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• Quark free energies  —  the puzzle

• Heavy-dense QCD

• Flux tube models

• Full QCD  —  another puzzle 

• Summary and Outlook

• Static charges in box
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• Why bother?

P (~x) = P exp
n

ig

Z 1/T

0
dtA0(t, ~x)

o
2 SU(Nc)

Polyakov loop:

(DE)CONFINEMENT FOR PURE GLUE

� Center&symmetry&breaking&transition

ordering&of&Polyakov loop&
~&suppression&of&interfaces&(center&vortices)&

Disordered Ordered

space

3

<latexit sha1_base64="NaajR0Ud8VZeQRN61mxw/Vt0+lM="></latexit>

htrP (~x)iT ⇠ e�Fq/T
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• imaginary chemical potential:
<latexit sha1_base64="YEUYFzxPq6Q5HSPy0/l7x3uSSFg="></latexit>

µ/T = i✓

grand canonical at imaginary µ

<latexit sha1_base64="GVkVz8UhpgOlkSHstzoP61nU9WA="></latexit>

ZI(✓) ⌘ Z(T, V, i✓T ) =
X

Nq

eiNq✓ Zc(T, V,Nq)

canonical ensembles

fugacity expansion

➞ Fourier series

➞ only every 3rd Fourier coefficient ≠ 0:

<latexit sha1_base64="HuRISDhtQ1A2BjcVA/kxNKQnvuI="></latexit>

Zc(T, V,Nq) = 0 , for Nq 6= 0 mod 3

• in QCD, periodicity:
<latexit sha1_base64="A2QQIw7pYtYaPzv3R/MM9+DEJSE="></latexit>

ZI(✓ + 2⇡/3) = ZI(✓) period 2π/3

Roberge & Weiss, NPB 275 (1986) 734

• Polyakov loop paradox
Kratochvila & de Forcrand, PRD 73 (2006) 114512
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• change b.c.’s to account for Gauss’ law

…we’ve just changed the temporal b.c.’s without changing the spatial ones!

back up — pure SU(N) gauge theory: (d+1)-dim spacetime 

<latexit sha1_base64="nynxpJtuWOP48/0vjiopFRDrb50="></latexit>

Ze(~e) =
1

Nd

X

~k2Zd
N

e2⇡i~e·
~k/N Zk(~k)

’t Hooft’s twisted b.c.’s
(no of center vortices mod N)

<latexit sha1_base64="DRNaE7Cmw06PSq19u0/KcczTEWw=">AAACF3icbVBNS8NAFNzU7/oV9ehlsQqeStKD9ljw4rGCVcGUstls2qWb3bD7Ig0hP8SLf8WLSC8KHv03bmsurT5YGGZmeW8mTAU34HnfTm1ldW19Y3Orvr2zu7fvHhzeGZVpynpUCaUfQmKY4JL1gINgD6lmJAkFuw/HVzP9/olpw5W8hTxl/YQMJY85JWCpgdsOpOIyYhKClOhQTQrfo0lZBMAmYOIC49Mg4iYVJDeQC4YBn2JclnjgNrymNx/8F/gVaKBqugN3GkSKZoldRQUx5tH3UugXRAOngpX1IDMsJXRMhqyY5yrxmaUiHCttnwQ8Zxd8JDEmT0LrTAiMzLI2I//THjOI2/2CyzQDJunvojgTGBSelYQjrhkFkVtAqOb2QkxHRBMKtsq6je4vB/0L7lpN/6Lp3bQanVZVwiY6RifoHPnoEnXQNeqiHqLoBb2hD/TpPDuvzrsz/bXWnOrPEVoY5+sHuwWfTg==</latexit>

t

<latexit sha1_base64="aaCdnoP+mNThx58ZdzK06zljM3c=">AAACHHicbVBNSwMxFMz6bf2qevQSbAVPZbcH9SIIXjwqWBW6pWSzbzU0myzJW3FZ9q948a94UMSLguC/Ma292PogMMxMeG8myqSw6Pvf3szs3PzC4tJybWV1bX2jvrl1ZXVuOHS4ltrcRMyCFAo6KFDCTWaApZGE62hwOtSv78FYodUlFhn0UnarRCI4Q0f168eh0kLFoDDMmIn0Qxn4PK3KEOEBbVJS2gxjYTPJCouFBBreA6cD2qS0qmi/3vBb/mjoNAjGoEHGc96vv4Sx5nnq9nHJrO0Gfoa9khkUXEJVC3MLGeMDdgvlKFxF9xwV00Qb9xTSEfvHx1JrizRyzpThnZ3UhuR/WjfH5KhXCpXlCIr/LkpySVHTYVM0FgY4ysIBxo1wF1J+xwzj6PqsuejBZNBpcNVuBQct/6LdOGmPS1giO2SX7JOAHJITckbOSYdw8kReyQf59B69Z+/Ne/+1znjjP9vkz3hfP2URoTE=</latexit>

~k

’t Hooft’s electric flux ensembles

dual 
<latexit sha1_base64="nDP4D8JFv803lIDV8+qVDWXY06s="></latexit>

Ze(~e)

Ze(0)
=

1

N

D
tr
�
P⌦(~x)P

†
⌦(~x+ ~eL)

�E

no-flux

(mirror charges)

LvS, NPB (PS) 228 (2012) 179 L

<latexit sha1_base64="DJssJ6ifTshujqDT5UbpsDQjDc4="></latexit>

~e
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• effective Polyakov-loop theory  
<latexit sha1_base64="aWzEPBfIoA4bewyCYOf9yUhlZdo="></latexit>

Ze↵ =

Z ⇣Y

i

dLi J(Li)Q(Li)
⌘ Y

hi,ji

�
1 + 2�ReLiL

⇤
j

�

(1 flavor Wilson)

Fromm, Langelage, Lottini, Philipsen, JHEP 01 (2012) 042

Langelage, Neuman, Philipsen, JHEP 09 (2014) 131

leading order hopping expansion
static fermion determinat ! site factors

<latexit sha1_base64="NlrYZPzHfgcJBS7FrV0B3oKZ6/g="></latexit>

Q(L) =
�
1 + hL+ h2L⇤ + h3

�2�
1 + h̄L⇤ + h̄2L+ h̄3

�2

<latexit sha1_base64="GWyoOc2+K2badD5fZDTQPZM4bR4="></latexit>

h(µ) = e(µ�m)/T

<latexit sha1_base64="QmhgNYfD74LTAPLzTGOmOFS5ZtE="></latexit>

h̄(µ) = h(�µ)

where
Pietri, Feo, Seiler, Stamatescu, PRD 76 (2007) 114501

• reduce to Potts model  
maintain leading moments of 

reduced Haar measure

<latexit sha1_base64="ZNxGZUglP3EtJRbRlzzuGHUSouQ="></latexit>

Tm,n =

Z
dLJ(L)LmL⇤n

Uhlmann, Meinel, Wipf, J. Phys. A 40 (2007) 4367

tabulated in
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• reduced Haar measure of SU(3)
describes Polyakov-loop distributions 
of pure gauge theory very well up to

<latexit sha1_base64="lYtQqrBSTj/DMlrTYerTckJtKr4="></latexit>

T <⇠ Tc

Smith, Dumitru, Pisarski, LvS, PRD 88 (2013) 054020

Endrodi, Gattringer, Schadler, PRD 89 (2014) 054509
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<latexit sha1_base64="GmBsHCrPcnXzNkC4RvtZw6kTkBI="></latexit>

L ! z 2 Z3 ,

Z
dLJ(L) f(L) ! 1

3

X

z2Z3

f(z)

replace group integrations

reproduces
<latexit sha1_base64="ReX9RWRgrm1D/gcV2Au5waeqdZo=">AAACHnicbVDLSsQwFE19O76qLt0ER8GFDO0s1J0DblwqOI4wHUqapmMwTUpyK1NK/8WNvyKCiBsF/Rszj82MXggczjnh3nOiTHADnvfjzM0vLC4tr6zW1tY3Nrfc7Z1bo3JNWZsqofRdRAwTXLI2cBDsLtOMpJFgnejhYqh3Hpk2XMkbKDLWS0lf8oRTApYK3fNAKi5jJiHIiI7UoPQ9mlZlAGwAJikxPghibjJBCgOFYPgmLNNjWVke46rCoVv3Gt5o8F/gT0AdTeYqdF+DWNE8tRupIMZ0fS+DXkk0cCpYVQtywzJCH0iflaN4FT60VIwTpe2TgEfslI+kxhRpZJ0pgXszqw3J/7RuDslZr+Qyy4FJOl6U5AKDwsOucMw1oyAKCwjV3F6I6T3RhIJttGaj+7NB/4LbZsM/aXjXzXqrOSlhBe2hfXSEfHSKWugSXaE2ougZvaFP9OU8OS/Ou/Mxts45kz+7aGqc71/efKHy</latexit>

Tm,n
<latexit sha1_base64="u/QJFIJlAcye9F17lxd+HQ1Dwa4=">AAACHnicbVDLSgMxFM3UV62vUZduglUQhDJTRF0ICm5cKtgqOKVkMhkNzSRDckc6DPMvbvwVEUTcKOjfmD42tV4IHM454d5zwlRwA57341RmZufmF6qLtaXlldU1d32jbVSmKWtRJZS+DYlhgkvWAg6C3aaakSQU7CbsnQ/0m0emDVfyGvKUdRJyL3nMKQFLdd3TQCouIyYhSIkOVb/wPZqURQCsDyYuMN4JIm5SQXIDuWA42Zf4BB9YHuOyxF237jW84eBp4I9BHY3nsuu+BpGiWWI3UkGMufO9FDoF0cCpYGUtyAxLCe2Re1YM45V411IRjpW2TwIeshM+khiTJ6F1JgQezF9tQP6n3WUQH3cKLtMMmKSjRXEmMCg86ApHXDMKIreAUM3thZg+EE0o2EZrNrr/N+g0aDcb/mHDu2rWz5rjEqpoC22jPeSjI3SGLtAlaiGKntEb+kRfzpPz4rw7HyNrxRn/2UQT43z/AmC+oPY=</latexit>

m+ n < 4with

• check strong coupling limit
<latexit sha1_base64="U2bPJDhP7UjRzBOrjjJibaWr8Wc=">AAACI3icbVDLSgMxFM3UV62vqks3wVZwVWa6UJeCLlxWsA/olJLJZGowkwzJHXEY5nPc+CWCGxE3FfwX08emrRcCh3NOcnNOkAhuwHXHTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9gBgmuGRt4CBYL9GMxIFg3eDpZqJ3n5k2XMkHyBI2iMlI8ohTApYaVm99qbgMmQQ/ITpQL7nn0rjIfWAvYKIc47ofcpMIkhnIBMO+sI+HBPugsIvrGBcFHlZrbsOdDl4F3hzU0Hxaw+q7HyqaxnYtFcSYvucmMMiJBk4FKyp+alhC6BMZsXyascBnlgpxpLQ9EvCUXfCR2JgsDqwzJvBolrUJ+Z/WTyG6GuRcJikwSWeLolRgm29SGA65ZhREZgGhmtsfYvpINKFga63Y6N5y0FXQaTa8i4Z736xdN+cllNEJOkXnyEOX6BrdoRZqI4re0Ccaox/n1flwvpzvmbXkzO8co4Vxfv8Acw+jvg==</latexit>

� ! 0
<latexit sha1_base64="q6OimPij6fRdjv9rPn1eXQd4yFY="></latexit>Z

dLJ(L)Q(L) =
<latexit sha1_base64="ho5pjCds7ylnmPygymlW4nneF2M="></latexit>

1 + 4hh̄+ 4h3 + 4h̄3 + 10h2h̄2

+ 6h4h̄+ 6hh̄4 + h̄6 + h6 + 20h3h̄3

+ 6h5h̄2 + 6h2h̄5 + 10h4h̄4 + 4h6h̄3 + 4h3h̄6

+ 4h5h̄5 + h6h̄6

only difference from 
<latexit sha1_base64="D4OHH7QInlDFE1lSygjR5TEaO+8=">AAACInicbVBNSwMxFMzWr1q/qh69BKvgQcruHtSLIHjxWKGtgltKNpttQ7PJkryVLsv+Gy/+E/Ei4kXBH2Nae7H1QWCYmfDeTJgKbsB1v5zK0vLK6lp1vbaxubW9U9/d6xqVaco6VAml70NimOCSdYCDYPepZiQJBbsLR9cT/e6RacOVbEOesl5CBpLHnBKwVL9+HUjFZcQkBCnRoRoXnkuTsgiAjcHEBcZHQcRNKkhuIBcMt/uFf+qX+BL7VsO4LHG/3nCb7nTwIvBmoIFm0+rXX4JI0SyxW6kgxjx4bgq9gmjgVLCyFmSGpYSOyIAV04glPrZUhGOl7ZOAp+wfH0mMyZPQOhMCQzOvTcj/tIcM4otewWWaAZP0d1GcCQwKT/rCEdeMgsgtIFRzeyGmQ6IJBdtqzUb35oMugq7f9M6a7q3fuPJnJVTRATpEJ8hD5+gK3aAW6iCKntEb+kRfzpPz6rw7H7/WijP7s4/+jPP9AxzvolI=</latexit>

T2,2 = 2

9

9

16

missing one of two         
<latexit sha1_base64="0j53c1Fd1SGbmQp4vsdC+foPLUU="></latexit>

3⌦ 3⌦ 3̄⌦ 3̄scalar mesonic tetra-quark states in

<latexit sha1_base64="etyW16GxWOVelxnSWkrh+F8N9Qo=">AAACJHicbVBPS8MwHE3n//lv6tFLcAqeRtuDehyI4HGCm4KdI03TLSxNSvKrWEq/jhe/iAcvIh5U8LOYzV6m/iDk8d4Lv7wXpoIbcN13pzY3v7C4tLxSX11b39hsbG33jMo0ZV2qhNLXITFMcMm6wEGw61QzkoSCXYXj04l+dce04UpeQp6yfkKGksecErDUoHEWSMVlxCQEKdGhui88lyZlEQC7BxMXGO8HETepILmBXDCMR7d+EBI9ubFVMS5LPGg03ZY7HfwXeBVoomo6g8ZTECmaJXYvFcSYG89NoV8QDZwKVtaDzLCU0DEZsmIassQHlopwrLQ9EvCUnfGRxJg8Ca0zITAyv7UJ+Z92k0F80i+4TDNgkv4sijOBQeFJYzjimlEQuQWEam5/iOmIaELB9lq30b3fQf+Cnt/yjlruhd9s+1UJy2gX7aFD5KFj1EbnqIO6iKJH9II+0Kfz4Dw7r87bj7XmVG920Mw4X98JUqNd</latexit>

h2h̄2

<latexit sha1_base64="QoEQCji2rA7ixT2pR6+yKGNHYGU="></latexit>

! 1 + 4h3 + h6
<latexit sha1_base64="enUvWlQsPcK7Q7aB+z9FM1ajMlE=">AAACKHicbVC7TsNAEDzzJrwClDQrAhJVZKcASiQa6EAiJBKOovP5TE6c76y7NYpl+Ydo+A1KGoRoQOJLuIQ0JEw1mpnV7myUSWHR9z+8ufmFxaXlldXa2vrG5lZ9e+fW6tww3mZaatONqOVSKN5GgZJ3M8NpGkneiR7OR37nkRsrtLrBIuO9lN4rkQhG0Un9+mWotFAxVxhm1ER6WAY+S6syRD5Em5SQaANwEMbCZpIWFgvJAcKIGhhAiBrAhwOAqoJ+veE3/TFglgQT0iATXPXrL2GsWZ663UxSa+8CP8NeSQ0KJnlVC3PLM8oe6D0vx0UrOHRSPD4p0QphrP7J0dTaIo1cMqU4sNPeSPzPu8sxOe2VQmU5csV+FyW5BFdw9DWIheEMZeEIZUa4C4ENqKEM3W9rrnowXXSW3LaawXHTv241zlqTJ6yQPbJPjkhATsgZuSBXpE0YeSZv5JN8eU/eq/fuffxG57zJzC75A+/7ByXZpPM=</latexit>

for h̄ ! 0

o.k. in heavy-dense limit
<latexit sha1_base64="+SKvW5ia8f4lp1wUIKYukAmKe3c=">AAACJnicbVDLSgMxFM34tr6qLt1crIKrMtOFuhRc6FLBquCUkslkajCPIbkjDsP8jxv/w5UbEREU/BTT2o2PCwmHc064OSfJpXAYhm/BxOTU9Mzs3HxjYXFpeaW5unbuTGEZ7zIjjb1MqONSaN5FgZJf5pZTlUh+kdwcDvWLW26dMPoMy5z3FB1okQlG0VP95lGsjdAp1xjn1CbmropCpuoqRn6HLqsAtuJUuFzS0mEpOSiInfCXKiAeDOAMtgDqGvrNVtgORwN/QTQGLTKek37zMU4NK5TfzCR17ioKc+xV1KJgkteNuHA8p+yGDng1ilnDtqdSyIz1RyOM2B8+qpwrVeKdiuK1+60Nyf+0qwKz/V4ldF4g1+x7UVZIQAPDziAVljOUpQeUWeF/COyaWsrQN9vw0aPfQf+C80472m2Hp53WQWdcwhzZIJtkh0RkjxyQY3JCuoSRB/JM3slHcB88BS/B67d1Ihi/WSc/Jvj8AnuwpL4=</latexit>

m ⇠ µ � T
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• for QCD at strong coupling
with static fermion determinant

<latexit sha1_base64="oMgBQqT4WxINyW02KWSnpEOTeX4="></latexit>

=N
X

{zi2Z3}

exp
nX

hi,ji

2� Re ziz
⇤
j

o
⇥

⇣Y

i

�
1 + hzi + h2z⇤i + h3

�2 �
1 + h̄z⇤i + h̄2zi + h̄3

�2⌘

<latexit sha1_base64="6Tc3vzvkcnjN1KyZgV7sKZDDQD8="></latexit>

� =
1

3
ln

✓
1 + 2�

1� �

◆
with

<latexit sha1_base64="QGSzZ/jSzob1K1MXKc6T1Jxr5rI="></latexit>

Ze↵ =
1

3Ns

X

{zi2Z3}

Y

hi,ji

�
1 + 2�Re ziz

⇤
j

�
⇥

⇣Y

i

�
1 + hzi + h2z⇤i + h3

�2 �
1 + h̄z⇤i + h̄2zi + h̄3

�2⌘

from global Z3 symmetry
• Roberge-Weiss symmetric

<latexit sha1_base64="lW6EBBQUAcFBQ+CBxmjwL8k9x5M="></latexit>

Ze↵(T, µ = i✓T ) ⌘ ZI
e↵(✓) = ZI

e↵(✓ + 2⇡/3)
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• flux-tube model representation (dual)
<latexit sha1_base64="uaB9aAIXjfpUEkwmW5StUGsDGWE="></latexit>

Ze↵(T, µ) =
X

{n,l}phys

exp
n
� �

⇣
H(n, l)� µ

X

i

qi

⌘o

analogous to:

Patel, NPB 243 (1984) 411
Bernard, DeGrand, DeTar, Gottlieb, Krasnitz, 
Sugar, Toussain, PRD 49 (1994) 6051
Condella & DeTar, PRD 61(2000) 074023

<latexit sha1_base64="8M2Q/zFGB+vieFuA/ddWuwu5Vww="></latexit>

lhi,ji 2 {�1, 0, 1}fluxes represented by link variables:

<latexit sha1_base64="F7DRJiYxHXQfZliYuOlgH748lU4="></latexit>

H(n, l) =
X

hi,ji

�|lhi,ji|+
X

i,s

m(ni,s + n̄i,s)

here with:
string tension

<latexit sha1_base64="O0YnmWBFHva1yXzU80UMmlMGOXc="></latexit>

= qi mod 3

<latexit sha1_base64="XvGTQo+Dd60RgpGBzarF8AL9Ozo="></latexit>| {z }
<latexit sha1_base64="O0YnmWBFHva1yXzU80UMmlMGOXc="></latexit>

= qi mod 3

(anti-)quark occupation numbers:
<latexit sha1_base64="g11awKR2OQi97jf5RWpFyGW+DLU="></latexit>

ni,s 2 {0, . . . , 3} and n̄i,s 2 {0, . . . , 3} spin s = {↑,↓}

<latexit sha1_base64="zZn+K6Rof0I77hAIaqxKsTyOIWE="></latexit>

⌘ qzi
net-quark number

modulo 3

<latexit sha1_base64="7v/4Su315Zc6dNrMx44rzhubvsk="></latexit>

�i

<latexit sha1_base64="XvGTQo+Dd60RgpGBzarF8AL9Ozo="></latexit>| {z }
flux from volume 
around site i

• Z3-Gauss’ law: <latexit sha1_base64="y91ShgwqA4pS4GhOaCJi/w9YSaQ="></latexit>X

j⇠i

lhi,ji �
X

s

(ni,s � n̄i,s) = 0 mod 3
(Poisson equation)
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• simulate with worm algorithm
Prokof’ev & Svistunov, PRL 87 (2001) 160601
Korzec & Vierhaus, 2011, CPC 182 (2011) 1477

Rindlisbacher, Akerlund, de Forcrand, NPB (2016) 542
Delgado, Evertz, Gattringer, CPC 183 (2012) 1920example with light quarks / crossover
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• measure with fully-dynamic connectivity algorithm

Holm, Lichtenberg, Thorup, J. ACM 48 (2001) 723 
Alexandru, Bergner, Schaich, Wenger, PRD 97 (2018) 114503



 percolation: q = 1

q, Nc

spatial dimensions d

second order
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• deconfinement crossover Patel, NPB 243 (1984) 411

percolation of Z3-fluxes

0

0.2

0.4

0.6

0.8

1

4.5 5 5.5 6 6.5 7 7.5

m = 0.05, � = 0.3, µ = 0av
g.

no
.

of
w

in
di

ng
cl

us
te

rs
(c

ro
pp

ed
)

�

V = 83

V = 163

V = 243

V = 323at least one 
winding cluster 

• percolation??
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• heavy quarks 
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becomes 1st order

Gauss’ law makes the difference

• ok, still Potts! 
percolation with ZN-Gauss’ law = N-state Potts
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Electric fluxes
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• interfaces in flux-tube model

d = 1 d = 2 d = 3

dual stacks of links

• flux through interface

Shx,yi

<latexit sha1_base64="LVCi3Tmb7bNZfoqlWHHNFQoHZjY="></latexit>

�z
S =

X

hu,vi2S⇤

lzhu,vi

<latexit sha1_base64="gN2tDRF5YvSpO9x5Vj0FiY82ZAk="></latexit>

�z
S

• add constraint to fix
<latexit sha1_base64="eg26ly0s/28vyEzDXLEzyKsc0gs="></latexit>

�z
S = e
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Ensembles with Fixed Flux
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• flux-tube model with interface

<latexit sha1_base64="XvGTQo+Dd60RgpGBzarF8AL9Ozo="></latexit>| {z }

 flux constraint

<latexit sha1_base64="XvGTQo+Dd60RgpGBzarF8AL9Ozo="></latexit>| {z }

 Gauss’ law
<latexit sha1_base64="oy+HEztc/dxlZW3ECYRBZ1/T9yM="></latexit>
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with interface:
<latexit sha1_base64="H8eKB3w5qz/xL5469GnvQX3PCec="></latexit>
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1, hi, ji 2 S⇤
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0, otherwise
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Ensembles with Fixed Flux
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• Z3-Fourier transform of interfaces 
<latexit sha1_base64="HWUqX3TO9hrpEwr9jirsd87FQ84="></latexit>

Ze
S(�, µ) =

1

3

X

z2Z3

z�eZz
S(�, µ)

Z3-flux ensembles Z3-interface ensembles

• generalize to combinations of interfaces 

S
hv

,v
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�
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with total flux e interfaces

with total flux e = 2
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Test in (1+1)d
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total charge in sub-volume 
<latexit sha1_base64="Y8eEN198aWIfn/aIWlHRoS+5mc8="></latexit>

V : q = 1 mod 3
<latexit sha1_base64="8Rtjvvcs9TlWMoot1lsAHH1HtU8="></latexit>

V : q = 2 mod 3

total charge in complement 

total flux:
<latexit sha1_base64="5yX6+/ieanojmDMnkZComSXP8EM="></latexit>

�z
[S = 1 mod 3

• Potts model representation

• compare:
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Test in (1+1)d 
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• compute quark numbers in sub-volumes:
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Quark-Number Densities
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Quark-Number Densities
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Quark-Number Densities
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Quark-Number Densities
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Quark Free Energies

23

<latexit sha1_base64="vGJN7k7rn0i6tePgCYcl8S0mMVY="></latexit>

�Fq(�, V, µ) = �T ln

✓
Ze=1
@V (�, µ)

Ze=0
@V (�, µ)

◆• define for quark in volume V:

• still (1+1)-dim
Potts model representation, 

flux-tube model parameters
(V = L/2)
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µ = 0.5

• independent of L!
no asymptotic string tension
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Quark Free Energies
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• still (1+1)-dim
<latexit sha1_base64="vGJN7k7rn0i6tePgCYcl8S0mMVY="></latexit>

�Fq(�, V, µ) = �T ln

✓
Ze=1
@V (�, µ)

Ze=0
@V (�, µ)
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Gauge Theory
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• heavy-dense limit of QCD
static fermion determinant — unchanged

• reintroduce plaquette action
with closed centre-vortex sheets

t = L4 � 1

1

2

t

multiply by z�1

multiply by z

V

V

t = 0
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Full QCD
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• dualization of Wilson quark determinant Gattringer & Marchis, NPB 916 (2017) 627
Marchis & Gattringer, PRD 97 (2018) 034508

introduce site and link variables
<latexit sha1_base64="AkEqJ9WP2oRxqGyyVwpaDjonR+g="></latexit>

sx, kx,µ, kx,µ 2 {0,1}
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<latexit sha1_base64="HgvGCNIpLfRBqF8FAUFUXRWDIlA="></latexit>
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• integrate original SU(3) link variables U complicated weights

• introduce quark number densities
<latexit sha1_base64="8dFrNFETO8oh05Tobz67njZBeT4="></latexit>

nx =
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<latexit sha1_base64="u281GMh+yXcLAyVsZK5hvZTWq6U="></latexit>
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Full QCD

27

• dualization of Wilson quark determinant Gattringer & Marchis, NPB 916 (2017) 627
Marchis & Gattringer, PRD 97 (2018) 034508

introduce site and link variables
<latexit sha1_base64="AkEqJ9WP2oRxqGyyVwpaDjonR+g="></latexit>

sx, kx,µ, kx,µ 2 {0,1}
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• integrate original SU(3) link variables U
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• constrain quark numbers in V
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Quark in Finite Volume
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and show that

<latexit sha1_base64="Cn1NRpjOmuN9N6zgonUM08r2sdA="></latexit>
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Summary
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• Free energy of quark in Volume V

heavy-dense QCD ↔︎ flux-tube model

closed center-vortex sheet in gauge action — fermion determinant unchanged

• Full QCD — dualization

from FT of ’t Hooft’s twisted b.c.’s
• Electric fluxes in the pure gauge theory 

• Deconfinement ↔︎ Percolation (with Gauss law)

oder parameter for finite density
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Outlook
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Thank you for your attention!

• Time for large-scale simulations? 

expensive — find efficient ways

• Entanglement entropy? 

so far known only in pure gauge theory

• Transfer-matrix formulation

fermion determinant needs modification as well!

• Puzzle!

Equivalent? If not, which one is right?


