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Instantons

Instantons are 4D topological solitons related to tunneling between
vacua of different NCS

Instantons generate chiral symmetry breaking, but not confinement;
monopoles needed

Instantons do not interact directly with the holonomy and are charge
neutral
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Instanton-dyons

At ⟨P⟩ ≠ 0, the instanton is
seen to be made of Nc

constituents → the dyons

Dyons have non-zero magnetic
charge and non-integer
topological charge

Their action Si =
8π2

g2 νi is ≈ 4
near Tc , making them suitable
for using semiclassical methods

Dyon action sets temperature
scale S0 =

8π2

g2 = 11
3 Nc ln(T/Λ)

Figure: [Kraan, van Baal (1998)]
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Polyakov Loop and Holonomy

⟨P⟩ = 1
3 + 2

3 cos(2πν)

⟨P⟩ = 0, ν = 1
3 → confined

phase

Dyons have individual actions
SM1 = SM2 = S0ν,
SL = S0(1− 2ν)

Antidyons have the same
properties with opposite
magnetic and topological
charges
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FIG. 1. (Color online) Structure of the holonomies and dyon types in SU(3). Circle has circumference of 1.

there is a perturbative interaction between thermal gluons and the holonomy. This generates the Gross-Pisarski-Ya↵e
potential VGPY [22], which appears in the an exponent in the partition function. For SU(3), this is given by

VGPY

T Ṽ3

=
4⇡2

3
(2(⌫(1 � ⌫))2 + (2⌫(1 � 2⌫))2). (5)

Here the potential is shown with factors divided out so that it has units of free energy density. This potential disfavors
confinement, having minimum at trivial holonomy ⌫ = 0, and a maximum at the confining holonomy ⌫ = 1

3 .
The dyon contribution to the partition function consists of two parts, the contributions of the dyons in the absence

of interactions Z0, which can be expressed analytically directly from the input parameters, and Znp the contributions
of the dyon interaction, whose calculation is the subject of the simulation of the partition function, performed by
Monte-Carlo algorithms in this work. The total partition function is their product Z = ZGPY Z0Znp.

The statistical weight for a single instanton was explicitly calculated in Ref. [23] for SU(2). Taking the dilute limit,
which removes interaction between the dyons, this gives

Z
SU(2)
0 =

⇤

(4⇡)2
S4

0e�S2
0⌫

8⌫
3 �1(1 � ⌫)

8(1�⌫)
3 �1 (6)

It is easy to see how this factors into the weight for each individual dyon: Each dyon species contributes a factor ofp
⇤S0e

�p
So⌫ and the two holonomy terms stem from the holonomies of the individual M- and L-type dyons. A factor

of 4⇡⌫i is divided out for each dyon type. This is to remove a constant term that appears remains when taking the
dilute limit in Znp. Knowing this, it is easy to construct the instanton weight in SU(3) and extend it to an arbitrary
number of dyons by summation. The partition function, assuming an equal number of dyons and antidyons, is

Z0 =
X

NM1,NL,NM2

✓
1

NM1!
(Ṽ3d⌫)

NM1

◆2

⇥
✓

1

NL!
(Ṽ3d1�2⌫)

NL

◆2

⇥
✓

1

NM2!
(Ṽ3d⌫)

NM2

◆2

,

(7)

where d⌫ is the weight of an individual dyon with holonomy ⌫,

d⌫ =
⇤

4⇡
S2

0e�S0⌫⌫
8⌫
3 �1. (8)

Now we may take the limit V ! 1 and assume equal densities of M1- and M2-type dyons. The free energy
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Free Energy Density

f =
4π2

3
(2(ν(1− ν))2 + (2ν(1− 2ν))2)

− 4nM ln

[
dνe

nM

]
− 2nL ln

[
d1−2νe

nL

]
+

ln(8π3N2
MNL)

Ṽ3

+∆f

(1)

Compute ∆f by Monte-Carlo integration

Minimize f (T , ν, nM , nL) to get f (T ), ν(T ), nM(T ), nL(T )
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Dyon Interactions

∆Sdd̄
class = −S0Cdd̄

2π ( 1
rT − 2.75π

√
νiνje

−1.408π
√
νiνj rT )

Cdd̄ = 2 for same kind, −1 for different kinds of dyons

∆Score
class =

νV0

1+e2πνT (r−r0)

Core is used at distances smaller than x0 = 2πνrT , core radius goes
as 1/ν

Diakonov Determinant:

Gim,jn = δijδmn(4πνm −
∑

k ̸=i

2

T |ri ,m − rk,m|
+
∑

k

1

T |ri ,m − rk,p ̸=m|
)

+
2δmn

T |ri ,m − rj ,n|
− δm ̸=n

T |ri ,m − rj ,n|
,

(2)
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The Simulation Settings

Compute free energy by
standard integration over a
dummy parameter in 10 steps
λ = 0.1, ...1

Perform O(50000) simulations
with different inputs

For each value of S0(T ), fit to
find minimizing input
parameters

Simulations run with ND = 120
dyons in a 3D periodic box setup
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The First-Order Transition

Phase transition at S0 = 13.18

Jumps from ⟨P⟩ = 0 to
⟨P⟩ ≃ 0.4
(ν = 1/3 to ν ≃ 0.23)
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The First-Order Transition

Figure: SU(2) [Lopez-Ruiz, Jiang, Liao
(2016)]
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Polyakov Loop and Tc

We can now plot all properties
in terms of T/Tc

Jump in ⟨P⟩ nearly identical to
lattice

⟨P⟩ does not continue to grow
as quickly as lattice data does

Figure: Lattice data from Kaczmarek et.
al. (2002)
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Dyon Densities

Mi dyons: smaller ν and larger
core size have opposite effects,
resulting in a nearly continuous
density

L dyons: larger value of 1− 2ν
suppresses density
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Topological Susceptibility

Instantons are topologically nontrivial with Q = ±1

Dyons carry non-integer charge, (anti)dyons: Qi = (−)νi

Topological susceptibility ξ = ⟨Q2⟩/V4

Cut the box in half and measure the distribution of charge in that half
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Topological Susceptibility

Dyon model shows a first-order
transition, while lattice data
show a smooth crossover

Our ensemble has ∼ 40
instantons, much larger than
lattice

Dallas DeMartini (Stony Brook) SU(3) Instanton-dyons August 6, 2021 14 / 26



Trace-Deformed Yang-Mills

∆Sdef = h
∫
d3x |P(x⃗)|2

Introduced as a way to preserve center symmetry at high temperature

For a positive h, the deformation term suppresses the value of ⟨P⟩
and favors the confined phase

No need to run any additional MC simulations, the new term
∆fdef = h⟨P⟩2 can be added and re-fit.
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Trace Deformation and the Polyakov Loop

Increasing h reduces the value of
⟨P⟩ and increases Tc

At h ∼ 80 the theory is confined
at all temperatures we study
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The Maximally-deformed Theory

All dyon densities remain equal
and vary smoothly with
temperature

The system remains confining
even at low dyon densities
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Dyons and Quarks

We now include Nf = 2 flavors of dynamical massless quarks

Dynamical → we include the fermionic determinant in the partition
function

In physical QCD the deconfinement transition is a smooth crossover,
unlike the pure SU(3) theory

We can study the Dirac eigenvalue spectrum and thus the chiral
condensate and chiral symmetry
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New Partition Function

Two new terms in our partition
function

Quark perturbative potential
Vquark = −Nf

4π2

3 (2ν4 − ν2)

Fermionic determinant
det(i /D)Nf ≃ det(T̂ )Nf

Consider only the space spanned
by the dyons’ zero modes
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Hopping Matrix

Quarks can ’hop’ from dyon to
antidyon with amplitude Tij

T̂ =

(
0 Tij

−Tji 0

)

Tij =

ν̄c ′ exp(−
√

11.2 + (πν̄rT )2)

det(T̂ ) = T 2
11T

2
22 + T 2

12T
2
21 −

2T11T21T22T12
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Confinement with Quarks

No more first-order transition

Fit to O(4) form gives
S0(Tdeconf ) = 10.44
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Dyon Densities

Linear zero-mode-induced
interaction suppresses L-dyon
density

Broken Z3 symmetry → dyon
densities aren’t equal even in
the confined phase
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Zero-Mode Zone

Figure: Left: S0 = 8, Right: S0 = 14

Low T : there is a finite density ρ(0) → broken chiral symmetry
High T : an eigenvalue gap ∆ appears, restored chiral symmetry
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Determining the Gap

Three ensemble sizes

Fit gaps to a function linear in
1/V to determine the infinite
volume limit
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Chiral Phase Transition

The condensate quickly goes to
zero at the same time a
non-zero eigenvalue gap forms

From this, we estimate
S0(Tc) = 13.25

Should also belong to O(4)
universality class
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Conclusions

The dyon ensemble does possess a first-order deconfinement phase
transition to the same value of ⟨P⟩ as the lattice for the pure SU(3)
theory and is compatible with a second-order transition when Nf = 2

Trace deformation allows for confinement at low dyon density and has
interesting phases.

High dyon density leads to collectivization of zero modes and
generates a nonzero chiral condensate at below Tc and finite
eigenvalue gap above Tc
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