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Contents of this talk

What is the origin of the glueball masses?
in pure Yang-Mills theory,  
breaking of scale invariance is induced by quantum effects

classical quantized

Tμμ = 0 Tμμ ≠ 0
renormalization

trace anomaly

to quantify the trace anomaly contribution  
to the glueball masses by using lattice simulations

purpose



Trace anomaly

nucleon

Trace anomaly is important to hadron mass generation

MN = Mq + Mg + Ma + Mm
kinetic energy

trace anomaly(gluon condensate)

quark condensate 

traceless trace ≠ 0

Tμν = T̄μν + ̂TμνDecomposition 
of EMT

H = H̄ + Ĥ M = M̄ + M̂

X.-D. Ji, Phys. Rev. Lett. 74, 1071 (1995).

T00 = H,because

Mass Decomposition
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Trace anomaly

glueball

Trace anomaly is important to hadron mass generation

MG = Mq + Mg + Ma + Mm
kinetic energy

trace anomaly(gluon condensate)

quark condensate 

traceless trace ≠ 0

Tμν = T̄μν + ̂TμνDecomposition 
of EMT

H = H̄ + Ĥ M = M̄ + M̂

X.-D. Ji, Phys. Rev. Lett. 74, 1071 (1995).

T00 = H,because

Renormalized energy-momentum tensor on the lattice 
 is necessary to measure each contribution

Mass Decomposition



Gradient flow

Diffusing the gauge fields as a function of τ( ≥ 0)

No UV divergence in operators 
which are constructed using diffused gauge fields

H. Suzuki, PTEP 2013, 083B03 (2013).

Discretization 
of space-time

Translational 
invariance

It’s difficult to 
construct EMT

EMT can be constructed using the gradient flow

M. Lüscher, JHEP. 1008, 071 (2010).

 ∂τBμ(τ, x) = DνGνμ(τ, x), Bμ(τ = 0,x) = Aμ(x)

Gμν = ∂μBν − ∂νBμ + [Bμ, Bν], Dμ = ∂μ + [Bμ, ⋅ ]

Flow equation

 : diffusion timeτ diffusion radius Rd = 8τ



Energy-momentum tensor (EMT)

{Tμν(x)}R
= lim

τ→0 { 1
αU(τ) Uμν(τ, x) + 1

4αE(τ) δμν (E(τ, x) − ⟨E(τ, x)⟩0)}

Uμν(τ, x) ≡ Ga
μρ(τ, x)Ga

νρ(τ, x) − 1
4 δμνGa

ρσ(τ, x)Ga
ρσ(τ, x)

E(τ, x) ≡ 1
4 Ga

μν(τ, x)Ga
μν(τ, x)

a ≪ Rd ≪ (box size)

H. Suzuki, PTEP 2013, 083B03 (2013).

by using flowed gauge fields at, : field strengthGa
μν

traceless trace anomaly
: perturbative coefficientsαU(τ), αE(τ)

M. Asakawa, et al. Phys. Rev. D 90, 011501 (2014).

diffusion radius of gradient flow Rd = 8τ
on lattice

 must be in the range ofRd

 limit must be takenτ → 0 on lattice, the minimal spatial distance is a

with flow time τ



0 tsep
t′ 

effects from  
excited states

plateau

Glueball 2pt. func.　C(tsep)2pt = ⟨0 |G(tsep)G†(0) |0⟩

By defining effective mass as ,∴ Meff(tsep) = − log
C(tsep + 1)

C(tsep)

Mass and operator expectation values in lattice QCD

: Glueball operatorG

Meff(tsep) → E0 = m, (tsep ≫ 1)

C(tsep)2pt = ⟨0 |eHtsepG(0)e−HtsepG†(0) |0⟩ = ∑
i

|⟨0 |G | i⟩ |2 e−Eitsep ∼ e−E0tsep (tsep ≫ 0)
The ground state

Plateau

τ m

Meff(tsep)
effects from excited states

expectation value of  Tμν

 ⟨0 |G(tsep)Tμν(t′ )G(0) |0⟩
C(tsep)2pt

→ ⟨Tμν⟩, (tsep ≫ t′ ≫ 0)

tsep

∝ MEMT
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Glueball two-point function and effective mass plot

Stout smearing[1] is used to construct extended glueball operators[2]

⟨Tμν⟩ ≃
⟨G(tsep)Tμν(t′ )G(0)⟩

⟨G(tsep)G(0)⟩ , (tsep ≫ t′ ≫ 0)Expectation value of operator Tμν

Precisions of 2pt. func.  are very important⟨G(tsep)G(0)⟩

[1] C. Morningstar and M. Peardon, Phys. Rev. D 69, 054501 (2004) 
[2] K. S and S. Sasaki, PoS(LATTICE2021)333.
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Glueball mass calculated from EMT operator
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Flow time dependence
To get correct EMT, flow time  limit has to be taken eventually τ → 0

It needs to be done after the continuum limit
H. Suzuki, PTEP 2013, 083B03 (2013).
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Trace anomaly part

0 2 4 6 8 10
insertion time

0

0.1

0.2

0.3

0.4

0.5

tra
ce

 a
no

m
al

y 
pa

rt

t_sep=9
t_sep=10
t_sep=11

⟨T00⟩ =
⟨G(tsep)T00(t′ )G(0)⟩

⟨G(tsep)G(0)⟩ , (tsep − t′ → ∞, t′ → ∞)
A++

1 preliminary

Tr
ac

e 
an

om
al

y 
pa

rt 
of
 M

EM
T

t′ 

Meas.
6.4 12000 3.84

β( = 6/g2) L3 × T
323 × 32

1/a[GeV]



0 2 4 6 8 10
insertion time

0

0.1

0.2

0.3

0.4

0.5

tra
ce

 a
no

m
al

y 
pa

rt

t_sep=9
t_sep=10
t_sep=11

t′ 

Trace anomaly part

 isn’t  
long enough
tsep = 11

⟨Tanomaly
00 ⟩ =

⟨G(tsep)Tanomaly
00 (t′ )G(0)⟩

⟨G(tsep)G(0)⟩ , (tsep − t′ → ∞, t′ → ∞)

A++
1 preliminary

Tr
ac

e 
an

om
al

y 
pa

rt 
of
 M

EM
T

Meas.
6.4 12000 3.84

β( = 6/g2) L3 × T
323 × 32

1/a[GeV]



0 2 4 6 8 10
insertion time

0

0.1

0.2

0.3

0.4

0.5

tra
ce

 a
no

m
al

y 
pa

rt

t_sep=9
t_sep=10
t_sep=11

t′ 

Trace anomaly part

 isn’t  
long enough
tsep = 11

Big change between 
 and tsep = 10 11

A++
1 preliminary

Tr
ac

e 
an

om
al

y 
pa

rt 
of
 M

EM
T

Meas.
6.4 12000 3.84

β( = 6/g2) L3 × T
323 × 32

1/a[GeV]

⟨Tanomaly
00 ⟩ =

⟨G(tsep)Tanomaly
00 (t′ )G(0)⟩

⟨G(tsep)G(0)⟩ , (tsep − t′ → ∞, t′ → ∞)



0 2 4 6 8 10
insertion time

0

0.1

0.2

0.3

0.4

0.5

tra
ce

 a
no

m
al

y 
pa

rt

t_sep=9
t_sep=10
t_sep=11

t′ 

Trace anomaly part

 isn’t  
long enough?
tsep = 11

Big change between 
 and tsep = 10 11

2pt. func. doesn’t 
have enough precision?

A++
1 preliminary

Tr
ac

e 
an

om
al

y 
pa

rt 
of
 M

EM
T

Meas.
6.4 12000 3.84

β( = 6/g2) L3 × T
323 × 32

1/a[GeV]

⟨Tanomaly
00 ⟩ =

⟨G(tsep)Tanomaly
00 (t′ )G(0)⟩

⟨G(tsep)G(0)⟩ , (tsep − t′ → ∞, t′ → ∞)



0 5 10
insertion time

0

0.1

0.2

0.3

0.4

0.5

tra
ce

 a
no

m
al

y 
pa

rt

t_sep=10
t_sep=11
t_sep=10 with fit data
t_sep=11 with fit data

Improvement of long separation time behavior

⟨G(tsep)G(0)⟩ = ∑
i

|⟨i |G |0⟩ |2 e−Eitsep ∼ Ae−Mtsep (tsep ≫ 0)  const.A :

1. Getting  and  from fitting of 2pt. func. dataA M

2. Using  func as 2pt. func. in calculations of Afite−Mfitt ⟨T00⟩

A++
1 preliminary

Tr
ac

e 
an

om
al

y 
pa

rt 
of
 M

EM
T

MEMT = Mtraceless+Manomaly

t′ 

Meas.
6.4 12000 3.84

β( = 6/g2) L3 × T
323 × 32

1/a[GeV]



0 5 10
insertion time

0

0.1

0.2

0.3

0.4

0.5

tra
ce

 a
no

m
al

y 
pa

rt

t_sep=10
t_sep=11
t_sep=10 with fit data
t_sep=11 with fit data

Improvement of long separation time behavior

⟨G(tsep)G(0)⟩ = ∑
i

|⟨i |G |0⟩ |2 e−Eitsep ∼ Ae−Mtsep (tsep ≫ 0)  const.A :

1. Getting  and  from fitting of 2pt. func. dataA M

2. Using  func as 2pt. func. in calculations of Afite−Mfitt ⟨T00⟩

Saturation around  
is confirmed

tsep = 10

A++
1 preliminary

MEMT = Mtraceless+Manomaly

Tr
ac

e 
an

om
al

y 
pa

rt 
of
 M

EM
T

t′ 

Meas.
6.4 12000 3.84

β( = 6/g2) L3 × T
323 × 32

1/a[GeV]



Trace anomaly part

0 2 4 6 8
separation time

0

0.1

0.2

0.3

0.4

tra
ce

 a
no

m
al

y 
pa

rt

t_sep=10

Behavior of trace anomaly part

A++
1 preliminary

t

Tr
ac

e 
an

om
al

y 
pa

rt 
of
 M

EM
T

Meas.
6.4 12000 3.84

β( = 6/g2) L3 × T
323 × 32

1/a[GeV]



Trace anomaly part

0 2 4 6 8
separation time

0

0.1

0.2

0.3

0.4

tra
ce

 a
no

m
al

y 
pa

rt

t_sep=10

Behavior of trace anomaly part

A++
1 preliminary The contribution of 

anomaly part can be  
found by fitting 
 at tsep = 10

t

Tr
ac

e 
an

om
al

y 
pa

rt 
of
 M

EM
T

Meas.
6.4 12000 3.84

β( = 6/g2) L3 × T
323 × 32

1/a[GeV]



Trace anomaly part

0 2 4 6 8
separation time

0

0.1

0.2

0.3

0.4

tra
ce

 a
no

m
al

y 
pa

rt

t_sep=10

By fitting data, 
Manomaly = 0.12(6)

Behavior of trace anomaly part

A++
1 preliminary The contribution of 

anomaly part can be  
found by fitting 
 at tsep = 10

t

Tr
ac

e 
an

om
al

y 
pa

rt 
of
 M

EM
T

Meas.
6.4 12000 3.84

β( = 6/g2) L3 × T
323 × 32

1/a[GeV]

in lattice units



Mass decomposition of glueball

A sum of the traceless and trace anomaly part gives

In comparison to the effective mass, 

By taking the ratio of  Mtraceless/Manomaly = 1.0(6)

We confirm that trace anomaly certainly plays an important 
role on glueball mass generation

MEMT = Mtraceless(50 ± 20%) + Manomaly(50 ± 29%)

MEMT /Meff = 0.60(17)

Mtraceless + Manomaly = 0.24(7) at τ = 2.5

This could approach to 1 
 with  limitτ → 0

at τ = 2.5

whose value agrees with the full EMT result MEMT = 0.28(12) .



Summary and future work

・We have studied trace anomaly contribution to glueball mass.

・The renormalization energy-momentum tensor (EMT) operator is 
   constructed by using the gradient flow.
・Glueball mass  are calculated by using EMT operator through 
   the ratio of 3pt. and 2pt. functions.

MEMT

・We found that  at  of which value approaches  
   unity toward .

MEMT /Meff = 0.60(17) τ = 2.5

τ → 0

・Taking continuum limit  (in progress)a → 0

Summary

Future work

・Taking flow time  (after continuum limit)τ → 0

・The trace anomaly certainly contributes the mass of glueball as 
   MEMT = Manomaly(50 ± 20%) + Mtraceless(50 ± 29%)

・Analysis of  state glueball2++


