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Why Hubbard model? (1)

High Tc superconductivity in cuprates:

HgBa,CuO,,; YBa,Cu0,; La,,Sr,CuO, TI,Ba,CuOq,;
(Hg1201) (YBCO) (LSCO) (T12201)

They all have CuO
layers alternated b
charge reservoir

layers

N. BariSi¢ et al, Proceedings of the National Academy of Sciences 110(30)


https://www.researchgate.net/profile/N-Barisic
https://www.researchgate.net/journal/Proceedings-of-the-National-Academy-of-Sciences-1091-6490

Why Hubbard model? (2)

Single band Hubbard model

ool

I I I Three-band Hubbard model
I I I Charge reservoir layers are
taken into account through

o—0—-0— the chemical potential
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Hubbard model on bipartite lattice
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Hopping term: no sign problem on any
bipartite lattice !
I Only local interaction: long range Coulomb

IS screened by «plasma» of free electrons

at large doping (chemical potential)
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Why do we need approximations ? (1)
H = —k <%;J(éjsaéya + h.c.) + U;ﬁxmm — (% — /L) Z(ﬁxT + Mgy — 1) <—>£<—>

T

Zero chemical potential («half filling»): Antiferromagnetic (AFM) order, or I
transition from semimetal to AFM insulator, all identified with exact Quantum ‘_’:‘_’
Monte Carlo /

«LLocalized spins» assembled in antiferromagnetic order
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Why do we need approximations ? (2)
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Only this tiny region is accessible for Prohibitively expensive simulations due

the simulations! to the sign problem



Another motivation: structure of the thi
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Structure of the thimbles decomposition in the thermodynamic limit for W RSN
the model with lattice fermions: one- or many-thimble regime? T2 10 o 10 0
Spoiler: instanton gas model for the field configurations at saddle |
points predicts the dominant saddles with reasonable accuracy. 20t (c) Zemp;-'i-sofii?eliﬁfﬁ?ﬁ? .
thimbles
anti-thimbles -
Knowing all relevant saddle points, which physical properties can we
describe with this saddle point approximation? :
Spoiler: instanton gas model gives good predictions for the =
localization of electrons, but one needs full integral over just one
dominant thimble in order to describe the spontaneous symmetry
breaking. 72 o _y R N N
S(x) = 23U —In <(1 + TP (1 e M)) 220 10 0 10 20



Path integrals for the Hubbard model

. PA U
__ AN — N2 j 2 ) 1
H=—k Z>(away+bmby+h.0)+ 9 ;qw+“;qm q = nel. _ nh.

(z,y
Trotter decomposition: ) ) ) ) )
Z — Tre 8 Ty (6—5H<2>e—5H<4>e—5H<2>e—5H<4> )

Subsequently, the auxiliary field is introduced via the Hubbard-Stratonovich transformation:

2
A ~2 o . N

Z = /Dqﬁe‘SBM det M. [¢] det My, 9]

2

Purely Gaussian bosonic action:  Sp[g] = ) 2UwAT S = Sp — In(det M. det My, )
T

r,T

We will work mostly with hexagonal lattice (a bit
simpler construction of saddle points):
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M. Korner et al., arXiv:1704.03757



Algorithms: exact calculation of fermionic
forces

dd 0S5
S =S —In(det M,; det M;, - =
B ( : h)ﬁ = 3%

Splé] = Z 2UCC,ATT

T, T

Purely Gaussian bosonic action does not carry any non-trivial info.
We must take into account fermionic determinant in GF

,7_

Dari1 = 6 Dy, = dlag Z%’T)
0 1 Do g1 €2 .........
0 0 1 D3 O _ oo g2 g3 - e
M = 0 0 0 1 Dy ... Mt=].. " Js Ga ...
\—DQNT O O 1) \ ......... 92]\[7_)

Possible for staggered fermions [Nuclear Physics B 371, 539 (1992)], Wilson fermions, and general tight-
binding lattice models in condensed matter physics Elements of fermionic propagator

Derivative: are computed through the iterations
Olndet M OM |
op 1 (M 1 od ) giv1 = D; 1 9:D; NS N, - scaling

«seed» blocks for iterations - from Schur
complement solver [arXiv 1803.05478]



Recovering exact saddle points from

Hybrid Monte Carlo data (no sign problem)
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1) generation of lattice field
configurations;
2) GF for each configuration;
3) Histogram for the final actions
after GF shows -~
Z,

It HMC is ergodic, we can find all saddles
with the share in partition function > 1/Nconfs
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Z,JZ

Z,JZ

Saddles for the Hubbard model on hexagonal
lattice
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Instantons with back reaction from
fermions (1)

2
y zx,r (¢x) In det (M M ) (91Il det M T M_l @M
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Saddle point equations including fermionic forces:
oS @7
0Pz AU

_ (')%fciei(ﬁ; _ (g)%;)*ie—icb;)

Connection between bosonic field and fermionic propagator (in continuum limit Az — 0):
T =T
¢;=—-—Ulmg;,
We need to close the system of equations with the evolution of fermionic propagator:

_ _ i (rt]) _ (),
82(T+1) — {6 i, }eAThgT{elqu }6 Ath



Instantons with back reaction from
fermions (2)

In the continuous time limit: Az — 0
C3 -symmetry, and rapid decay of propagator: g, = 0,|x =y | = o O

| % Im g,(7) = 6xIm g, (7) Only nearest neighbors ®
k £ Im g,(r) = iUg,(D)Im g,,(7) + ix Im g, (7) .E i
Img, (7) =d(z), Reg,(7)=1/2, g, (v)=a(r)+ib(7) G = Ulk

-

d(t) = 6Kb(7)
a(t) = — Ub(7)d(7)
\ b(7) = d(7)(x + Ua(t))

A

a(a+ 1/G) = —bb
(a + 1/G)* + b* = R?

. 650 4

[ a(t) = — 1/G + Rcos 0(7) 600
b(7) = Rsin 0(z)

d(t) = 0()/G

A

550 .

The final equation: T e T

O(s) = sinb(s), s = kt\/6GR,s = 0...k\/6GR




Instantons with back reaction from
fermions (3)

Non-linear pendulum:

10)?
K= m(l9) ,P=mgl(1 — cos6)
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Initial condition(vacuum):

Q@ Img. =0=bz=0)=0= 0z =0)=0
2 y

9(1 = () - defined by the number of instantons and anti-instantons



Instantons with back reaction from
fermions (4)

Number of instantons and anti-instantons fixes the initial conditions (time for one full

rotation): 02 p 40
— +cos 0 = E, PIN,, , = 2{ |
2 0 \/ 2(Ey — cos 8) ,
\ {
; |
. t | ©
Instanton and anti- 1 Two instantons:
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Gaussian fluctuations around instanton (1)
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Instanton saddle is in fact degenerate:
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Gaussian fluctuations around instanton (2)

History of the flow:
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Hessians for multi-instanton saddles
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Ways to formulate the classical
iInstanton gas model

/ \

Analytical expression for the free Classical grand canonical Monte
energy of instanton gas with Carlo (updates of instanton
hardcore repulsion (no lattice positions and number of instantons)

structure, U-dependence only from
input parameters: action of the
instanton, etc.)

Model with full mteraohon profiles Only hardcore repulsion
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Analytical expression for the partition

function for non-interacting instantons
1 \P o
4\

¢!
@ All N-instanton saddle points with o o X0 ©
@ Gaussian fluctuations around them. /
No interaction except that 2 Ap o O o
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! —
~ o o
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Fuclidean time ~ : :
—_— = " N _ _ IN space ~ lattice

integral over vacuum thimble step
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Benchmark distribution of instantons
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We described the increased spin localization, but local spins are still in paramagnetic phase



ith QMC
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Spectral function

Spectral functions away of Dirac point (1

Spectral functions at -point (12x12 lattice):
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Spectra\ funchons avvay of Dirac pomt (2)

Instanton gas model — |
full QMC
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. q . .
Spectral functions and relative spectral weight of
the peaks in the whole BZ

Zmaln/Z
CO0000000
O—=MNWErUINJIOO\O

0 0.5 1 1.5 2 2.5 3

8
7 Instanton gas approximation works just fine away
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¥, It can be used for more precise inquires into the

83 nature of the excited states via (projection)
5 QMC+MEM in saddle point approximation
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Spontaneous symmetry breaking and the
generation of mass

12x12 lattice, momentum 0, full gmc (ising fields), p=20, U=8.0
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Beyond Gaussian approximation: full integral
over one dominant thimble

We do not take into account fluctuations of the field in observables, and in
fact we can not do so in fermionic observables (easily)

| Ox)P(x)dx

(¥

O(x) = o0 as 1/x
|

I

P(x) — const.

[
|

W)
x’o

X = X,

<S, S,

>Ilong/<SX Sy>|sh0rt’ different sublat., log

0

> Propagator diverges at
the zeros of fermionic
-10 gperator, thus fermionic

observables also diverge
-15

-20



—

\

/
!

Sade £e 1

>
Saddle2.

X

Full integral over one
dominant thimble: algorithms

Check that we are still within the same thimble via GF after
HMC update:
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Full integral over one dominant thimble:
results (1)

p=20, U=5.0
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| HMC+GF data, lattice 12x12 (4)
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The form of dominant saddle
is taken from classical MC for
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Full integral over one dominant thimble:
results (2)

Spectral function

Spectral function

12

12x12 lattice, momentum 0, 1 thimble HMC, =20, U=5.0

T25S ——

12x12 lattice, momentum 0, full QMC (ising fields), =20, U=5.0

T4 ——

Integral over just one thimble attached to the

«domi

nant» saddle randomly picked up from

the peak of instanton number distribution,
provides us with almost entirely correct

inform

ation on mass gap.

Saddle is generated from simple classical MC
(grand canonical MC for instanton gas),

which

doesn’'t have the sign problem. The

reason for the success is the increasing
sharpness of the distribution of instantons
once we approach the thermodynamic limit.

p=20, U=5.0
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Applications for other systems:
square lattice Hubbard model

charge-coupled auxiliary field
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Square lattice Hubbard model features not only localized instantons but also domain walls as

saddles points 0.12
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1) Physically, instanton gas model corresponds to increasingly localized spins, BT s et [E
distributed through the lattice, with weak interaction between them. R sl
Q0,00 Q0,00 Q0,00 [ _
° 0 2 4 6 8 101214 16 18 *
Rl
. , i . 20709 %Eogoi
2) No long-range order, but increasing local AFM interactions. 8 oSS Te
3 " fg.g:oo::
223
Rt oty
0 2 46

3) Good agreement with exact QMC for the spectral functions everywhere except of
the close vicinity of the Dirac point. ‘

w/K

S = N W kA LN
w/K

S = N W ks NI X

4) Instanton gas approximation provides the high accuracy

prediction for the structure of the dominant saddle point. e
Note: AFM order disappears anyway away of half filling (if chemical potential is 1 ¢
larger than the mass gap) thus the accuracy in its description is not that important. 3 (0)2
However, local AFM correlations remain. Thus it might be a good approximation to 04 .//
study the case of finite chemical potential 02 =
0 1 2 3 4 5 6

18]
5) In order to describe the appearance of the long range AFM order, it is enough to | oo momemma, | il HC, -2, U5
compute the integral over just one dominant thimble, predicted by the instanton p ) ﬂ\
gas approximation. 5, IH\ \]
Further perspectives: other models, complex instantons at finite chemical potential f /\UI\




Backup slide: numerical check of the validity of
the instanton gas model

6x6x512, 2=0.99, p=20.0,U=20

os b N 006 x 6,U = 5.0k, N; = 512
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e ] =
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Dependence on the system size:
Nt=512, =20.0, U=2.0, a=0.99
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Dependence on the step in Euclidean time:
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Dependen

S
ce on the inverse temperature:

Nt=512 and N=1024, U=2.0, a=0.99
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