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bound-states of QCD”

In which sense are QED atoms nonperturbative?        α = 1/137
Need to distinguish between different meanings of “nonperturbative”

PH 2101.06721v2Learn from 70 years of QED

ΔνQED = 203.39169(41) GHz
ΔνEXP = 203.394 ± .002 GHzE.g., Hyperfine splitting in Positronium

QED bound state perturbation theory allows precision calculations of atoms:

QCD QED



Similarity of atomic and hadronic spectra

V (r) = ��
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V (r) = c r � 4
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PQED: PQCD?

Adapted from presentation by J. Ritman (2005)

3D
2

2900

3100

3300

3500

3700

3900

4100

η c(3590)

ηc(2980)

hc(3525)

ψ (3097)

ψ (3686)

ψ (3770)

ψ (4040)

χ 0(3415)

χ 1(3510)
χ 2(3556)

3D
1

3D
3

1D
2

3P
2
(~ 3940)

3P
1
(~ 3880)

3P
0
(~ 3800)

(~ 3800)

1 fmC C

~ 600 meV

-1000

-3000

-5000

-7000

11S
0

13S
1

21S
0

23S
1

21P
1 

23P2 

23P1 

23P0 

0
31S

0 31D
2 

33D2 

33D1 

33D2 

Ionization energy
33S

1

e+ e-0.1 nm

Binding energy  

[meV]

Mass [MeV]

DD Threshold

8!10-4 eV

10-4 eV

´
´´

´´´

´

117 MeV

Positronium Charmonium

Quarkonia are like atoms with confinement

V (r) = �↵

r
E. Eichten, S. Godfrey, H. Mahlke and J. L. Rosner, 
Rev. Mod. Phys.  80 (2008) 1161

“The J/ψ is the Hydrogen atom of QCD”

V (r) = V 0r � 4
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 3

even a pure Coulomb potential, σ = 0, implies a non-vanishing σeff at finite t ! r.
Of course, the symmetry of the Wilson loop under interchange of r and t also implies
that no plateau in V (r, t) can be found, unless t " r. For smeared Wilson loops, one
would still expect a similar 1/t2 approach (with a different coefficient) of σeff towards
the asymptotic limit, while effective masses, V (r, t), will approach V (r) exponentially
fast at any r.

4.7.2 The quenched potential
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Figure 4.2: The quenched Wilson action SU(3) potential, normalised to V (r0) = 0.

In Figure 4.2, we display the quenched potential, obtained at three different β values
in units of r0 ≈ 0.5 fm from the data of Refs. [173, 29]. The lattice spacings, determined
from r0, correspond to a ≈ 0.094 fm, 0.069 fm and 0.051 fm, respectively. The curve
represents the Cornell parametrisation with e = 0.295. At small distances the data
points lie somewhat above the curve, indicating a weakening of the effective coupling
and, therefore, asymptotic freedom. We will discuss this observation later. All data
points for r > 4a collapse onto a universal curve, indicating that for β ≥ 6.0 the scaling
region is effectively reached for the static potential. Moreover, continuum rotational
symmetry is restored: in addition to on-axis separations, many off-axis distances of the
sources have been realised and the corresponding data points are well parameterised by
the Cornell fit for r > 0.6 r0. Prior to comparison between the potential at various β,
the additive self-energy contribution, associated with the static sources, that diverges
in the continuum limit has been removed. This is achieved by the parametrisation-
independent normalisation of the data to V (r0) = 0.

42

The quenched Wilson action SU(3) potential.

Gunnar S. Bali, Phys.Rept. 343 (2001) 1

Lattice QCD agrees with the Cornell potential

V (r) = V 0r � 4
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Cornell:
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Take the Positronium – Quarkonium analogy seriously

Is it possible in QFT?
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Take the Positronium – Quarkonium analogy seriously

Recall how the Schrödinger equation follows from the action SQED

V (r) = �↵

r Classical potential from Gauss’ law
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Involves dimensionful parameter V´: Not in SQCD

Can arise from a boundary condition on Gauss’ law.

Is it possible in QFT?
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Involves dimensionful parameter V´: Not in SQCD

Can arise from a boundary condition on Gauss’ law.

But: 
QFT bound states are derived using Feynman diagrams
This assumes free field B.C’s:  Aμ  = 0 

Is it possible in QFT?

Feynman diagrams do not have bound state poles
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 5The Schrödinger equation from Feynman diagrams

p1

p2

k k–q

p1–k

p2+k p3

p4p1

p2

q

p4

p3

+

(a) (b)

k k–q

p1 p4

p2 p3

p1–k

p3–k

+
p1

p2

q

p4

p3

+ ...

k

+

(c) (d)

e+

e–
=

|'e+e� |2

p0 � E + i"
+ . . .

Bound state poles in e+e– → e+e– arise only through a 
divergence of the perturbative sum

p0

Bohr scale |p| ~ αm:      
propagators ∝ 1/α

e+e– → e+e–
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to classical physics

e+e– → e+e–
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⇒

Bound state poles in e+e– → e+e– arise only through a 
divergence of the perturbative sum

p0

Bohr scale |p| ~ αm:      
propagators ∝ 1/α

For |p| << αm: classical physics dominates: Bound states are at the borderline
to classical physics

QCD:  V(r) = V´r   Confinement probably not generated by Feynman diagrams

Need to derive Schrödinger equation with correct boundary conditions

e+e– → e+e–

Sum of “ladder diagrams” generates the classical field V (r) = �↵

r
QED:
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Temporal gauge: A0 = 0 (crucial)
Gauge theories have instantaneous interactions, despite their local action

A0 and AL do not propagate, they are fixed by the choice of gauge.
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Temporal gauge: A0 = 0 (crucial)
Gauge theories have instantaneous interactions, despite their local action

A0 and AL do not propagate, they are fixed by the choice of gauge.

Temporal gauge is optimal for bound states defined at an instant of time t.

• Preserves translation and rotation symmetry

• Canonical quantisation straightforward (unlike in ∇⋅ A = 0 gauge) 

 

• EL determined by Gauss’ law as a constraint (not an operator identity)

⇥
Ei(t,x), Aj(t,y)

⇤
= i�ij�(x� y)
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EL(t,x) |physi = �rx

Z
dy

e

4⇡|x� y| 
† (t,y) |physi
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determines the potential energy of |e–(x1) e+(x2)〉 states,

HV  ̄↵(x1) �(x2) |0i = �
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|x1 � x2|
 ̄↵(x1) �(x2) |0i
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QED:

HV ⌘
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Z
dxE2
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 7Fock state expansion for Positronium in A0=0 gauge

A perturbative expansion in α can start
from the |e+e–〉 Fock state, bound by 
the classical field EL of its constituents:

��e+e�
↵
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Each Fock component of  the bound state 
includes the instantaneous EL field.

e–

e+
EL

Higher order corrections given by states
with transverse photons and e+e– pairs

��e+e��
↵
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Each Fock component of  the bound state 
includes the instantaneous EL field.

e–

e+
EL

This Fock expansion is valid in any frame.

Higher order corrections given by states
with transverse photons and e+e– pairs

��e+e��
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 8Temporal gauge in QCD: Aa0 = 0

Gauss’ constraint determines EL,a for all hadron Fock states:

@iE
i
L,a(x) |physi = g

⇥
� fabcA

i
bE

i
c +  †T a (x)

⇤
|physi
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In QED we impose the boundary condition:  EL(x) → 0 for |x| → ∞

In QCD EL,a (x) ≡ 0 for color singlet Fock states, but it
need not vanish for each color component of the Fock state
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In QED we impose the boundary condition:  EL(x) → 0 for |x| → ∞

In QCD EL,a (x) ≡ 0 for color singlet Fock states, but it
need not vanish for each color component of the Fock state ⇒ 

Ei
L,a(x) |physi = �@x
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Z
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h
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The homogeneous solution ∝ κ is the only one
that is compatible with Poincaré invariance
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The linear dependence on x makes EL independent of x, as required by
translation invariance: The field energy density is spatially constant.

@iE
i(x) = 0

<latexit sha1_base64="Zvs4eV1DK1LbY42jytSyNkfR6o4="></latexit>

 6= (x,y)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

: this is a homogeneous solution of

Ei
L,a

<latexit sha1_base64="Qc8/YKU69EhQjVZLj8VNeXxSRFI="></latexit><latexit sha1_base64="Qc8/YKU69EhQjVZLj8VNeXxSRFI="></latexit><latexit sha1_base64="Qc8/YKU69EhQjVZLj8VNeXxSRFI="></latexit><latexit sha1_base64="Qc8/YKU69EhQjVZLj8VNeXxSRFI="></latexit>



 9Including the κ ≠ 0 homogeneous solution for 

Ei
L,a(x) |physi = �@x

i

Z
dy

h
x · y +

g

4⇡|x� y|

i
Ea(y) |physi

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

where Ea(y) = �fabcA
i
bE

i
c(y) +  †T a (y)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The linear dependence on x makes EL independent of x, as required by
translation invariance: The field energy density is spatially constant.

@iE
i(x) = 0

<latexit sha1_base64="Zvs4eV1DK1LbY42jytSyNkfR6o4="></latexit>

 6= (x,y)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

: this is a homogeneous solution of

Ei
L,a

<latexit sha1_base64="Qc8/YKU69EhQjVZLj8VNeXxSRFI="></latexit><latexit sha1_base64="Qc8/YKU69EhQjVZLj8VNeXxSRFI="></latexit><latexit sha1_base64="Qc8/YKU69EhQjVZLj8VNeXxSRFI="></latexit><latexit sha1_base64="Qc8/YKU69EhQjVZLj8VNeXxSRFI="></latexit>

The field energy ∝ volume of space is 
irrelevant only if it is universal.
This relates the normalisation κ of all 
Fock components, leaving an
overall scale Λ as the single parameter.

“Bag model without a bag”Compatible with SQCD
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Recall:

Gives translation invariant potentials only for (globally) color singlet states
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Recall:

Gives translation invariant potentials only for (globally) color singlet states

Meson: |q(x1)q̄(x2)i ⌘
X

A

 ̄A(x1) 
A(x2) |0i

<latexit sha1_base64="lbd4cESyhPMNRbzkf6zIWydHoAI="></latexit>

Vqq̄(x1,x2) = ⇤2|x1 � x2|� CF
↵s

|x1 � x2|

<latexit sha1_base64="I300IL8ktnl/KGseWtdyR290vOk="></latexit>

This potential is valid also for relativistic qq̅ Fock states,
in any frame

Cornell potential
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 11Baryon Fock state potential

Baryon: |q(x1)q(x2)q(x3)i ⌘
X

A,B,C

✏ABC 
†
A(x1) 

†
B(x2) 

†
C(x3) |0i

<latexit sha1_base64="e9hBTY25R2QOzW+tmTPBOuF/F4Q="></latexit>

Vqqq(x1,x2,x3) = ⇤2dqqq(x1,x2,x3)�
2

3
↵s

⇣ 1

|x1 � x2|
+

1

|x2 � x3|
+

1

|x3 � x1|

⌘

<latexit sha1_base64="P4FaT3OezJUk+2KpgueiTMZoqyw="></latexit>

dqqq(x1,x2,x3) ⌘
1p
2

p
(x1 � x2)2 + (x2 � x3)2 + (x3 � x1)2

<latexit sha1_base64="ICKqdX4LeMmtbzoRvEtuZmVSOjA="></latexit>

Analogous potentials obtained for any quark and gluon Fock state,
such as qq̅g .
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QED bound states have a 70 year history: Valuable experiences 

“Nonperturbative” bound states are at the borderline to classical physics 

The classical binding potential is not present in Feynman diagrams

Temporal gauge (A0 = 0) best for bound states defined at an instant of time

Perturbative expansion around valence Fock states

Gauss constraint gives classical, instantaneous EL field for each Fock state

Many features of hadrons thus obtained look promising & intriguing

Further info in 2101.06721v2 and/or contact me ! paul.hoyer@helsinki.fi

Homogeneous solution of Gauss’ constraint gives confinement in QCD


