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3. Hamiltonian of QCD is complicated
— It needs regularization and has counterterms
— How to deal with an infinite number of particles??

— Starting from QCD, derive an effective Hamiltonian




Hadronic states in QCD

Every state in QCD is a superposition of infinitely many Fock components

|Umeson) = €1lq@) + c2]qqg) + c3lqdgg) + calqqdgg) + - ..

_ 2 2
Plagy = [{qq|¥meson)|” = ci

Masses are given by the eigenvalues of Hamiltonian operator acting on the
Fock space
HQCD|\IImeson> - En|\11meson>

E,, are the energy levels of the system, i.e. masses of hadrons
Problem: In practice it is not feasible
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The method of calculation

Originally Similarity Renormalization Group
[S.D. Glazek, K.G. Wilson, PRD49, PRD57|
. . . 1
Lagrangian density of QCD Lqcp = (i) — m)y — étrF’”FMV
1. Canonical Hamiltonian Use front-form dynamics:

e Lqcp — T4ép — Haep = / Haoep(x)dx, AT =0
xt=0
Ef =k 4+ k% =K"=k, kN =KD z=kT/PT,
2. Regularization Interaction vertices:
e UV and small-x cutoff /da:d/f‘ — /kord/iJ‘r,s (x)ra(sh)
gli%r(;(x) =1, Ah_r)noorA(x) =1
See poster by J.J. Gélvez Viruet for reg. with gluon mass
3. Renormalization

Scale parameter A introduced by RGPEP equation

Hy — H)




The method of calculation: RGPEP

Renormalization group procedure for effective particles
Originally Similarity Renormalization Group
[S.D. Glazek, K.G. Wilson, PRD49, PRD57|
Change of basis through a similarity transformation

Hy, = U\HoU!, Uxlo) = [a) ,  Holwo) = Halwa) = Eltpo)

Uy depends on an energy-scale parameter A preserves the eigenvalues
H  satisfies

Hy

d =4

[Gx, Hx], where G is a generator
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Example: [GomezRocha, Arriola, PLB 800 (2020), APP Sup.14 (2021)]
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The method of calculation

Effective quanta

Creation and annihilation operators become effective

a0y =1lg) — all0)=lgr) o} =tha'tff
They create/annihilate particles of type A or of size s = 1/A
[A] = energy ~ scale
[s =1/A] = length ~ size
Hadrons in terms effective particles

Hadrons can be described in terms of effective particles of type A

|\I/meson )\> = Cl,)\|qq>)\ + CQ,/\qug>/\ + 03,,\|q(jgg>>\ + c4a>\|qqqqgg>)\ + ...

and describe from asymptotic freedom to bound states




RGPEP

Solve the RGPEP equation perturbatively

dH >

-4 = [Hy, Hpx], Hi] GA:U)\GU;

perturbatively, order by order
Hyx = Hy+gHix +¢°Hy 4+ ¢g°Hsx + ...

Hy =0,
97'[3\1 = [[Hs, gHaprl Myl
PHyy = [[Hy.0°Hopa] Hy] + [[Hy. gHipa] . gHin] .
9 HA 5 [[Hs.o*Hapa] - Hy] + [[Hy 6°Horr] . gHi] + [Hy. gHipo] . 6°Har]

— Integration produces functions with form factors

o~ (ME—ME)Z/A1




The concept of effective particles

Effective particles of type A can change their relative motion kinetic energy
through a single effective interaction by no more than about A

S~ 1//\@0[)

(a) (b) (@

8§ << 8, 85 8 5~ S

s=1/A
fi = e ME-ME)?/2

Figure adapted from Patryk Kubiczek




Asymptotic freedom

Example of third-order calculation




Example of 3rd-order calculation:

— The three-gluon vertex:

Yy = gHix+g*Hsy

1 7 1
9 R % af
2 2
%’A + %\4_%4_:}“,@»4_ :>r®-
1

3

Y, = Z/[l??)] Y)\(kl,kg,k:g,g) a;/\a;Aag’)\JrH.c.
123
— We obtain the running coupling3 with the correct AF behavior:
S = go— -2 N.111m2 | [MGR, Glazek, PRD 92]
4872 Ao

— BUT: finite dependence on regularization
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Bound states

Example of second-order calculation




Effective theory for heavy quarks

Heavy quarks make calculations much simpler
Heavy quarkonium is the simplest bound state

Assumptions
Agep & mg A—s0

[l 1 1 1 L
T T

L
—

Ik

*

QCD with only quarks of heavy mass
my (4.18 GeV/c®), me (1.5 GeV/c?)
No QQ pair production (too heavy)
* 2nd-order perturbative RGPEP:

X%

Hoecpy=Hy +gHi )\ + 92H2,)\ [Us) = |QrQ2) + |Q20Qx g)

* Non relativistic limit k/m¢q — 0 simplifies the equations




Structure of the eigenvalue problem

Gluon-mass ansatz

[ Hy +:’9'2H2,>\ gﬁi,x ] [ ‘\éAQAGQ :| = FE [ i'QAQAGA>
o gHix  Hp+g’Han Q2@ |QAQx)
1
{ Hy+g°Hy +4i° gH\ } [ |QQG) } _ E{ |QQG) }
gH, Hf+92H2 |QQ) |QQ)

Reduction to the [Q,Q,) component
We follow [Wilson PRD 2 (1970) 1438]

Hog e 2|Q2Q2) = E|QAQN)




The effective eigenvalue equation

Ho o 2 1Q2Q0) = E|QAQN)

_@_ ! i
Heroq - , ... N & T

mass terms gluon exch. terms inst. int.

6611 Co/

V3

Q:Q:) = / [1'2'] PT§(P — K} — k) o (51720, 217) b, xdb ,10)




The effective eigenvalue equation

The eigenvalue equation in the NR limit is

|IZ12|2 _B 6m? Jm%

A3k
+ + Y12(kip, 1) + v
2m 2m

i i 1
“(2m)3 Voo (k12 — kyror) thirar (K17, w2r) = 0

where
Vool@ = Vesr(@)+W(d)
with
4 dra
= Vesr@ = —%1a5 T BF
3 |41
e 4 1 1 2 _o 21722
R N = W(@qQ) = 747ro¢[§——2] 2“ — € e
3 ¢ gzl ptq

Remark: If u2 =0, W =0 = QED




The effective eigenvalue equation

Coulomb 4+ Harmonic Oscillator

];2 . d3 - —
{m_B ¢(k)+/ﬁVO,BF(q”)¢(k— ~ 3% SZ dew -0
p= Y2m

A3
The term coming from the gluon-mass Ansatz yields an additional
harmonic oscillator interaction

Position space
om - 20 Sa(Lenr) 4 Lirt| v = @B = M.

Analogous calculation for baryons presented in
[Serafin, Gomez-Rocha, More, Glazek, EPJ C78 (2018)]




numerical results: heavy mesons

bb B, cc
10.8 7.6 1.4
T(48) inanaaed B i 5 L (4160) -
wer o 4 7.4 4.2 P e
AP 3(4040)
10.4 | T(38) 4 12k d a0l
wen | [T T T T T

0.2 | YD) 4 7.0 | 4 a8t
= T(28) B.(28) izs)
& P X
; 10.0 | ) 4 B8 EEEN A 08 J
= _ — ——
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[Serafin, Gomez-Rocha, More, Glazek, EPJ C78 (2018)]

Black: PDG masses, Blue: Our calculation
Green: average of many different approaches [MGR, Hilger, Krassnigg, PRD 93 (2016)]



Remarks

* Kigenvalue equation for a single particle
Hegrq|Q) = 00|Q)

* The divergence is canceled when the quarks are bound

— result compatible with confinement




Remarks

The front-form (FF) eigenvalue equation

H\|¥y) = Py |¥y) = E|Ty)

M? 4 pt2? _
TN’A} = (P, Pt - P)|0,) = M?|W,)

Py W) =
Remark:
* The eigenvalue is M? in FF instead of M in instant form (IF);

* At large distances: Uegr rr =~ Vfﬂ IF

Linear potential in IF = quadratic potential in FF

Vie(r) ~or = Vpp(r) ~ o?r?

[Trawiriski et al. PRD90 (2014) 074017]




Summary and Conclusions

1. RGPEP is a Hamiltonian approach to QCD that connects phenomena
at different energy regimes

2. Lgcp = Hqep = Hqoep — Hy — HQQCff
3. Asymptotic freedom in 3-gluon vertex v

4. Effective potential for quarkonium including effective gluon explicitly

= Hgpger = Coulomb + harmonic oscillator

5. Even in this crude approximation — reasonable spectra




Ongoing applications of the RGPEP method

Spectrum of exotic states
e Tetraquarks: K. Serafin (Lanzhou Inst., China) et al.
[Phys.Rev.D 105 (2022) 094028 ]

e Hybrid mesons: M. Gomez-Rocha (Granada U.) and collaborators.

Hadron Structure
e Proton Structure in High-Energy High-Multiplicity p-p Collisions
S.D. Glazek (Warsaw U.) and P. Kubiczek (Jagiellonian U.)
[Few Body Syst. 57 (2016) 7, 509-513]
e Some on structure functions for heavy hadrons:
K. Serafin, PhD Thesis (Warsaw U. 2019).
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Thank you for your attention!
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Appendix



RGPEP

Effective quanta

Hamiltonian can be re-written in terms of effective quanta
H(g) = Hx(g)

q'0y=1lg) — qll0)=lgn) g = Ux qU]
s = size \
A = 1/s momentum scale Uy = Te Jodror . Gue=[Hy, Hpi]

RGPEP equation
Hy = [[Hy, Hpy), H)]

Initial condition

HA:oo(: HS:O) = Héacn%nical + CTA(;
Counterterms CT*? remove UV-cutoff AS.




RGPEP

Solve the RGPEP equation perturbatively

H\ = [[Hy, Hpyl, H] g = Ux qU}

perturbatively, order by order

H, = Hjy+gH\ +g2H2,>\ + g3H3,)\ —|—g4H4,)\ + ...
Hy =0,
gHA1 = [[Hy gHipa] Hyl
My = [[Hs.g*Hora| Hy] + [Hy gHipal o]
T Hys = [[Hr g*Hara] Hs] + [Hy. 0 Hora] - gHan] + [Hy. Mol g Ha]

— Integration yields functions with form factors

e—(Mg—M§)2/A4




Renormalized Hamiltonian

Examples of terms in Hxqgcp = Hy + gH1x + g;A + gSHg,A + g4H4,A +...

0-th order terms

—— —— T

1-st order terms

2nd-order terms
S,

+ %
3rd-order terms
4th-order terms
—

(‘i;")% ;e

—_—




Example of 3rd-order calculation:

— The three-gluon vertex:

= gHpx+ g Hs)

Do e Y
| A D e

Y)\ Z/[l??)] Y)\(k‘l,k‘g,k[g, )aJ{ /\CL; A3, + H.c.
123

— We obtain the running coupling with the correct AF behavior:

9N 1112
4872 Ao

=g\ =

[MGR, Glazek, PRD 92]




Structure of the eigenvalue problem

The front-form (FF) eigenvalue equation

H\|¥y) = Py |¥y) = E|Ty)

M? 4 pt2? _
TI%} = (P, Pt - P)|0,) = M?|W,)

Py W) =
Remark:
* The eigenvalue is M? in FF instead of M in instant form (IF);

* At large distances: Uegr rr =~ V(fﬂ IF

Linear potential in IF = quadratic potential in FF

Vie(r) ~or = Vpp(r) ~ o?r?

[Trawiriski et al. PRD90 (2014) 074017]




Effective theory for heavy quarks

Hierarchy of scales:

Aocp  n my A—0
L (] [ [ LS
) ] | ) ) L I

—_—
|k

Assumptions

* QCD with only one flavor
* No QQ pairs (too heavy)
* 2nd-order perturbative RGPEP:

Hocpx=Hy 4 gHix + g°Hax [Ty) = [Q2Qx) + Q20 gr)

* A gluon-mass ansatz will account for non-Abelian terms




Structure of the eigenvalue problem

Gluon-mass ansatz

[ Hf+92H2,A gHy ] [ \Q)\QAG)\> } = E[ |QAC:2AGA>
gH Hy 4 g*Ha \ |QAQx) |QAQN)
!
{ Hy + g Hz + p° g } [ |QQG) } _ E{ |QQG) }
gH: Hf + g*H, |QQ) |QQ)
Reduction to the [Q,Q,) component
We follow [Wilson PRD 2 (1970) 1438]
Hoouss = Hy + ¢ Hon + L1 - : H
QQeftx = Hf + 9 Ha o A1 Bi—H, — 1 +El'—Hf—M2 1,X

Hog e 2|Q2QN) = E|QAQN)




The effective eigenvalue equation

Hog e 2|Q2Q) = E|QAQ)

2
1 1
Hop oy = Hy + g2 H. 9 H
QQeff A Frg o+ 1,>\(El_Hf_'u2+El,_Hf_M2> 1A

_..@-._
H

eff QQ = * @ % %b%\ 5 fﬁéﬁﬁ 5 +

— f ?
+ - + _@_ + % + 3 'f 4
mass terms gluon exch. terms inst. int.
5 +z 1 Ocaca 7t 1t
|Q:Qu) = [ [24] P7 0(P — k2 — ka) 24 (k2a, 2) 3 b3 2 d} 2 10)




The effective eigenvalue equation

The eigenvalue equation in the NR limit is

\E13|2 Jmf 6mt2 n d3E24 - - n
—— —-B+ Pk Y13(Ki3, T1) +/ on)? Vog(kis — kaa) ¥24(kay, 22) = 0
where
Vool@ = Vesr(@+W@
with
4 4o
1 = Vesr@ = —*Lz + BF
3 1q1
T 4 1 1 2
——K=>W((j') = 747ra[—7—] ad
3 @ 2l p+

Remark: If 42 =0, W = 0 = QED




The effective eigenvalue equation

Coulomb + Harmonic Oscillator

W+ [ s Vemr @i - g3 e o) =




Appendix

RGPEP equation:
Hy = [[Hs e, Hil
The Hamiltonian can be expressed in the following way
He = Ho+gHo + 5" Hiz + g*His + g Hoa -
And thus then the RGPEP equation reads,
Hiy + gHe + ¢*Hiy + ¢*Hig + g* M),

= HHO- Ho + gHipe + QZHQPf + gs?{zpc + Q4H4Ff] L Ho + gHn +92’Hrz +93’Hrz + 94%“1} .

with

Hi(ag) =D > elin,in) aly, - - ag;,

n=2 i1ig,....in

o0 n 2
Hp(ao) = D D elityin) (%Zp;) aby, -+ ao,

n=2 i1 ,ia, .yin




Appendix

Equations order by order:

Ho
gHY
927{: 2
QEH; 3
947{:4

=0,
= [[Ho.gHipe], Ho] ,
[[Ho,g*Hapi] , Ho) + [[Ho,gHari] . gHas]
= HHmQSHsFr} ~'H0} + [[HOsQZIH‘ZPt} ,QHU] + [[Ho-g%mtl -QEHZJ s
[[HO‘Q4H4PJ "Ho} + [[HOTQS/HSPJ :97'11:] + H?'lo-gzﬂzm} -927{2& + [[Horfﬂ'llm] :QSHM]

Solutions order by order:
‘We present solutions to these equations in terms of matrix elements H; ., = (a|H|b).

Hirar =

Hizan

Hizab

Hisab

fravHovab
ftab Z'Hmaz?{oub&m + frapGozab
T

TrabGozab + frab Z Hotax Hot oy Mot yb Crawyb + feab z (Hot aw Go2ab + G2 ax Hot o) Btasb

zy =
frab Z Hot az Hot =y Mot y= Ho1 26 Drazy=s

Tyz
frab z (Mot az Horzy Gozyp + Hotaz Gozay Horyp + Gozaz HorzyHot ys) Crazyb

<y

Frab Y (Go2az G226 + Mot ax Gos ah + Gosax Horet) Brazh + frab Gosas -




Appendix

RGPEP factors:

Atarb = (08 Paz + b pra) fi4 frar froe
Brow = / Ar e dr |

Cronps = / A s Byt + Ar s By ] dr
J0

i
D nyet - [ Ar s Crogeh + ArassCrazye + Ar ags Brasy Bryet]
J0

with f; .5 = exp [—ab?t] and ab:= M2, — M, .




Appendix: Toward 4th order

HQCD :Hﬁ.‘,z +HA2 +HA3 +HL"1A$ +Hu‘;AAw JrH[aAA](ﬁ.‘,w) JrH(ww)z

Canonical Hamiltonian expressed with diagrams:

|

_<
a;bgdl

l
)

|

Hoop - >4 2+ > 1 £ 4>+ <+ X 4+ X 4 X + X+ > + <
+>_+.<+>_+,<+><+>_+_4+>__+_<+>_

<+ > < X




Appendix: Example of 4th-order diagrams

Forth power of the 1st-order Hamiltonian

(O (m,) (-

e s~~~y ol Wl
Q_’KIKIIZXZ__ ——— =

= =0 = - SR = W - Y W -
o e T G5 BE R TaE e N e vt

e g~ A= - Ko

T e =W N -

L N T
LD Ry
e o e ol i i i R T




Appendix. H. O. parameters

Defining
2 b2 2 2 b2
N253U Hi54 U™ 73 w2
/d( ad +2b2T22>e C)
N253 Tz + u? Hisq 72 T U
and
/ AT T(1 — T) @ (T) 7(T) , 3)

one can write:

3 0 - a -3
Waa = [ W@ gold) = 5 S ¢




