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Phase diagram of strongly interacting matter

Figure from T. Kojo arXiv:1912.05326 [nucl-th]
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pQCD vs 2M� compact stars

E. Annala, T. Gorda, A. Kurkela, J. Nättilä, A. Vuorinen, Nature Physics 16, 907 (2020)

Existence of parameterization consistent with pQCD and 2M�

⇓

Argument in favor of quark cores?
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Quark matter in supernova explosions

2M� stars formation?
(accretion is too slow)

Supernovae with
progenitor mass ∼ 50 M�

Quark-hadron transition
stabilizes collapse

T. Fischer et al., Nature Astronomy 2, 980–986 (2018)

Deconfinement is a supernova engine for massive blue giants
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Hybrid star in postmerger phase of GW170817
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False quark dominance in hybrid quark-hadron EoS

Hadronic EoS consistent with astro (DDf4) + NJL model

⇓
False quark dominance already at T ' 60 MeV

⇓
Effective quark “confinement” is needed
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Relativistic density functional

L = q(i /∂ − m̂)q + LV + LD − U

Vector repulsion
LV = −GV (qγµq)2

- needed to reach 2M�
- motivated by non-perturbative gluon exchange

S. Yong et al., Phys. Rev. D 100, 034018 (2019)

Diquark pairing

LD = GD

∑
A=2,5,7

(qiγ5τ2λAq
c )(qc iγ5τ2λAq)

- motivated by Cooper theorem
- color superconductivity

Density functional (G0 – coupling, α ≥ 0, 〈qq〉0 – χ-condensate in vacuum)

U = G0

[
(1 + α)〈qq〉20 − (qq)2 − (qi~τγ5q)2

] 1
3

- motivated by String Flip Model
- χ-symmetric interaction
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Expansion around 〈qq〉 and 〈qi~τγ5q〉=0

U = U︸︷︷︸
0th order

+ (qq − 〈qq〉) ΣMF︸ ︷︷ ︸
1st order

−GS (qq − 〈qq〉)2 − GPS (qi~τγ5q)2︸ ︷︷ ︸
2nd order

+ . . .

Mean-field self-energy

ΣMF =
∂U

∂〈qq〉

Effective medium dependent couplings

GS = −1

2

∂2U

∂〈qq〉2
, GPS = −1
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Expansion around 〈qq〉 and 〈qi~τγ5q〉=0

U = U︸︷︷︸
0th order

+ (qq − 〈qq〉) ΣMF︸ ︷︷ ︸
1st order

−GS (qq − 〈qq〉)2 − GPS (qi~τγ5q)2︸ ︷︷ ︸
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+ . . .

Mean-field self-energy
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Comparison to NJL model

L = q(i /∂ − (m + ΣMF )︸ ︷︷ ︸
effective mass m∗

)q + GS (qq)2 + GPS (qi~τγ5q)2 + · · ·+ LV + LD

Similarities:

- current-current interaction
- (pseudo)scalar, vector, diquark, ... channels

Differences:

- high m∗ at low T , µ ⇒ “confinement”

〈qq〉 = 〈qq〉0 ⇒ m∗ = m − 2G0

3α2/3〈qq〉1/3
0

⇓

m∗ →∞ at α→ 0

- medium dependent couplings:

low T , µ, ⇒ GS 6= GPS ⇒ χ-broken
high T , µ, ⇒ GS = GPS ⇒ χ-symmetric

T = 0
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Parameterization of the model

Meson propagators

Dπ = 1
2GPS
−

Dσ = 1
2GS
−

Tc (µB = 0) = 163 MeV

2m*
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Mσ

[M
eV

]

0

250

500

750

1000

1250

1500

T	[MeV]

100 120 140 160 180 200

Oleksii Ivanystkyi Early quark deconfinement



12/35

Hybrid quark-hadron EoS

Charge neutrality: electrons

β-equilibrium:

µd = µu + µe

Hadron EoS: DD2
S. Typel et al., PRC 81, 015803 (2010)

Maxwell construction:

pq(µc
B ) = ph(µc

B )

Model labeling:

(ηV , ηD), ηV ,D ≡
GV ,D

GS |T =µ=0

Tews	et	al.,

Hebeler	et	al.,
Miller	et	al.,
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O. Ivanytskyi and D. Blaschke, Phys. Rev. D 105, 114042 (2022)
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Hybrid quark-hadron EoS

Marczenko	et	al.,
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Mass radius diagram

Hydrostatic equilibrium

dp

dr
= −Gmε

r2

(
1 + p

ε

) (
1 + 4πr 3p

m

)
(
1− 2Gm

r

)
dm

dr
= 4πr2ε

Cold matter EoS{
p = p(µB )

ε = µB
∂p
∂µB
− p

⇒ p = p(ε)

Total radius R and mass M

r = R ⇒
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Tidal polarizability
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Ultra heavy compact stars?
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Phase diagram (Q-neutral, β-equilibrium)

Normal quark matter

2 spin × 2 flavor × 3 color =12

2SC quark matter

2 spin × 2 flavor × 1 color+1=5

Quark pairing reduces
number of quark states

⇓

requires higher T
along adiabat
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Restoring conformal limit

Fock energy via non-perturbative gluon exchange with Dgluon ∝ 1
k2−M2

gluon

εrepulsion = GV 〈q+q〉2 with GV =
4παs/3

9M2
gluon + 8k2

F

Y. Song, G. Baym, T. Hatsuda, and T. Kojo Phys. Rev. D 100, 034018 (2019)

Medium dependent vector and diquark couplings

GV =
G vacuum

V

1 + 8
9M2

gluon

(
π2〈q+q〉

2

)2/3
and GD =

G vacuum
D

1 + 8
9M2

gluon

(
π2〈qc iτ2γ5λ2q〉

2

)2/3

Don’t forger rearrangement terms in pressure
needed to provide thermodynamic consistency
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Asymptotically conformal EoS (symmetric matter @ T=0)
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Compact stars with asymptotically conformal EoS
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Conclusions

Deconfined of quark matter is essential for the supernovae explosions of Blue
Supergiants producing compact stars of mass > 2M�

Gravitational wave signal from postmerger could unambiguously identify
compact stars with quark cores

Effective ”confining” NJL model with color superconductivity is derived
based on the χ-symmetric density functiobal

Medium dependent quark-meson couplings provide conformal limit

Agreement with the observational data on compact stars implies early onset
of quark matter

Deconfinement to color superconducting quark matter leads to the
temperature growth along the adiabats
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Conclusions

Thank you for your attention
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Effective mass and diquark gap

Low chemical potential

m∗ � m
∆ = 0

⇒ χ− broken
normal phase

High chemical potential

m∗ → 0
∆ 6= 0

⇒ χ− restored
SC phase

Holds for T 6= 0
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Bosonization of (pseudo)scalar interaction

Hubbard-Stratonovich transformation

exp

[ˆ
dx Gi (qΓiq)2

]
=

ˆ
[Dφi ] exp

[
−
ˆ

dx

(
φ2

i

4Gi
+ qφi Γiq

)]
, i = σ, ~π

Γσ = 1 − σ vertex
~Γπ = iγ5~τ − ~π vertex

Bosonized Lagrangian (m∗ = m + ΣMF - effective quark mass)

L = q(i /∂ −m∗)q + LV + LD − U + 〈qq〉ΣMF

− σ2

4GS
− ~π2

4GPS
− q(σ + i~π~τγ5)q + σ〈qq〉︸ ︷︷ ︸

fullly beyond mean field terms

Field equations for σ and ~π{
σ = 2GS (〈qq〉 − qq)
~π = −2GPSqi~τγ5q

⇒ 〈σ〉 = 〈~π〉 = 0 ⇒ σ, ~π − beyond MF

comment: 〈σ〉 = 0 does not assume χ-symmetry since 〈qq〉 6= 0
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Mean field (ωµ = gµ0ω, ∆ = const, σ = ~π = 0)

Nambu-Gorkov Lagrangian with bosonized vector and diquark channels

L+ q+µ̂q = QŜ−1
NGQ +

ωµω
µ

4GV
− ∆A∆∗A

4GD
− U + 〈qq〉ΣMF

Q =
1√
2

(
q
qc

)
Ŝ−1

NG =

(
i /∂ + /ω −m∗ + γ0µ̂ i∆Aγ5τ2λA

i∆Aγ5τ2λA i /∂ + /ω −m∗ + γ0µ̂

)
Statistical partition and thermodynamic potential

Z =

ˆ
[Dq][Dq] exp

[ˆ
dx
(
L+ q+µ̂q

)]

Ω = − 1

βV
lnZ = − 1

2βV
Tr ln(βS−1

NG )− ω2

4GV
+

∆2

4GD
+ U − 〈qq〉ΣMF

Vector field, diquark gap, χ-condensate

∂Ω

∂ω
= 0,

∂Ω

∂∆
= 0, 〈qq〉 =

∑
f

∂Ω

∂mf
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Superconductivity onset

Single quark energy and distribution

E±f =
√

(Ef ∓ µf )2 + ∆2

f ±f = [exp(E±f /T ) + 1]−1

Gap equation

∂Ω

∂∆
=

∆

2GD
− 2∆

∑
f ,a=±

ˆ
dk

(2π)3

1− 2f a
f

E a
f

= 0

⇓

two solutions : ∆ = 0 or ∆ 6= 0

Two solutions coincide ⇒ SC onset

∂2Ω

∂∆2

∣∣∣
∆=0

= 0 ⇒ µB = µB (GD)

T = 0

No vacuum superconductivity

⇓

ηD . 2.5
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Beyond mean field (µ̂ = 0 ⇒ ω = ∆ = 0)

L = qŜ−1q − σ2

4GS
− ~π2

2GPS
+ σ〈qq〉 − U + ΣMF 〈qq〉

Ŝ−1 = Ŝ−1
MF + Σm,


Ŝ−1

MF = i /∂ −m∗ − MF propagator

Σm = −σ · Γσ − ~π · ~Γπ − beyond MF self − energy

Integrating q, q and expanding up to O(Σ3
m)

Leff =
tr ln(βŜ−1)

βV
− σ2

4GS
− ~π2

4GPS
+ σ〈qq〉 − U + ΣMF 〈qq〉

' −ΩMF −
σ2

4GS
− ~π2

4GPS
+ σ〈qq〉 − tr(ŜMF Σm)︸ ︷︷ ︸

vanishes under
´

dx

+
1

2
tr(ŜMF Σm)2

Polarization operators of mesons

Πσ,π = −tr(ŜMF Γσ,π)2 ⇒ −tr(ŜMF Σm)2 = σΠσσ + ~πΠπ~π
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Beyond mean field thermodynamic potential

Ω = ΩMF +
1

2βV
tr ln

[
β−2

(
1

2GS
− Πσ

)]
︸ ︷︷ ︸

Ωσ

+
3

2βV
tr ln

[
β−2

(
1

2GPS
− Ππ

)]
︸ ︷︷ ︸

Ωπ

Meson propagators

D−1
σ =

1

2GS
− Πσ, D−1

π =
1

2GPS
− Ππ

Meson masses

D−1
j = 0 ⇒ Ej (k), Mj = Ej (0)

Meson phase shifts

Dj = |Dj |e iδj ⇒ δj = Im ln(β−2Dj )

fπ = 90 MeV

2m*
Mπ
Mσ

[M
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]
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100 120 140 160 180 200Beth-Uhlenbeck EoS

Ω = ΩMF +
∑

j=σ,π

Ωj , Ωj = djT

ˆ
d4k

(2π)4
ln
(
1− e−βk0

) ∂δj

∂k0
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Beyond mean field pressure

Approximation for σπ (agrees with the Levinson theorem)

δπ = π [θ(k0 − Eb)− θ(k0 − Econt)] θ(Econt − Eb)

E 2
b = k2 + M2

π - bound state

E 2
cont = k2 + (2m∗)2 - continuum

D. Blaschke et al., Symmetry 13 (3), 514 (2021)

Total pressure

p = pquarks+phadrons+U(Φ) + ppert︸ ︷︷ ︸
missing

U(Φ), ppert - provide ∂p
∂T > 0
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Beyond mean field χ-condensate

π contribution to χ-condensate

〈qq〉π = − ∂pπ
∂mq

Reliability

T . 170 MeV

χ-condensate melts too slowly

⇓

More hadrons are needed

〈qq〉0	=	2(251	MeV)3

quarks
pions
quarks	+pions
Borsanyi	
JHEP	08	(2012)

〈q
q

〉/
〈q
q

〉 0
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Confining density functional for quark matter

L = q(i /∂ −m)q − U(qq, qγ0q)

Scalar and vector densities

〈qq〉 = ns , 〈qγ0q〉 = nv

Scalar and vector self-energies

Σs =
∂U(ns , nv )

∂ns
, Σv =

∂U(ns , nv )

∂nv

String-flip model

U = D(nv )n2/3
s︸ ︷︷ ︸

confinement

+ an2
v +

bn4
v

1 + cn2
v︸ ︷︷ ︸

modified vector
repulsion

Effective mass

m∗ = m + Σs = m +
2

3
D(nv )n−1/3

s M. Kaltenborn, N.-U. Bastian, and D. Blaschke. PRD 96, 056024 (2017)
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Comparison to NJL model

L = q(i /∂ − (m + ΣMF )︸ ︷︷ ︸
effective mass m∗

)q + GS (qq)2 + GPS (qi~τγ5q)2 + · · ·+ LV + LD

Similarities:

- current-current interaction
- (pseudo)scalar, vector, diquark, ... channels

Differences:

- high m∗ at low T , µ ⇒ “confinement”

〈qq〉 = 〈qq〉0 ⇒ m∗ = m − 2G0

3α2/3〈qq〉1/3
0

⇓

m∗ →∞ at α→ 0

- medium dependent couplings:

low T , µ, ⇒ GS 6= GPS ⇒ χ-broken
high T , µ, ⇒ GS = GPS ⇒ χ-symmetric
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GW170817 – a merger of two compact stars
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Hybrid star formation in postmerger phase
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Hybrid star formation in postmerger phase
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