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Introduction

Who’s who

L. Álvarez Gaumé (SCGP and CERN);
D. Banerjee (Calcutta);
S. Chandrasekharan (Duke);
S. Hellerman (IPMU);
S. Reffert, N. Dondi, I. Kalogerakis , V. Pellizzani (AEC Bern);
F. Sannino (CP3-Origins and Napoli);
M. Watanabe (Weizmann).
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Introduction

Why are we here? Conformal field theories

extrema of the RG flow critical phenomena
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Introduction

Why are we here? Conformal field theories are hard

Most conformal field theories (CFTs) lack nice limits where
they become simple and solvable.

No parameter of the theory can be dialed to a
simplifying limit.
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Introduction

Why are we here? Conformal field theories are hard

In presence of a symmetry there can be sectors of the theory where
anomalous dimension and OPE coefficients simplify.
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Introduction

The idea

Study subsectors of the theory with fixed quantum number Q.

In each sector, a large Q is the controlling parameter
in a perturbative expansion.
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Introduction

no bootstrap here!

This approach is orthogonal to bootstrap.
We will use an effective action.
We will access sectors that are difficult to
reach with bootstrap.
(However, arXiv:1710.11161).
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Introduction

Concrete results

We consider the O(N) vector model in three dimensions. In the IR it flows to a
conformal fixed point [Wilson & Fisher].

We find an explicit formula for the dimension of the lowest primary at fixed charge:

ΔQ =
c3/2

2
√
π
Q3/2 + 2

√
πc1/2Q1/2 − 0.094+O

(
Q−1/2

)
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Introduction

Summary of the results: O(2)
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Introduction

Scales

We want to write a Wilsonian effective action.

Choose a cutoff Λ, separate the fields into high and low
frequency φH,φL and do the path integral over the
high-frequency part:

eiSΛ(φL)=
∫

DφH eiS(φH,φL)
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Introduction

Scales

We want to write a Wilsonian effective action.

Choose a cutoff Λ, separate the fields into high and low
frequency φH,φL and do the path integral over the
high-frequency part:

eiSΛ(φL)=
∫

DφH eiS(φH,φL)too
hard
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Introduction

Scales

• We look at a finite box of typical length R
• The U(1) charge Q fixes a second scale ρ1/2 ∼ Q1/2/R

1
R
≪ Λ≪ ρ1/2 ∼ Q1/2

R
≪ ΛUV

For Λ≪ ρ1/2 the effective action is weakly coupled and under perturbative control in
powers of ρ−1.
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Introduction

Too good to be true?
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Introduction

Too good to be true?

Think of Regge trajectories.
The prediction of the theory is

m2 ∝ J
(
1+O

(
J−1

))
but experimentally everything works so
well at small J that String Theory was
invented.

FIG. 2. The (n, M2)-trajectories for the states a0(10++), a2(12++) and a4(14++) with a) µ2 = 1.38 GeV2 and b) µ2 = 1.10
GeV2; Two variants for the f2(02

++)-trajectories with the slope parameter c) µ2 = 1.38 GeV2 and d) µ2 = 1.10 GeV2. The
f0(00

++)-trajectories for e) real resonance states and f) K-matrix pole states. As in Fig. 1, the open circles stand for states
predicted by the present classification.

5
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Introduction

Too good to be true?

The unreasonable effectiveness

of the large charge expansion.
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Introduction

Today’s talk

The EFT for the O(2) model in 2+ 1 dimensions
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Introduction

Today’s talk

The EFT for the O(2) model in 2+ 1 dimensions

• An effective field theory (EFT) for a CFT.
• The physics at the saddle.
• State/operator correspondence for anomalous dimensions.
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Introduction
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An EFT for a CFT

An EFT for a CFT
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An EFT for a CFT

The O(2) model

The simplest example is the Wilson–Fisher (WF) point of the O(2) model in three
dimensions.
• Non-trivial fixed point of the φ4 action

LUV = ∂μφ∗ ∂μφ− u(φ∗φ)2

• Strongly coupled
• In nature: 4He.
• Simplest example of spontaneous symmetry breaking.
• Not accessible in perturbation theory. Not accessible in 4−ε. Not accessible in

large N.
• Lattice. Bootstrap.
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An EFT for a CFT

Charge fixing

We assume that the O(2) symmetry is not accidental.

We consider a subsector of fixed charge Q.
Generically, the classical solution at fixed charge breaks spontaneously U(1) → ∅.

We have one Goldstone boson χ.
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An EFT for a CFT

An action for χ

Start with two derivatives:

L[χ] =
fπ
2

∂μχ ∂μχ−C3

(χ is a Goldstone so it is dimensionless.)

We want to describe a CFT: we can dress with a dilaton

L[σ,χ] =
fπe−2fσ

2
∂μχ ∂μχ− e−6fσC3 +

e−2fσ

2

(
∂μσ ∂μσ− ξR

f2

)
The fluctuations of χ give the Goldstone for the broken U(1), the fluctuations of σ give
the (massive) Goldstone for the broken conformal invariance.
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An EFT for a CFT

Linear sigma model

We can put together the two fields as

Σ = σ+ ifπχ

and rewrite the action in terms of a complex scalar

ϕ =
1√
2f
e−fΣ

We get

L[ϕ] = ∂μϕ∗ ∂μϕ−ξRϕ∗ϕ− u(ϕ∗ϕ)3

Only depends on dimensionless quantities b = f 2fπ and u = 3(Cf 2)3.
Scale invariance is manifest.
The field ϕ is some complicated function of the original φ.
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An EFT for a CFT

Centrifugal barrier

The O(2) symmetry acts as a shift on χ.
Fixing the charge is the same as adding a centrifugal term ∝ 1

|ϕ|2
.

|φ 2

V

original |ϕ| 6

centrifugal
barrier

newvacuum
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An EFT for a CFT

Ground state

We can find a fixed-charge solution of the type

χ(t, x) = μt σ(t, x) =
1
f

log(v) = const.,

where

μ ∝ Q1/2 + . . . v ∝
1

Q1/2

The classical energy is

E = c3/2VQ3/2 + c1/2RVQ1/2 +O
(
Q−1/2

)
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An EFT for a CFT

Fluctuations

The fluctuations over this ground state are described by two modes.
• A universal “conformal Goldstone”. It comes from the breaking of the U(1).

ω =
1√
2
p

• The massive dilaton. It controls the magnitude of the quantum fluctuations. All
quantum effects are controled by 1/Q.

ω = 2μ+
p2

2μ

(This is a heavy fluctuation around the semiclassical state. It has nothing to do with a
light dilaton in the full theory)
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An EFT for a CFT

Non-linear sigma model

Since σ is heavy we can integrate it out and write a non-linear sigma model (NLSM) for
χ alone.

L[χ] = k3/2(∂μχ ∂μχ)3/2 + k1/2R(∂μχ ∂μχ)1/2 + . . .

These are the leading terms in the expansion around the classical solution χ = μt.
All other terms are suppressed by powers of 1/Q.
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An EFT for a CFT

State-operator correspondence

The anomalous dimension on Rd is the energy in the cylinder frame.

ΔSd−1

Rd

H

R × Sd−1

Sd−1

Protected by conformal invariance: a well-defined quantity.
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An EFT for a CFT

Conformal dimensions

We know the energy of the ground state.
The leading quantum effect is the Casimir energy of the conformal Goldstone.

EG =
1

2
√
2
ζ(− 1

2 |S
2) = −0.0937 . . .

This is the unique contribution of order Q0.

Final result: the conformal dimension of the lowest operator of charge Q in the O(2)
model has the form

ΔQ =
c3/2

2
√
π
Q3/2 + 2

√
πc1/2Q1/2 − 0.094+O

(
Q−1/2

)
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An EFT for a CFT

What happened?

We started from a CFT.
There is no mass gap, there are no particles, there is no Lagrangian.

We picked a sector.

In this sector the physics is described by a semiclassical configuration plus massless
fluctuations.

The full theory has no small parameters but we can study this sector with a simple EFT.
We are in a strongly coupled regime but we can compute physical observables using
perturbation theory.

would you like to know more?
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Conclusions
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Conclusions

Selected topics in the LQNE

• O(2) model [S.Hellerman, DO, S.Reffert, M.Watanabe] [A.Monin, D.Pirtskhalava, R.Rattazzi, F.K.

Seibold]

• O(N) model [L.Álvarez-Gaumé, O.Loukas, DO, S.Reffert]

• gravitational systems [O.Loukas, DO, S.Reffert, D. Sarkar], [de la Fuente], [S.-F. Guo, H-S Liu,

H.Lu, Y.Pang]

• large N [L.Álvarez-Gaumé, DO, S.Reffert], [S.Giombi, J.Hyman]

• ε double-scaling [G.Badel, G.Cuomo, A.Monin, R.Rattazzi], [G.Arias-Tamargo,

D.Rodriguez-Gomez, J.G. Russo] [O.Antipin, J.Bersini, F.Sannino, Z.-W.Wang, C.Zhang] [I.Jack,

T.Jones]

• non-relativistic CFTs [S.Kravec, S.Pal], [S.Hellerman, I.Swanson], [S.Favrod, DO, S.Reffert], [DO,

S.Reffert, V.Pellizzani]

• N = 2 [S.Hellerman, S.Maeda], [S.Hellerman, S.Maeda, DO, S.Reffert, M.Watanabe], [A.Bourget,
D.Rodriguez-Gomez, J.G.Russo], [A.Grassi, Z.Komargodski, L.Tizzano]

• bootstrap [D.Jafferis, A.Zhiboedov]
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Conclusions

Conclusions

• With the large-charge approach we can study strongly-coupled systems
perturbatively.

• Select a sector and we write a controllable effective theory.
• The strongly-coupled physics is (for the most part) subsumed in a semiclassical

state.
• Qual(nt)itative control of the non-pertubative effects.
• Compute the CFT data.
• Very good agreement with lattice (supersymmetry, large N).
• Precise and testable predictions.
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