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Introduction

Scattering amplitudes in the low-energy EFT of gravity;
derivative expansion— loops are higher orders Donoghue,
PRL72,2996(1994); arXiv:1702.00319[hep-ph]

2
Sgrav = /d4X\/ _g {/\CC + ?R + C]_R2 + C2RMVRMV
+sRuagRY? ..} K2 =30mG

Each R, R, Ruvas ~ p? (two derivatives)
0o ~ p,, and so on

Each graviton: G> 8uv = B + Khu
Einstein theory (for pure gravity): ¢ = =...=0
Acc is neglected (cosmological constant —87GA..)

EFT for E <A, e.g. Ay ~ G1/2 =10 GeV
(unitarity cutoff- more below)
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Similarities with Chiral Perturbation Theory
(ChPT), pion physics (QCD)
Massless pions (Chiral limit my = 0)

i0y ~ pu,  Pure derivative expansion

EFT valid for E < A. Unitarity cutoff Ay = 4nf; =~ 1.2 GeV
N=M,=0.77 GeV

o of f5(500): Isoscalar Scalar 77 scattering is resonant

GKPY Equation Garcia-Martin, Kaminski, Peldez, Ruiz de Elvira,
PRL107,072001(2011)
V5o = (45711% — i (297111)) MeV

One also generates the o by unitarizing | = J =0 7w ChPT
>< General 77 interaction
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NLO Unitarized ChPT, Albaladejo, JAO, PRD86,034003(2012)

V5 = 458 & 14 — (261 + 17) i MeV

In an EFT the light degrees of freedom must be accounted

for

This is an example of a Parametric enhancement JAO,
Oset, PRD60,074023(1999)

|

LO 0+t ww ChPT

partial-wave amplitude

(PWA), o

Too(s) =

So

(4mfr)?

=022«1

LO 17~ 7w ChPT PWA,

p(770)

T11(S) =

s —4m?

6f2
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graviton-graviton

3 scattering
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The o affects prominently low-energy scalar dynamics
in QCD



Unitarizing
infinite-range
forces, wm and
graviton-graviton
scattering

* Vacuum, excitations of quark condensate: Scalar form (it
factors of 7 José Antonio Oller
* m-nucleon o term

* Large corrections to the current-algebraic prediction of

0™ 7w scattering lengths, and phase shifts in general

* Two-pion event distributions from heavy-meson decays

ETC Peldez, Phys.Rep.658,1(2016)

Introduction

Is there a graviball (gravi-o) in the QG EFT that could
affect so much (relatively) low-energy gravitational physics?

| = J =0 77 are attractive
J = 0 graviton-graviton interactions are also attractive



The Graviball

At LO Unitarized EFT-QG the pole position of the graviball
and the o are very similar relative to the cutoff of the EFTs
[1] D. Blas, J. Martin-Camalich,JAO, Phys.Lett.B827,136991(2022)

So

2
AHadron
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2
/\G

~
~

=022K1

Ag = 7TG_1 ) NHadron = 47ty
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For infinite-range interactions . ..

Infrared divergences, forward infinite peak in Coulomb
scattering, non-existence of PWAs directly calculated from
Feynman graphs

dcosh 1
/ ,COS2:2{Iog2— lim log(1 — cosO)}—>oo
1P =pP 2p -0

PWAs do not converge to (p’, \]\]| T|p, A1 A2)
Giddings, Porto, PRD81,025002(2010)

For Coulomb scattering Kang,Brown,PR128,2828(1962)

Lehmann ellipse

@ Spectrum [H,J] =0
@ Selection of PWAs:

@ Interference with other forces, like Coulomb with strong

interactions

o Final-state interactions in multi-graviton production
processes
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§2 Born terms. E.g. 77~ Coulomb scattering ifinie range
forces, wm and
graviton-graviton

' Tt
T e scattering
One-photon exchange (graviball)
7T+7T7 — 7T+7I'7 José Antonio Oller
= ot electromagnetic (EM)
T T . -
scattering amplitude rared
s—channel t—channel dhivermarezs
Coulomb
e2 s—u scattering
Firtn~ = ntr) = ——(s + 2t — 4m?) — €°
S

Partial-wave amplitudes (PWAs)

- 1 [+ -
T,(s) = 2/1 dcos P (cos ) T (cos )

Unitarity in PWAs:

STy(s) = = Ty(s)?

8my/s



Infrared (IR) divergences ifinie range
forces, wm and
graviton-graviton

scattering

So far so good ...but PWAs are IR divergent (e

José Antonio Oller

J = 0 partial-wave projection of the Born term

™l dcos 1
_ _ _ Infrared
/ " 2 2 |Og 2 I|m |0g(1 COos 0) divergences.
1 Coulomb

scattering

t=(p—p')’ = —2p*(1 — cos )

This is due to the exchange of a virtual soft photon(graviton)
(t — 0) in between two external on-shell lines
Classification of Weinberg in PR140,B516(1965)

soft: |t| <<'s

-

t—channel



Unitarizing

Phase dlvergences infinite-range
forces, wm and
Dalitz,Proc.Roy.Soc.(London)206,509(1951) gravito:t—gr_aviton
Phase conjectured by Dalitz when studying the Born series (gravibalh

up to 2nd order (e?) for the scattering of a Dirac electron by o Antonio Oller
a Yukawa/Coulomb potential

€16 _ 1 Infrared
V(r) = —=e™ Phase — factor = ex Io L divi :
()= 20 Pl g, 108N | e
scattering
Lorentz invariant relative velocity [(papb) (mamp) ]
between particles a and b ab = DaPb
, . -
Born Series “

Extended up to 3rd order (€3) for the non-relativistic case
2 4
TGO — {1 s (| 79 | i)
(p") a2 sin? %0 , og sin? + log 2

+ (%)2 <—i (Iog %Ff) + [|0g(au)]2> + 0(a3)}
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Phase dlvergences infinite-range
forces, wm and
This phase was demonstrated by Weinberg in Infrared R e
scattering
Photons and Gravitons, PR140,B516(1965) (graviball)

José Antonio Oller

“the full effect of virtual infrared photons is to contribute to
the S matrix for any process o — [3 a factor’

Infrared
divergences.

Sﬁa { ]. /L } Coulomb
= expy % A(q) scattering

The real part of A(q) generates the IR divergence (1/L)"/2.
This is cancelled by real soft-photon emission

Its imaginary part generates the Dalitz phase: “so each
different pair of particles in the initial or final state
contributes to the S matrix a phase factor which for u < L
may be written”

2

i enem 1 ,  4p?
exp {% 7 jog ﬁ} o £ =5 5 Lefihand cut (LC)




Unitarizing

Redeflnltlon Of the 5 matrlX In PWAS infinite-range
forces, wm and
Comparing with Weinberg: Bt gravton
(graviball)
Sa,B — 5_] and 5 B — 5_] José Antonio Oller
1¢& Infrared
SJ = S SJ = exp {2165 IOg } SJ divergences.
E Coulomb

scattering

= 2ic
SJ:5C15J:exp{BIogE}SJ

Note: S, is unitary because only a phase factor has been
introduced

S,;Sh=sls,=1

Sy=1+iP7, Sy=14 7P
™ ™

IR divergent IR finite



IR-safe PWAs up to O(a?)

JAO arXiv:2207.08784
Including the Weinberg phase S, = exp (2/7 log §)

Si=[1+i™ PR+ )] {1 — 2irylog § — 29%(log 5)2] +0(a®)
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Infrared
:1—2ify|og£—2y2(|og£) +/ PIFM 1 2i»y|og£ + F{P) | divergences
p H p i
ma
+0(a?) N=—
p
S;=1+227,
47
2 L 2 2p 2 L e?
TONY = FO ) & 1o = & jog 2P — € e = = &
J(P)=F;"(p) 0 98, T 008 T oaloe 2p2 82
2 r et £\*
TOy — FO oy iFD T 1 L log =
5 (p) 5 (p) ()27/30 z+’87p3 og/[



One-loop calculation, JAO arXiv:2207.08784
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FO)(p dq
’ = / 2+ (0 — Pl + (o — 9)a? — P2

S-wave projection

4 e’}
) _ me dq
Fo (p) = 1672p2 /0 q?2 — p2 [log

It satisfies perturbative unitarity

QF@(py _ MP 2 _ me® [ 2p\?
ko (P):gFo :87rp3 |0gz

u2+(p+q)12
p2+(p—q)?

Its real part is zero

RFP (p) =

ji—0 1672 p2 12+ (p — q)?
Up to and including one loop
2 4 2
e 2p . me 2p 3
F = —log — log — O
o(p) 22 %8 g <og u) +0(a”)

4 00 d 2 2
hmmePV/ 2q2[logu +(p+4q)
o 9P

— ::IFse‘ Antonio Oller

Infrared
divergences.
Coulomb
scattering



IR-safe PWAs

2 2,0 e2
T(p) = —log 22 = £
o (P) 22108 = 55108,

@) . me* 2p\°> . me* 9
To(p) =iz | log ~) = /W(Iog a)
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8mp dhvergences
Matching with the unitarization formula scattaring
-1
1 .mp 1 2) , .Mp . (1)2
T L 7@ _ _ v+ vP® 42y o’
0 + 0 Vo(l)-i-\/o(z) ,27T 0 + 0 +127r 0 + (a )

2
Wy — 7@y €
VO (p) = TO (p) = ﬁ |0ga

Vi (p) =0

In agreement with the exact solution



Considering higher orders

Fr1+J—iv) .mep
= ATy T
A Ry Bl
- -1 .mp -1
TJ_{VJ 1271'}

J =

C2in T4+ J+iy) +T(1+J—iv)

mepl(1+J+iv)—T(1+J—iv)
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VJ = — 271— vy graviton-graviton

m,p scattering

1 (graviball)
vy(p) =¢0(1+J)7+6[2¢0(1+J)3—¢2(1+J)]W3 José Antonio Oller
1
+ 155 116%0(1 +J)° = 2000(1 + J)*uo(1 + J) + va(1+ )7
Infrared
+0(a") s
scattering

_ 2 3y _ 2MQ0E 3
Vo= mp¢o(1)7+o(0¢)— 2 + O(a?)

—_— (2)_
V=0
Vo(l) 0

Yo(1)=—E
loga =~ =0.577



Pole position of the ground state, pexact = im,y« Unitarizing
infinite-range

n 1 3 5 7 riton gravion
P /pexact, | 0.58 0.95 1.00 1.00 s

José Antonio Oller

Comparison with the exact Coulomb PWA iR
divergences.
1 To(o)1 Coulomb
scattering

e
p [ma]

15 20 25 30

05 10

n=1(orange), 3(green), 5(red), 7(magenta)



Screened Coulomb potential infiite range
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S5 %R-r), R oo
r r

Infrared

IR-safe V£ (s) up to O(y) from the partial-wave projected divergences.
Born term fc‘;”t':l??ﬁ’g
Aror
F="2 — (1 —cosgR)
q
2ra
Fo = ?(’YE +log 2pR) + O(R™?)
2
Vo=Fo— OF, =20E
—~ p

2;7—2”‘ log 2pR

IT 1S THE SAME AS THE LO TERM IN THE EXPANSION OF
vo(p)  Vo=—2Eyo(1)y + O(a®) = 23 4 O(a?), ¢o(1) = —



Unitarizing
QED infinite-range

forces, wm and

Bazhanov et al Theor.Math.Phys.33,982(1977) up to 2nd order in the graviton-graviton
. . . scattering
expansion of small t (one order more than in Eikonal (graviball)
a pproximation) José Antonio Oller
8naZiZ, (s—mi—m,’) ¢ —t—i0\ ¥*  T({1—/2) n0ZnZs (Mgt ms) —
76,0 R ) D) (o0 o007 ),
(«S' ) 0 ( I ) I‘(1+T/2) Z(SAmizwmf) (S)( l) 0( )

_ TH/2T (- /2)
T T/ ()

y=—2iaZ,Z.[v,

D(s)

The extra phase (A = u, C = )

VAVA
exp [2/@ 1v 2 (ny + log ;p)]

2
E:?p—ﬂoga:'yg

and this is a calculation to all orders in «



Unitarizing

In the static limit (scattering in an external g
forces, wm and

Coulomb ﬁeld) gravsiz::{frri:\;iton
(graviball)

José Antonio Oller

—t—i0 )me_wm—yfz) { (el o 8 ] ergence
2 2 scattering

TeT ( Dsin—
B lz F ( 1_}_,\:']2) S Coulomb

Versus the nonrelativistic amplitude for Coulomb

—24-2iy .
. Q r(1—iv)
=5 (n3) R

The difference is the phase factor exp (2/'fy§) with
L =2p/e"E, or loga =g



Delgado,Dobado,Espriu,arXiv:2207.06070: Keeping v — 0
Talk by Delgado on Monday, 16h, Session G.

They keep the IR divergent FJ(n). E.g. for non-relativistic
Coulomb scattering

They do not take into account the Weinberg phase

e? 2p
él)(P) T o2 g ?

. me* 2p\?
Féz)(P) = I87rp3 <Iog 7)

The Inverse Amplitude Method (IAM) is applied with the IR
divergent perturbative PWAs Fj(l), Fj(z)
) (p)* i2
. il
(p)— R (p) #0 P

TO(p) = Fél)

The method of arXiv:2207.06070 clearly fails
to reproduce Coulomb PWAs
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Unitarizing

1 2ma] | 05 10T 102 10~ rces, 7 ond
o/ 0.79 — 1032 099 — 7010 1.00 — j0.01 1.00 — 0.00 fesiereravion
(graviball)

Pole position of the ground state, p — 0 for y — 0

José Antonio Oller

1T5(P)1

Infrared
divergences.
Coulomb
scattering

p = 0.5(orange), 10~ (green),10~%(red),10~12(magenta)

Delgado,Dobado, Espriu,arXiv:2207.06070 is not a suitable

unitarization method for infinite-range interactions




§3 Prediction of the graviball Unitarizing

infinite-range
forces, wm and

Graviton-graviton Born terms graviton-graviton
scattering
(graviball)

Ip1, A1) |p2, A2) = |p3, A3)|pa, Aa)

José Antonio Oller

ANi=%£2, p=p1=-—p2, p=p3=—

;i@:i w g @\ Prediction of the
graviball

Contact s—channel t—channel u—channel

Born terms. Grisaru,van Nieuwenhuizen,Wu,PRD12,397(1975)

K2 s*
F200(s,t,u)= F_2_o 2 5(s, t,u) = T
K2 u*
F_20 _2o(s,t,u) = Fo_no_o(s, t,u) = s
K',2 t4
Fo_o _2o(s,t,u) = Fo_oo_o(s,u,t) = F_oo2_o(s, t,u) = e

Related by parity and Bose-Einstein symmetry



Unitarizing

Blas,Martin Camalich,JAO,PLB827,136991(2022) L ]
forces, w7 and
graviton-graviton

8G$ scatterin
V2(g)22( ) T Ioga (gravibalﬁ
1 _José Antonio Oller
™ 1 —s s
T n(8) = | g + > log — — i
22,22,//( ) 8Gsloga ' 8 g A2 2
A2 ,Gloga T
w = =A ,NANy=——, loga~1 o
/\2 v G |Og a g :::\‘jlf::?n of the
Secular equation
1 -
— + log(—x) —i2mr =0, x =15
.2 . 1
X~ —ji— = —i0.20 X~ =
37 w

x=0.07-i0.20, sp =0.22—0.63 G*
Estimated 20% uncertainty



Unitarizing

POStdlCtlon Of the g infinite-range
Chiral limit forces, i and
graviton-graviton
scattering
(graviball)
V7$?T) — % José Antonio Oller
™
-1
f2 1 -s .1
TO, ==+ log 5 —ig—
ik s (4m)? A2 8w
N =A4nf,
Xg = S0 Postdiction of th:
o = 75 ostdiction of the
A2 o

Secular equation

1
— +log(—x,) —i2mr =0

Xo

Xy ™ —i3 =—i0.20
s

Numerically, x, = 0.07 — /0.20



Numerically, x, = 0.07 — i 0.20

Physical m mass, GKPY: x, = 0.09 — j 0.20

Not bad! Back envelope calculation

7

/

A
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x = 0.07 — i0.20 — Resonant shape peaks at surprisingly Unitarizing

infinite-range

|OW Va|ueS Of S forc.es, T a'nd
graviton-graviton
scattering
(graviball)
Omnes function Q(J) (5) = ]./D(J)(S) José Antonio Oller
-1
A(s) = [1+ VI()g(s)] = T(s)/V(s)
25
2.0 At s~ 02 then 1 ~ V(O)g 5ostdiction of the
s (graviball)

£ 10 Dashed line: Perturbative
g 1= VO (s)g(s)?
e == Solid line: [DO)(s)|2

0.0
-02 -01 00 01 02 0.3 04 0.5
sIn?

Analogous to |Q§T072(s)|2 driving e.g. final-state interactions in
Dt — xtata~ [ET91]



Include light degrees of freedom in EFT infimiterange
forces, wm and

We have a parametric enhancement in the EFT both for the g“f;jt”t’fr’ii;‘“’"

o and graviball (it

José Antonio Oller

One has to account for such light resonances |s/A?| =~ 0.2

Unitarized EFT is a way to accomplish this by resumming
(s/A?)" to account for two-body unitarity along the RC:
Unitarity and analyticity

Suppression of phase space for massless multi-particle Postdiction of the
o

states Salas-Berndndez, Llanes-Estrada, JAO, Escudero-Pedrosa,SciPost

Phys.11,020(2021)

N =2A=001

Phase space of n massless ootz —y-sa-om
particles pions

P4 o
T, 0008

0.004

6.5 7 75 8

2(47T)2n73(n - 1)'(” - 2)' E v ai/@[lfi% MeV]
/s €[0.55,1.1] GeV , 4r & 2



Unitarizing

Maklng ||ghter the graVIba” infinite-range
forces, wm and
By increasing the number N of fields with m? < G2 gravitongravion
. . . . scattering
The number of channels in the intermediate increases as ~ N (graviball)

José Antonio Oller

The unitarity loop function g(s) — Ng(s)

T
8Gsloga

Secular equatlon Postdiction of the

1
— + log(—xn) — i2mr =0
XN

(0) N —s] 7!
T22722(s) ~ [ + 3 log /\2]

Solution

.2 n log N
—— i
3rN 107N

~

XN =~

Gravity interactions between fields are attractive



Scenarios with a large number N of light fields:
Dvali,Fortschr.Phys.58,528(2010); Dvali,Redi,PRD77,045027(2008);
Arkani-Hamed,Cohen,D’Agnolo,Hook,Kim,Pinner,PRL117,251801(2016);
Extra Dimensions Arkani-Hamed,Dimopoulos,Dvali,PLB429,263(1998);
Antoniadis,Arkani-Hamed,Dimopoulos,Dvali,PLB436,257(1998);
Csaki,arXiv:0806.3801[hep-th]
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Monomials involving three or four Riemannian infimie.range
forces, wm and
graviton-graviton

tensors scattering
(graviball)
{R3}: Six derivatives; {R*}: Eight derivatives José Antorio Oller

{R3} gives vanishing contributions to F 2
van Nieuwenhuizen,Wu, J.Math.Phys.18,182(1977)

{R*} contributions to Fp 2> evaluated in Huber, Brandhuber, De
Angelis, Travaglini, PRD102,046014(2020) with spinor formalism

Postdiction of the
Y o

Br?
FR4;22722(S, t,u) = T54
(0) 88,
VR4;22,22(5) - ?S , B~A
4
(0) _ 32s
VR4;22,22(5) =



Unitarizing
infinite-range
forces, wm and
graviton-graviton
scattering

Interaction kernel in the unitarization formula i

0 8s  32s* _José Antonio Oller
Réz?zz(s) = A2 + TAE loga=1

Secular equation s = sp/A?

(x + 4x*/7) "t 4 log(—x) —i2r =0
x =0.07—-170.21, 3% of deviation

Postdiction of the
o

In agreement with the estimate |x|3 ~ 1% for a N3LO
correction (s*&s)

Expected leading corrections are NLO loop ones |x| ~ 0.2
(there are no counterterms at NLO in pure gravity)



The graviball persists in d > 4

Maximal-stability estimate of log a

N2, — A2
r(loga,y) = — A

which should be minimized to enhance smoothness in the

transition from d =5tod =4
1.0

0.8

0.6

>

Graviball: loga~1 04

0.2

05 1.0 15 2.0
log a
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§4 Summary and outlook

@ Formalism for unitarizing forces of infinite range

@ Removing of a global phase factor S¢ in the S-matrix.
Dalitz-Weinberg phase

@ IR-safe PWAs

@ Standard unitarization techniques from hadron physics
satisfying two-body unitarity and analyticity

© The exactly solvable Coulomb scattering is a check and
good example for our formalism

@ Coulomb PWAs cannot be reproduced by the method of
arXiv:2207.06070
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Unitarizing
infinite-range
forces, wm and
graviton-graviton
scattering

Prediction of the graviball (or gravi-o) (araviball

sp = (%—i%)/\Q, N2 ~7G tand x <1

José Antonio Oller

Its resonance effects peak at s < A?

Large corrections to S-wave graviton-graviton scattering
calculated in perturbation theory from EFT

Suppression of multi-graviton[pion] intermediate states
for s < G Y[(4rf;)?]

Summary and
outlook

Close analogy with the o of f5(500) resonance

Many more applications should be pursued in hadron
physics
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@ Guerrieri, Penedones, Vieira, PRL127,081601(2021): gfr‘;rvcij; f;;ji:jn
S-matrix Bootstrap. d = 10 maximal supergravity. (Sgcra:;egi:lﬁ

Unitarity bound demanded— derive lower bound for
leading Wilson coefficient of UV completeness (R*).
Connect with the JP¢ = 0t graviball, which
dominates a spectral function

José Antonio Oller

Yoig=Re (% log )

Summary and
outlook

2
slp

Figure: sp ~ 3.2+ 0.3/ GeV~! (d = 10) “It is therefore tempting
to identify the graviball as the first excited string state.”
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scattering
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Summary and

Figure: Graviball pole s, and x for d > 4 outlook
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