Garcila Vera, Giusti, Schaefer 2016]
- Wilson-flow coupling and factorisation [Garcla Vera, Sommer 2019]

e quenched QCD

- meson masses, decay constants [Garcia Vera, Sommer 2019]
- kaon weak decay matrix elements [this talk]
e dynamical

- Nf=2: meson+baryon masses, topological susceptibility, finite T  [DeGrand, Liu 2017; DeGrand 2021]

- Nr=4: kaon weak decay matrix elements, ChiPT LECs, meson interactions [this talk]

e also: reduced models [cf. review by Garcia Pérez, Lattice 2019]


https://arxiv.org/abs/2012.03331

QCD @ large N,

't Hooft's large N limit of QCD:  N. — 00|, _ 2N —fixed

N
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QCD @ large N,

't Hooft's large N limit of QCD:  N. — 00|, _ 2N —fixed

Ny

a la 't Hooft proper: N >0 = m%, =m?2, U(Ny) chiral symmetry
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lattice setup

e simulate for N=3,...,6 (47,8,17 quenched) at fixed lattice spacing (41 at

N.=3), change quark mass along m,=mgs=ms=m_
- quenched: use line of constant physics provided by quenched study of meson physics [Bursa et al. 2013]

- dynamical: use gradient flow scale ty to set constant physics

e use Wilson fermions for sea (HiRep code), twisted-mass QCD for valence

- twisted valence a la Frezzotti-Rossi allows to avoid mixing with wrong-chirality operators [Frezzotti, Rossi 2004]
- mixed-action approach requires matching of valence and sea, performed with meson mass
- check for residual cutoff effects by changing value of cw + simulation on finer lattice

- use perturbative renormalization and running (non-perturbative results unavailable)

[Constantinou et al. 2011; Alexandrou et al. 2012}
[Ciuchini et al. 1998; Buras et al. 2000]

e develop/check necessary bits of SU(4) xPT



N. scaling of xPT LECs

Goldstone boson physics is well-parametrized by Chiral Perturbation Theory

Fr = {1 | M, 4L5(p) + 4NgLy(p)] - N M 108 <%§>}

[2 2 (4w F,)2 1
()%
_®
L4 Lo
FZ = O(N.) 12
Ls = O(N,) —_ FwNiooF{lJrélF—ng;Jrlogs
Ly = 0O(1) "

[Gasser, Leutwyler 1985]



Nc Scaling Of XPT LECS
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N. scaling of xPT LECs
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N, scaling of YPT LECs

e LO LEGs:

F
VN,

N

67(3) — 26(4) Nf MeV = Fy,—p = 86(3) MeV
ETM 15A 386]  86.3(2.8)
Engel 14 50]  85.8(0.7)(2.0)
Brandt 13 49]  84(8)(2)
QCDSF 13 402]  86(1)
TWQCD 11 394]  83.39(35)(38)
ETM 09C 48] 85.91(07)(F3)
ETM 08 53] 86.6(7)(7)
Hasenfratz 08 397]  90(4)
JLQCD/TWQCD 08A [376] 79.0(2.5)(0.7)(*22)
JLQCD/TWQCD 07 [398] 87.3(5.6)
Colangelo 03 1403]  86.2(5)

FNfzg — 71(3) MeV

JLQCD/TWQCD 10A[389] 71(3)(8)

MILC 10 36] 80.3(2.5)(5.4)
MILC 09A 17] 78.3(1.4)(2.9)
MILC 09 129

PACS-CS 08 162] 83.8(6.4)
RBC/UKQCD 08  [163] 66.1(5.2)




N, scaling of YPT LECs

e LO LEGs:
- _67(3) 26/ )Nf_ MeV = F 36(3) MeV F 71(3) MeV
— — — 4 e _o9 = C —3 = €
1/3 1/3
- XYN;=3 = 223(9) MeV VS YN, —3 = 214(6)(24) MeV
NN, S
- ST 1.49(10)  vs =2 151(11)
2iN ;=2 2IN ;=2
e NLO LECs:

- 0y =5.1(3) vs  f4=4.40(28)

L 2.9(6 1
- n.b. subleading corrections to LECs are sizable: —— x 10° = —0.2(2) - (6) - O ( >



weak decay and Al=1/2

K 1(JP) = 10~ .7 7.0 )
0 (47) = 3(07) —iT| K" — (nm) 7] = A;e"!
Mean life 7 = (0.8954 4 0.0004) x 107 1%s (S =1.1) Assum- 5
ing CPT ( ) ( ) ] — 10T o
Mean life 7 = (0.89564 4 0.00033) x 10719 s  Not assuming T ) — \TT)1 [=0 26 S1I1 51
CPT
Scale factor/ p
Kg DECAY MODES Fraction (I';/T) Confidence level (MeV/c)
Hadronic modes
70 70 (30.69+0.05) % 209
L (69.204-0.05) % 206
K} I(J7) = 3(07)
R 10 1
= (0.5293 &+ 0.0009) x 1010 A s=1 (S =1.3) Assuming CPT ( AT , ,
= (0.5289 + 0.0010) x 101° A s~1  Not assuming CPT
Mean life 7 = (5.116 + 0.021) x 1078 s (S = L) / /\/Z% NTL', heavy meson decay, .. )
cale ractor P
Kg DECAY MODES Fraction (I';/T) Confidence level (MeV/c)
Semileptonic modes

r+tetu, _ [0] (40.55 +0.11 )% S=17 229
=t v, ) [o] (27.04 £0.07 ) % S=1.1 216
Hadronic modes, including Charge conjugationxParity Violating (CPV) modes [fu | ‘y?] Satisfa CtOry un d ersta N d | ng Of resu |t W|th | N
379 (19.52 +0.12 ) % S=1.6 139
rta— 70 (12.54 +0.05 ) % 133 -
ata™ CPV [q] ( 1.967+0.010) x 103 S=1.5 206 S M |aCk| ng fOr d | Most 50 years
79 70 CPV ( 8.64 +0.06 ) x 10~4 S—1.8 209




weak decay and Al=1/2

Via Vi
*

’U,d UuSs

CP-violation effects neglected ( ~ 1073), keep active charm quark:

2
c gW >k O O O O
Hwﬁ — OM2, Vs Vud E ARTOT + k59T }

O—1T

(7 = (gL/Y,LLuL)(aL/Y,UdL) T (gL/Y,udL)(ﬂL’YMUL) — [U A C]
@y = (mi — mg) {ma(5.dr) + ms(5rdy)}

(do not contribute to physical X — 77 transitions)

(penguin contributions cancel in GIM limit m. = m,,)



weak decay and Al=1/2

CP-violation effects neglected (
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QY

~ 1073), keep active charm quark:

O bulk of effect should come from long-distance QCD contribution

O reliable non-perturbative determination mandatory
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weak decay and Al=1/2

approximate methods/effective theory

O spectacular failure of naive 1/N. expansion

W JT JT JC

Ké f\/\/q ’ K% g ’ Ké f\/\/q ’
O(N¢) O(N¢) O(1)

Ag

~ V2
Ao V2

N — 00

TK' - 77 ~0 =

[ Fukugita et al. 1977]
[Chivukula, Flynn, Georgi 1986]

O elaborate approaches that combine 1/N,,
chiral perturbation theory+4vector
dominance, and quark-hadron duality claim

(non-universal) success

[Aebischer, Bobeth, Buras 2020 (o earlier)]
[Gisbert, Pich 2018 (D5 earlier)]



weak decay and Al=1/2

approximate methods/effective theory

O spectacular failure of naive 1/N. expansion

O elaborate approaches that combine 1/N,,
chiral perturbation theory+4vector
dominance, and quark-hadron duality claim
(non-universal) success

lattice QCD
far-reaching effort by RBC/UKQCD collaboration

T O @& @

Contraction @ Contraction @

m Naive factorisation approach: @ ~ 1/3@D

m Our computation: @ ~ —0.70

“emerging understanding of the A/=1/2 rule”



anatomy of A/=1/2

several possible sources for A/=1/2 enhancement:

O physics at “intrinsic” QCD scale ~ Aqep

O physics at charm scale (penguins)
O final state interactions

O all of the above (no dominating “mechanism”)

separate low-energy QCD and charm-scale physics: consider amplitudes as a

function of charm mass for fixed u,d,s masses

Me =My, = Mg = Mg —> Me > My = Mg < My

implementation:

O active charm
O use fermions with good chiral properties (good renormalisation, arbitrarily low masses with GW)

O give up (too expensive) direct computation, use ChiPT (= FSI captured at weak pion coupling only)




anatomy of Al=1/2 (GIM limit)

1 1 - A 1 g La ge N
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m,=mqJ=m- limit: B o< As



anatomy of Al=1/2 (GIM limit)
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anatomy of Al=1/2 (GIM limit)

g X AT ” T ” 2(2)_2\1/_(1+3g_) SLELINNG:

_I_: -
Color-disconnected O(N?) Color-connected O(N,) s &

my=mq4=ms limit: B o As
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s QO e | CT

anticorrelation
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anatomy of Al=1/2 (GIM limit)
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anatomy of Al=1/2 (GIM limit)

A_—l—A_I_ 1 ~Nf A= — AT 1 ~Nf
=1l4+c—+d=5+... — —a b 5 -
2 N N 2 N, N3
| | 1.20 | |
1.50 - Ny = 0, My ~ 5%0 MeV +—e— N, = 0, M, ~ 5%0 MeV +—e
Ny =4 M ~ 560 McV  —e— N = 4 M- ~ 560 MeV  —e
| 40 N} = 4, My ~ 360 MeV 100 Ny = 4] M, ~ 360 MeV / -
ol / — 080 - -
< 30 // ] < ://
+ | = —
| 1.20 — | 0.60 //;:* - 0
= / 0 i[j/ §
N 110 L . —~ 0.40 _ —
e — - P
1.00 |— e _ 0.20 - . e -
0.90 | | | | | | 0.00 L==— ~ | | | | |
0.00 005 010 0.15 020 0.25 030 0.35 0.00 0.05 0.10 0.15 020 025 0.30
1/N. 1/N,

O scaling with N. confirms expectations, with natural O(1) coefficients
O dynamical quarks enhance effect

O lighter quark masses enhance effect

0.35



anatomy of Al=1/2: Bk

1.00 |
BBG N; = 0
BBG N — 4
this work ]\Tf — ( =
0.90 + this work N; = 4 O
0.80 o) ® 0
o E; 1
< k ! o
= 0.70 - ®
0.00
0.50
| | | | | | |
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1/N,




anatomy of A/=1/2: conclusions

Re(AO)/Re(AQ) — 22.45(6) [expt]

Re(Ap)/Re(Ar) =19.9(2.3)(4.4)
[RBC/UKQCD, PRD 102 (2020) 054509]



anatomy of A/=1/2: conclusions

e Bk displays a large N¢(in GIM limit), chiral dependence

e ratio of decay amplitudes in GIM limit comes very
close to the physical value (!)

e handle on Nrdependence in principle allows us to make
connection with other physical kinematics, but we are
still missing a direct analysis of the m. dependence

e ‘mechanism budget:

Re(A())/RE(Az) — 22.45(6) [expt]

Re(Ap)/Re(Ar) =19.9(2.3)(4.4)

o short-distance EEE— X 3
‘ o physics at “intrinsic’ QCD scale ~ Agep ———_— X 4 [gluons] x 2 [quarks] (Nf?777) ‘
o physics at charm scale (penguins) —— x O(1) (777)

o final state interactions —_—

small?



conclusions & outlook

e non-leptonic kaon decay remains an open problem... and a fertile ground to learn about
strong interaction physics

- indirect CP violation well under control

- direct CP violation, isospin enhancement still witness claims of new physics

e |attice toolbox making steady progress

- controlled quantitative predictions for amplitudes are at hand

- the anatomy of the effect is ever better understood, pure “low-energy”’ dynamics seems to play
major role in enhancement

e interesting spinoffs: qualitative understanding of meson interactions at low energies

e a theorist's paradise: field-theory, phenomenology, and computational physics all
simultaneously at play!
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QCD @ large N,

't Hooft's large N limit of QCD:  N. — 00|, _ 2N —fixed
Ny

a la 't Hooft proper: N >0 = m%, =m?2, U(Ny) chiral symmetry
N : Nf 9 9 .
a la Veneziano: N = const = my, > my, SU(Ny) chiral symmetry
| b 2
O preserves asymptotic freedom <O\A2(x)AM(y)\O> ~x F2 ~ N,

O captures most non-perturbative properties

(confinement, chiral SSB, ...) Aa @ [
T T
O leads to some guantitative non-perturbative

predictions! g:NZ? oc O(N.,)




QCD @ large N,

't Hooft's large N limit of QCD:  N. — 00|, _ 2N —fixed
Ny

a la 't Hooft proper: N >0 = m%, =m?2, U(Ny) chiral symmetry
C
N : Nf 9 9 .
a la Veneziano: N = const = my, > my, SU(Ny) chiral symmetry
C
O preserves asymptotic freedom <O‘CYC]|O> — —>. ~ [V,
O captures most non-perturbative properties
confinement, chiral SSB, ... — //
( ) qq |
O leads to some guantitative non-perturbative \\

ST
predictions! g>N? o< O(N,)



lattice setup

lattices at dynamical simulations at varying PS mass

(roughly) constant PS mass [Wilson+Wilson]

quenched simulations in 163

and constant to [lwasaki+Clover]

N. T/a 5 P pe— = ;rare R Ensemble|N.| 3 Cew | I' X L | amg
3A10 36 x 201(-0.4040
3 48 6.0175 -0.002(14) 0.2718(61) 0.774(21) 1.218(31) 3A11 AR % 241-0.4040
b 48 17.535 0.0028(9) 0.2655(31) 0.839(8) 1.145(12)
o 3A30 48 x 241-0.4070
6 32 25.452 0.0013(7) 0.2676(28) 0.871(6) 1.125(7) IAA0 60 %X 391-0.40%0
7 32 34.8343 -0.0034(6) 0.2819(19) 0.880(5) 1.122(5) .
3B10 2 11.82011.66 48 x 241-0.3915
3B20 . . 60 x 321-0.3946
renormalisation (Rl scheme) at scale around 2 4A10 36 x 20[-0.3725
G \/ f d : | PT 4A30 4 13.570(1.69 48 x 241-0.3760
eV perrormed using one-1oop . I. AA40 60 % 321-0.3780
5A10 30 x 20(-0.3458
5A 30 5 15.969|1.6948 x 241-0.3500
5A40 60 x 32(-0.3530
: : : 6A10 30 x 201(-0.3260
perturbatlve tWO—|OOp RG running In RI to 6A30 6 18.97411.69/48 < 241-0.3311

extra quenched points (/N.=8,17)
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chiral and finite volume corrections
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chiral and finite volume corrections

A 1 -
Re 20 (1 +3 g—)
A2 MW,MD%O,M;}hyS 2\/_

[extension to Nfs~4 framework of

I 17 (1 I 1 g) MIQ( log Agﬁ Golterman, Leung PRD 56 (1997) 2950]
12v/2 179" ) (4nFk)? = M%
- A _ 2 MK : ABK_
B =B 1+ = log —°ff
K KMK:MW _|_3 (47TFK) 06 MK
S 5 / e~ Mt Hernand Laine 2006 ]
T _ T e L ernanaez, alne
(L) o 1=£6 27T€ (Mw )3/2 (MWL 4) [Colangelo, Diirr, Haefeli 2005]




meson scattering

Long-term goal: understand QCD at large N,
@ Resonances — Stable (I ~ 1/N.)

@ Exotic states (tetraquarks?)

Intrinsic QCD effects [Donini, et al. 2020]

@ K = (7m)= : : :
(77)1=0,2 { Final state interactions

This work: 7 scattering at large N, from lattice simulations

@ Nf =4 (u, d, sc) — 7 channels (4 with s-wave)

Cr=2
Can

152 15=84 0450450200 150 150 1 < >
D

il D} — KTD*

@ Match to Chiral Perturbation Theory (ChPT) to constrain Low Energy
Coupling (LECs)



meson scattering

[Weinberg 1979
Gasser, Leutwyler 1985
Bijnens, Lu 2011]

mm scatering amplitudes for N flavours are known to NNLO

ﬁ-
— M2 16M2 M2 13, M2 3W
g_ M ap = = 167 F2 {1 F2 Li=2 + 5,252 (4 I"F -4 |
1
o Li—> = LEO; Ne LZ].:;2 =+
__ (0
— AA M2 16M> M2, 21, M2 5 Lyg =LY N+ Ly, + ...
= Mz ag 167 F2 {1 F2 Laa 3272 F2 <T|”7 4 ) T y
We have computed M ,_, and M4 to NNLO in U(Nf) ChPT
2 ( 2 2
= M2 16 M2 0) [ M2
Mrah™ = —gorer 41— —p2= Li—2 + NZK2, <§>
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meson scattering

| = 2 channel
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meson scattering

Match to ChPT to constrain LECs
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