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What’s interesting about Sp(2N) gauge theory?



• Like SU(Nc) gauge theories (e.g. QCD), Sp(2N) gauge theories have interesting 
(non)perturbative features, such as asymptotic freedom, confinement and 
chiral symmetry breaking.

Colour Anti-Screening
Due to gluon self-interactions bare colour charge is screened by both virtual
quarks and gluons.
The cloud of virtual gluons carries colour charge and the e↵ective colour
charge decreases at smaller distances (high energy)!
Hence, at low energies, ↵s is large ! cannot use perturbation theory.
But at high energies, ↵s is small. In this regime, can treat quarks as free
particles and use perturbation theory ! Asymptotic Freedom.

p
s = 100 GeV, ↵s = 0.12
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Nt ⇥ N
3
s amPCAC amPS afPS mPS L fPSL m

inf
PS L

54 ⇥ 83 0.05462(33) 0.2312(30) 0.1105(22) 1.850(24) 0.884(18) 3.221(7)
54 ⇥ 123 0.05766(25) 0.3098(37) 0.0608(18) 3.717(44) 0.729(22) 4.832(10)
54 ⇥ 163 0.05863(13) 0.3717(26) 0.0557(12) 5.948(41) 0.891(19) 6.443(13)
54 ⇥ 183 0.05935(13) 0.3996(15) 0.0619(7) 7.192(28) 1.115(13) 7.262(15)
54 ⇥ 203 0.05979(12) 0.4040(12) 0.0636(7) 8.081(24) 1.271(14) 8.054(16)
54 ⇥ 243 0.05960(8) 0.4027(8) 0.06340(51) 9.664(20) 1.521(12) 9.664(20)

Table 6: Numerical results for the masses and decay constants of pseudoscalar meson
used to estimate the finite volume effects. We also present the fermion mass obtained
via the partially conserved axial current. The bare parameters used for the generation of
configuration are � = 6.8 and am0 = �1.03. The pseudoscalar mass at the infinite volume
m

inf
PS is estimated by taking the one measured at the largest volume of 54 ⇥ 243.

In the other two cases, the coefficients are

aM = �
1

Nf
, for SU(Nf ) ⇥ SU(Nf ) ! SU(Nf ),

aM = �
1

2
�

1

Nf
, for SU(2Nf ) ! Sp(2Nf ). (A.6)

By comparing those coefficients, we immediately notice that Eq. (A.5) has different sign
with Eq. (A.6) if Nf is greater than or equal to unity. As we already saw in Ref. [4], the
finite volume correction enhances the masses of pseudoscalar and vetor mesons in the case
of Sp(4) with fundamental flavors. Therefore, the results shown in Fig. 4 are consistent
with the �PT prediction in which now the finite volume correction lower the masses.
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:

• Supplement SU(Nc) gauge theories by providing another sequence of Nc and 
support the large Nc equivalence in Yang-Mills theories.



• Sp(2N) gauge group is pseudoreal.

Phenomenological applications for physics beyond SM based on 
novel strong dynamics: composite Higgs, partial top compositeness, 
composite dark matter (e.g. SIMP), gravitational waves, …

- No sign problem in lattice simulations with finite chemical potential - provide 
new insights of QCD phase diagram

- Global (flavor) symmetry is enhanced and its breaking pattern is different to 
SU(Nc) gauge theories.

• Finite temperature phase transition is first order for Sp(2N) with N>1.
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Nt ⇥ N
3
s amPCAC amPS afPS mPS L fPSL m

inf
PS L

54 ⇥ 83 0.05462(33) 0.2312(30) 0.1105(22) 1.850(24) 0.884(18) 3.221(7)
54 ⇥ 123 0.05766(25) 0.3098(37) 0.0608(18) 3.717(44) 0.729(22) 4.832(10)
54 ⇥ 163 0.05863(13) 0.3717(26) 0.0557(12) 5.948(41) 0.891(19) 6.443(13)
54 ⇥ 183 0.05935(13) 0.3996(15) 0.0619(7) 7.192(28) 1.115(13) 7.262(15)
54 ⇥ 203 0.05979(12) 0.4040(12) 0.0636(7) 8.081(24) 1.271(14) 8.054(16)
54 ⇥ 243 0.05960(8) 0.4027(8) 0.06340(51) 9.664(20) 1.521(12) 9.664(20)

Table 6: Numerical results for the masses and decay constants of pseudoscalar meson
used to estimate the finite volume effects. We also present the fermion mass obtained
via the partially conserved axial current. The bare parameters used for the generation of
configuration are � = 6.8 and am0 = �1.03. The pseudoscalar mass at the infinite volume
m

inf
PS is estimated by taking the one measured at the largest volume of 54 ⇥ 243.

In the other two cases, the coefficients are

aM = �
1

Nf
, for SU(Nf ) ⇥ SU(Nf ) ! SU(Nf ),

aM = �
1

2
�

1

Nf
, for SU(2Nf ) ! Sp(2Nf ). (A.6)

By comparing those coefficients, we immediately notice that Eq. (A.5) has different sign
with Eq. (A.6) if Nf is greater than or equal to unity. As we already saw in Ref. [4], the
finite volume correction enhances the masses of pseudoscalar and vetor mesons in the case
of Sp(4) with fundamental flavors. Therefore, the results shown in Fig. 4 are consistent
with the �PT prediction in which now the finite volume correction lower the masses.

A.2 Tables of numerical data

B Tables of mesonic observables

⇤con (B.1)

if G ⌘ SU(Nc), Nc > 2 (B.2)

if G ⌘ Sp(2N) (B.3)
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explain quark mass hierarchy. Kaplan (1991)
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TABLE V: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at the fixed value of � = 6.45.
The masses are in lattice units.

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 0.6743(36) 0.8747(35) 1.0369(32) 1.2170(29)
⌃ 1/2 (10) 0.6547(42) 0.8582(31) 1.0184(32) 1.1994(29)
⌃⇤ 3/2 (10) 0.6837(45) 0.8914(37) 1.0492(36) 1.2307(35)

m(as)
PS /m(f)

PS ⇠ 1.39 ⇠ 1.14 ⇠ 1.03 ⇠ 0.96

m(f)
PS /m

(f)
V 0.9053(48) 0.9406(15) 0.9590(9) 0.9632(8)

m(as)
PS /m(as)

V 0.9101(31) 0.9057(29) 0.9115(20) 0.9109(19)

m(f)
PS 0.3423(19) 0.4899(15) 0.6123(11) 0.7323(9)

m(as)
PS 0.4768(15) 0.5588(16) 0.6307(13) 0.7047(12)

f (f)
PS 0.0356(6) 0.0468(6) 0.0547(7) 0.0658(7)

f (as)
PS 0.0674(11) 0.0819(13) 0.0922(14) 0.1100(15)

TABLE VI: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at fixed � = 6.45. The

masses are in units of f (f)
PS .

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 18.97(32) 18.68(21) 18.97(22) 18.48(18)
⌃ 1/2 (10) 18.41(31) 18.33(20) 18.64(21) 18.22(18)
⌃⇤ 3/2 (10) 19.23(33) 19.03(21) 19.20(23) 18.69(18)

m(f)
PS 9.93(15) 10.46(11) 11.20(13) 11.12(11)

m(as)
PS 13.41(23) 11.93(13) 11.54(14) 10.70(11)

m(f)
V 10.63(18) 11.12(12) 11.66(13) 11.55(12)

m(as)
V 14.74(26) 13.18(16) 12.64(15) 11.75(12)

m
(as)
PS /m

(f)
PS ⇠ 1.67 (67)

am
(as)
ps = 1.0512(8), am

(f)
ps = 0.2444(12) (68)

am
(as)
ps = 0.6021(9), am

(f)
ps = 0.3598(10) (69)

(J, I) (70)

⌃⇤ (
3

2
, 10) ⌃ (

1

2
, 10) (71)

� & 6.5 (72)

Lmix = �L,R q̄L,R O
L,R
q + gV A

µ
Jµ (73)

�

⇤2
UV

q̄LqR ̄R L (74)

mq ⇠ �L�Rv (75)

• 4D UV models based on Sp(2N) gauge theories
G. Ferretti & T. Karataev (2013), arXiv:1312:5330; 

J. Bernard, T. Gherghetta & T. S. Ray (2013), arXiv: 1311.6562

• Composite Higgs: PNGBs in the new strongly coupled gauge theories are 
identified by the Higgs doublets in SM.

Contino, Nomura & Pomarol (2003); 
Agashe, Contino & Pomarol (2004)
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5

bounds on the singlet pNGBs in Section IV. We o↵er our conclusions in Section V.

II. UNDERLYING MODELS FOR A COMPOSITE HIGGS WITH TOP PARTIAL

COMPOSITENESS

Coset HC  � �q�/q Baryon Name Lattice

SU(5)

SO(5)
⇥ SU(6)

SO(6)

SO(7)
5⇥ F 6⇥ Sp

5/6
 ��

M1

SO(9) 5/12 M2

SO(7)
5⇥ Sp 6⇥ F

5/6
  �

M3

SO(9) 5/3 M4

SU(5)

SO(5)
⇥ SU(6)

Sp(6)
Sp(4) 5⇥A2 6⇥ F 5/3  �� M5

p

SU(5)

SO(5)
⇥ SU(3)2

SU(3)

SU(4) 5⇥A2 3⇥ (F,F) 5/3
 ��

M6
p

SO(10) 5⇥ F 3⇥ (Sp,Sp) 5/12 M7

SU(4)

Sp(4)
⇥ SU(6)

SO(6)

Sp(4) 4⇥ F 6⇥A2 1/3
  �

M8
p

SO(11) 4⇥ Sp 6⇥ F 8/3 M9

SU(4)2

SU(4)
⇥ SU(6)

SO(6)

SO(10) 4⇥ (Sp,Sp) 6⇥ F 8/3
  �

M10

SU(4) 4⇥ (F,F) 6⇥A2 2/3 M11
p

SU(4)2

SU(4)
⇥ SU(3)2

SU(3)
SU(5) 4⇥ (F,F) 3⇥ (A2,A2) 4/9   � M12

TABLE I. Model details. The first column shows the EW and QCD colour cosets, respectively, followed

by the representations under the confining hypercolour (HC) gauge group of the EW sector fermions

 and the QCD coloured ones �. The �q�/q column indicates the ratio of charges of the fermions

under the non-anomalous U(1) combination, while “Baryon” indicate the typical top partner structure.

The column “Name” contains the model nomenclature from Ref. [27], while the last column marks

the models that are currently being considered on the lattice. Note that Sp indicates the spinorial

representation of SO(N), while F and A2 stand for the fundamental and two-index anti-symmetric

representations.

In this work we are interested in the underlying models for composite Higgs with top partial

compositeness defined in Ref. [24]. These models characterise the underlying dynamics below

the condensation scale ⇤ ⇡ 4⇡f , f being the decay constant of the pNGBs. As such, the need to

be outside of the conformal window: this leaves only 12 models [36], listed in Table I. They are

defined in terms of a confining gauge interaction, that we call hypercolour (HC), and two species

of fermions in two di↵erent irreducible representations of the HC. The two species of fermions

play di↵erent roles: the EW charged  generate the Higgs and the EW symmetry breaking

where the dimesionful LECs are normalized by w0 and part of them absorb the coefficient
2B̂ = 2Bw0 of the LO relation for m̂
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Compared to the original EFT results in terms of mf in [55], the above linearized ansatz
invloves 10 unknow LECs to be determined from 5 measurements. The remaining two LECs
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# of pNGBs = 5

4 of 5 PNGBs: Higgs doublets

Figure 1. The moose diagram representing the EFT description of the vector mesons in the model.

symmetry [17–19]. One extends the symmetry from SU(4) to SU(4)A ⇥ SU(4)B, with
SU(4)A weakly gauged, with coupling g⇢. Then one enlarges the field content to include
two non-linear sigma-model fields S and ⌃. The non-linear sigma-model S transforms as
the bifundamental of SU(4)B ⇥SU(4)A, while the field ⌃ transforms on the antisymmetric
of SU(4)A:

S ! UB S U †
A
, ⌃ ! UA⌃U

T

A . (2.14)

In a composite Higgs model, the SM gauge group SU(2)L⇥U(1)Y is a subgroup of SU(4)B.
The gauging of the SU(4)A symmetry means that (for global SU(4)B) one has to

introduce the covariant derivatives

DµS = @µS � i g⇢SAµ , (2.15)
Dµ⌃ = @µ⌃ + i g⇢

�
Aµ⌃ + ⌃AT

µ

�
, (2.16)

and then L0 is replaced by all possible 2-derivative invariant operators made by S, ⌃, DS,
D⌃, together with the kinetic term for the gauge bosons. Both S and ⌃ are non-vanishing
in the vacuum, inducing the symmetry breaking pattern SU(4)A ⇥ SU(4)B ! Sp(4), and
all vectors are massive. h⌃i splits the mass of the 5 a1 and the 10 ⇢ mesons.

In unitary gauge, besides the heavy vectors only the physical pions are retained. They
are linear combinations of the fluctuations of S and ⌃. The mass term for the pions is

Lm = �
v3

4
Tr

n
M S ⌃ST

o
+ h.c. . (2.17)

The quark masses also contribute to the masses of the spin-1 states in a more complicated
way, that will be discussed elsewhere [30].

In the absence of the antisymmetric condensate (for h⌃i = 0), ⇢ and a1 mesons would
be exactly degenerate. Their mass splitting is hence a measure of the amount of breaking
SU(4) ! Sp(4). In the main body of the paper we use the mass splitting between ⇢

(vector) and a1 (axial-vector) as a way to test whether the global symmetry is restored at
high temperatures. The generalization to the case in which ⌃ is replaced by H̃ does not
require any new ingredients. In particular the restoration of the axial U(1)A and of the
chiral SU(4) can, at least in principle, be treated independently. We summarize in Table 2
the properties of the states discussed in the body of the paper. One of the purposes of this
paper is to make the first steps towards a quantitative assessment of the relation between
the two phenomena at high temperature, in the specific theory of interest here.
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SM EW

1 Sp(4) gauge theory with two-flavor Dirac fundamental fermions

1.1 Sp(4) Yang-Mills Theory

We first consider the pure Sp(4) gauge theory.

Our choice of the generators of SU(4) gauge group is as follows.

1.2 Algorithms

1.2.1 Gauge force and exponentiation
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(L3
⇥ T ) (4)
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|�|

2
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Figure 1: Mass scan of the Sp(4) theory with Nf = 3 anti-symmetric Wilson fermions at
� = 6.4, 6.5 and 6.6 from left to right, respectively. The red and blue symbols denote the
expectation values of the plaquette hP i obtained from random (hot) and unit (cold) initial
configurations on a 84 lattice.

 ̂a↵b
⌘

⇣
 
a
�
↵
 
b
⌘

(2.2)

Uµ(x) 2 Sp(4) & j = 1, 2, 3 (2.3)

� = 7.62, 7.7, 7.85, 8.0, 8.2 (2.4)

f̂PS m̂PS m̂V(T) m̂AV,AT,S (2.5)

p
[dim(R)]

mV

fPS
⇠ constant (2.6)

h0|Oav|psi = h0| 1�5�µ 2|psi ⌘ fps pµ,

h0|Ov|vi = h0| 1�µ 2|vi ⌘ fv mv ✏µ,

h0|Oav|avi = h0| 1�5�µ 2|avi ⌘ fav mav ✏µ, (2.7)

HMC + RHMC

3 (Bare) parameter space

In the preliminary analysis we confirmed the existance of the first-order bulk phase tran-
sition by monitoring the plaquette values [1]. In Fig. 1, we show the average plaquette
values with respect to the bare fermion mass for given bare lattice couplings of � = 6.4, 6.5

and 6.6. This mass scan implies that the weak coupling regime, which allows use to take
a smooth continuum extrapolation, can be identified with the condition � >

⇠ 6.6. In this

– 2 –

carry color charge

4D UV models for comp. Higgs + partial compositeness

• M8: most lattice-friendly, 
e.g. exact # of matter content



●●

� � � � � �� ���

�

�

�

�

�

�

�
Trivial (QED-like)

Asymptotically free

IR Conformal

Broken

(A
nt

isy
m

m
et

ric
)

Theory space of Sp(4) gauge group + fermion matter

M8

B. Kim, D. Hong & JWL 
(2020), arXiv:2001.02690

Dashed lines: analytical 
estimates of the lower 
end of conformal window

Black: Schwinger-Dyson
Red: All-order beta func.
Green: 2-loop beta func.
Blue: BZ conformal exp.



●●

� � � � � �� ���

�

�

�

�

�

�

�
Trivial (QED-like)

Asymptotically free

IR Conformal

Broken

E. Bennett et al, arXiv:1712.04220; 
(2017, 2019)    arXiv:1912.06505.

(Fundamental)

(A
nt

isy
m

m
et

ric
)

Theory space of Sp(4) gauge group + fermion matter

Glueballs & quenched meson spectrum

M8



●●

� � � � � �� ���

�

�

�

�

�

�

�
Trivial (QED-like)

Asymptotically free

IR Conformal

Broken

E. Bennett et al, arXiv:1712.04220; 
(2017, 2019)    arXiv:1912.06505.

E. Bennett et al (2019), arXiv:1909.12662

(Fundamental)

(A
nt

isy
m

m
et

ric
)

Theory space of Sp(4) gauge group + fermion matter

Glueballs & quenched meson spectrum
Meson spectrum in Nf=2 dynamical simulations

M8



●●

� � � � � �� ���

�

�

�

�

�

�

�
Trivial (QED-like)

Asymptotically free

IR Conformal

Broken

E. Bennett et al, arXiv:1712.04220; 
(2017, 2019)    arXiv:1912.06505.

E. Bennett et al (2019), arXiv:1909.12662

(Fundamental)

(A
nt

isy
m

m
et

ric
)

Theory space of Sp(4) gauge group + fermion matter

Glueballs & quenched meson spectrum
Meson spectrum in Nf=2 dynamical simulations

M8

E. Bennett et al (2022), 
arXiv:2202.05516

E. Bennett et al (2022), 
work in progress

Meson spectrum in nf=3 
dynamical simulations

Exploratory studies of 
model M8: mesons & 
chimera baryons



Lattice setup

• Lattice formulation with the standard Wilson gauge & fermion actions

• (bare) lattice parameters:                     ,         &  
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3.1 Lattice action

For the numerical study of Sp(2N) gauge theory on the lattice, we consider the standard

plaquette action

Sg[U ] = β
∑

x

∑

µ<ν

(
1− 1

2N
Re Tr Pµν(x)

)
, (3.1)

where β = 4N/g2 is the lattice bare gauge coupling, and N = 2 in the Sp(4) case of this

paper. The plaquette Pµν is given by

Pµν(x) = Uµ(x)Uν(x+ µ̂)U †
µ(x+ ν̂)U †

ν (x) , (3.2)

where the link variables Uµ(x) are Sp(4) group elements in the fundamental representation,

while µ̂ and ν̂ are unit vectors along the µ and ν directions.

In the dynamical simulations with two Dirac fermions in the fundamental representa-

tion, we use the (unimproved) Wilson action

Sf [U, ψ̄,ψ] = a4
∑

x

ψ̄(x)Dmψ(x) , (3.3)

where the massive Wilson-Dirac operator is given by

Dmψ(x) ≡ (D +m0)ψ(x)

= (4/a+m0)ψ(x)−
1

2a

∑

µ

{
(1− γµ)Uµ(x)ψ(x+ µ̂)+ (3.4)

+(1 + γµ)Uµ(x− µ̂)ψ(x− µ̂)
}
,

where a is the lattice spacing and m0 is the bare fermion mass.

3.2 Heat bath

As a powerful way to perform calculations in the pure Sp(4) gauge theory, we implemented

a heat bath (HB) algorithm with micro-canonical over-relaxation updates, to improve the

decorrelation of successive configurations. As in the case of SU(N) [58], the algorithm acts

in turn on SU(2) subgroups, the choice of which can be shown to strongly relate to the

ergodicity of the update pattern.

A sufficient condition to ensure ergodicity is to update the minimal set of SU(2) sub-

groups to cover the whole Sp(2N) group. This condition can be suitably translated to

the algebra of the group and generalised to any Sp(2N). In the Sp(4) case, of relevance

to this paper, we choose to update a redundant set of subgroups, in order to improve the

decorrelation of configurations. We provide below a possible partition of the generators

used to cover all of the Sp(4) gauge group, written with the notation of [34].

• SU(2)L subgroup, with generators T i
L in eq. (B.6) of [34].

• SU(2)R subgroup, with generators T i
R in eq. (B.7) of [34].

– 15 –

517 orthonormal basis eðabÞðasÞ [the multi-index ðabÞ runs over
518 ordered pairs with 1 ≤ a < b ≤ 2N] for the appropriate
519 vector space of 2N × 2N antisymmetric (and Ω-traceless)
520 matrices. There are Nð2N − 1Þ − 1 such matrices. For b ¼
521 N þ a and 2 ≤ a ≤ N, they have the following nonvanish-
522 ing entries:

ðeðabÞðasÞ Þc;Nþc≡−ðeðabÞðasÞ ÞNþc;c≡
8
<

:

1ffiffiffiffiffiffiffiffiffiffiffiffi
2aða−1Þ

p ; for c<a;

−ða−1Þffiffiffiffiffiffiffiffiffiffiffiffi
2aða−1Þ

p ; for c¼a;
ð27Þ

523524 and for b ≠ N þ a

ðeðabÞðasÞ Þcd ≡
1ffiffiffi
2

p ðδadδbc − δacδbdÞ: ð28Þ

525526 The Ω-traceless condition can be rewritten explicitly as

527 ΩdcðeðabÞðasÞ Þcd ¼ 0. Specializing to the Spð4Þ case, the

528 matrix eð13ÞðasÞ vanishes by construction, and one can verify
529 that the remaining five nonvanishing matrices satisfy the

530 orthonormalization condition TreðabÞðasÞe
ðcdÞ
ðasÞ ¼ −δðabÞðcdÞ. The

531 ordering of pairs ðabÞ in our convention is (12), (23), (14),
532 (24), and (34). We show their explicit forms in Appendix A
533 3. The link variables UðasÞ

μ ðxÞ descend from the funda-
534 mental link variables UμðxÞ and take the form of

ðUðasÞ
μ ÞðabÞðcdÞðxÞ

≡Tr½ðeðabÞðasÞ Þ
†UμðxÞe

ðcdÞ
ðasÞU

T
μðxÞ&; with a<b;c<d: ð29Þ

535536537 With all of the above, the massive Wilson-Dirac oper-
538 ators are defined by

D ðfÞ
m QjðxÞ≡ ð4=aþ m f

0ÞQjðxÞ

−
1

2a

X

μ

fð1 − γμÞU
ðfÞ
μ ðxÞQjðxþ μ̂Þ

þ ð1þ γμÞU
ðfÞ;†
μ ðx − μ̂ÞQjðx − μ̂Þg

539540 for the fundamental representation, and

D ðasÞ
m ΨkðxÞ≡ ð4=aþ m as

0 ÞΨkðxÞ

−
1

2a

X

μ

fð1 − γμÞU
ðasÞ
μ ðxÞΨkðxþ μ̂Þ

þ ð1þ γμÞU
ðasÞ;†
μ ðx − μ̂ÞΨkðx − μ̂Þg; ð30Þ

541542 for the 2-index antisymmetric representation. m f
0 and m as

0

543 are the (degenerate) bare masses of Q and Ψ, respectively.

544B. Numerical implementation

545We have extended the HiRep code [137]3 to adapt it to
546treat Spð2NÞ [rather than SUðNcÞ] gauge theories and
547couple them to fermions in multiple representations of the
548group. Ensembles with dynamical fermions can be pro-
549duced by combining the hybrid Monte Carlo (HMC)
550algorithm, and its extension with rational approximations
551for the Dirac matrix with fractional powers—the rational
552hybrid Monte Carlo (RHMC). The standard (R)HMC
553algorithm consists of the following three main steps.
554(i) Generation of new pseudofermion fields from a
555heat-bath distribution.
556(ii) Molecular dynamics (MD) evolution—dynamical
557evolution of the gauge field configuration with a
558fictitious Hamiltonian.
559(iii) Metropolis test at the end of each MD trajectory to
560correct for errors in the numerical integration of the
561equations of motion.
562Let us provide some more technical details about these
563three steps.
564As anticipated, the implementation of HMC/RHMC
565algorithms for fermions in arbitrary representations of
566SUðNcÞ gauge groups is extensively discussed in
567Ref. [137], and its generalization to the fundamental
568representation of Spð2NÞ in Ref. [89]. We pause here to
569discuss in further depth the case of multiple representations,
570given the limited extent of the literature on the subject
571[69,70,73]. In the rest of this subsection, we follow closely
572the discussion in Ref. [137], and refer the reader to this
573publication for details, while we highlight the differences
574required in our implementation.
575The fermion action in Eq. (25) is quadratic in the fermion
576fields. It can be explicitly integrated when we compute the
577partition function of the theory, a process that results in the
578fermion determinant detðD m Þ. If we suppress spin and color
579indices, for convenience, and consider a generic number of
580flavors n, we can replace this determinant by introducing
581complex bosonic fields ϕ and ϕ†, called pseudofermions,
582with the generic definition:

ðdetðD m ÞÞn ≡ ðdetðQm ÞÞn

¼
Z

DϕDϕ†e−a
4
P

x
ϕ†ðxÞðQ2

m Þ−n=2ϕðxÞ: ð31Þ

583584The Dirac operatorQm ≡ γ5D m is Hermitian. The square of
585Qm is positive definite. In the rest of this section, we set the
586lattice spacing a ¼ 1, for notational convenience.
587As explained in Ref. [137], one defines theMD evolution
588in fictitious time τ to be governed by a Hamiltonian which
589receives contributions H g from gauge fields, and H R

f from

3The code is publicly available, and can be accessed at https://
github.com/claudiopica/HiRep for the main SUðNcÞ version, and
at https://github.com/sa2c/HiRep for the Spð2NÞ fork.
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• Scale setting: Gradient flow method
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We consider two different proposals for defining the gradient flow scale, and denote

them by t0 [95] and w0 [97]. We first define the dimensionless observables at positive flow

time t as

E(t) ≡ t2⟨E(t)⟩, (3.3)

and

W(t) ≡ d

d lnt
t2⟨E(t)⟩. (3.4)

Then the scales are set by imposing the conditions

E|t=t0 ≡ E0, (3.5)

and

W|t=w2
0
≡ W0. (3.6)

Here E0 and W0 are common, dimensionless reference values. In numerical studies, we

measure the dimensionless quantities t0/a2 and w0/a, which determine the relative size of

the lattice spacing between ensembles obtained by using different (bare) lattice parame-

ters. In this project, consistently with our previous work [60], we employ the Wilson-flow

method [95] to proceed with the lattice implementation of eq. (3.1).

In our previous publication [60], we performed detailed numerical studies of the GF

scheme for the quenched theory, as well as full dynamical calculations for β = 6.9. We

found that w0 shows smaller cut-off-dependent effects, compared to t0. In particular, no

significant deviation was found between the values of w0 obtained by using the action

density at non-zero flow time E(t) constructed from the average plaquette and from the

symmetric four-plaquette clover, as defined in [95].

In this study, we consider a finer lattice with β = 7.2. The results are presented in

figure 1. We find that while the values of t0 show significant discrepancies, the measured

values of w0 from the two definitions of E(t) are in good agreement over the wide range

of W0 and m0 we considered, in particular for W0 = 0.3 ∼ 0.4. The agreement in the flow

scales has improved with respect to the results from coarser lattices in [60]. In table 1, and

in subsequent calculations, we elect to use the gradient flow scale w0, which we compute

with the reference value of W0 = 0.35, on the four-plaquette clover action density — for

which smaller lattice artefacts are observed. For convenience, we introduce the following

notation: m̂ ≡ mlatwlat
0 = mw0 denotes the dimensionless quantity corresponding to a

mass. We use â ≡ a/w0 when we discuss lattice-spacing artefacts in section 4.2.

3.2 Chiral perturbation theory for gradient flow observables

Figure 1 shows that the scales
√
8t0/a and w0/a depend on the fermion mass am0. The

title of this subsection is borrowed from ref. [84], to reflect the fact that we employ the

EFT treatment suggested in this reference and we apply it to our numerical results. The

EFT treatment assumes that the square root of the flow scale t0 is much smaller than the

Compton wavelength of the pseudoscalar meson.

Following [84], we use the leading order (LO) relation in the chiral expansion m2
PS =

2Bmf (where mf is the fermion mass), to write the next-to-leading-order (NLO) result for
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Luscher (2010) Luscher & Wiese (2011)

• Simulations by employing Heat-bath algorithm for pure gauge theories and the 
(rational) hybrid Monte Carlo ((R)HMC) for the theories with dynamical fermions.

Nt ⇥ N
3
s amPCAC amPS afPS mPS L fPSL m

inf
PS L

54 ⇥ 83 0.05462(33) 0.2312(30) 0.1105(22) 1.850(24) 0.884(18) 3.221(7)
54 ⇥ 123 0.05766(25) 0.3098(37) 0.0608(18) 3.717(44) 0.729(22) 4.832(10)
54 ⇥ 163 0.05863(13) 0.3717(26) 0.0557(12) 5.948(41) 0.891(19) 6.443(13)
54 ⇥ 183 0.05935(13) 0.3996(15) 0.0619(7) 7.192(28) 1.115(13) 7.262(15)
54 ⇥ 203 0.05979(12) 0.4040(12) 0.0636(7) 8.081(24) 1.271(14) 8.054(16)
54 ⇥ 243 0.05960(8) 0.4027(8) 0.06340(51) 9.664(20) 1.521(12) 9.664(20)

Table 6: Numerical results for the masses and decay constants of pseudoscalar meson
used to estimate the finite volume effects. We also present the fermion mass obtained
via the partially conserved axial current. The bare parameters used for the generation of
configuration are � = 6.8 and am0 = �1.03. The pseudoscalar mass at the infinite volume
m

inf
PS is estimated by taking the one measured at the largest volume of 54 ⇥ 243.

In the other two cases, the coefficients are

aM = �
1

Nf
, for SU(Nf ) ⇥ SU(Nf ) ! SU(Nf ),

aM = �
1

2
�

1

Nf
, for SU(2Nf ) ! Sp(2Nf ). (A.6)

By comparing those coefficients, we immediately notice that Eq. (A.5) has different sign
with Eq. (A.6) if Nf is greater than or equal to unity. As we already saw in Ref. [4], the
finite volume correction enhances the masses of pseudoscalar and vetor mesons in the case
of Sp(4) with fundamental flavors. Therefore, the results shown in Fig. 4 are consistent
with the �PT prediction in which now the finite volume correction lower the masses.

A.2 Tables of numerical data

B Tables of mesonic observables

⇤con (B.1)

if G ⌘ SU(Nc), Nc > 2 (B.2)

if G ⌘ Sp(2N) (B.3)
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What did we learn about Sp(2N) gauge theory 
so far?
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Fig. 1. The universal ratio η (left panel), and glueball masses squared in units of the string tension (right panel), for various YM theories as a function of 1/N . The solid 
curves are the Casimir ratio C2(A)/C2(F ) for SU(N) (upper curve) and SO(N) (lower curve), respectively. The value of η from the tension of the SO(3) fundamental string is 
marked as ⋄.

m2
0++ = ηκ2 C2(A) , (3)

where η is a universal ratio and C2(A) the quadratic Casimir for 
the adjoint representation. The existence of the universal ratio η is 
consistent with the large-N universality of YM theories, supported 
by Wilson loop calculations [19] and gauge-gravity dualities [20]. 
At finite N , the ratio of the eigenvalues of the relevant quadratic 
Casimir operators is [21]

C2(A)

C2(F )
=

⎧
⎪⎪⎨
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2N2

N2− 1 for SU(N)

2(N− 2)
N− 1 for SO(N)

4(N+1)
2N+1 for Sp(2N) ,

(4)

and approaches 2 in the large-N limit.
Glueball masses and string tensions have been calculated by 

various collaborations for YM theories in 3 + 1 and 2 + 1 di-
mensions [6–13]. From the continuum-extrapolated lattice results 
of glueball mass and string tension, taking the data from the 
most recent large-N calculations available in the literature [8,11,
13] (Fig. 1), we find1

η(0++) ≡
m2

0++

σ
· C2(F )

C2(A)
=

{
5.41(12), (d = 3 + 1) ,
8.440(14)(76), (d = 2 + 1) .

(5)

For 3 + 1 dimensions Eq. (5) is the constant fit of SU(N) results 
over 2 ≤ N ≤ 8, with χ2/d.o.f. ≃ 1. For 2 + 1 dimensions, lattice 
results are available for SU(N), as well for SO(N), with 2 ≤ N ≤
16, hence we performed a constant fit for the universal ratio η of 
both data sets.2 The resulting statistical error is quoted in the first 
parentheses in Eq. (5), with somewhat larger value of χ2/d.o.f. ≃
1.9.3

Deviations from universality in 2 + 1 dimensions between two 
classes of gauge groups are assessed by calculating η separately. 
We find η = 8.386(25) (χ2/d.o.f. ≃ 1.3) for SO(N) and η =
8.462(16) (χ2/d.o.f. ≃ 1.9) for SU(N). Given the expectation that 

1 Our conjecture for the universal ratio is also supported by the analytic calcu-
lation of the ground-state glueball mass in 2 + 1 dimensional SU(N) gauge theo-
ries [22], which finds η(0++) ≃ 8.41, and suspected in the constituent gluon model 
in [23].

2 The string tension can be defined also for SO(3) by considering distances of the 
order of the confinement scale. Yet, it is affected by large systematic uncertainties 
due to its instability [11,13]. To mitigate the systematics, instead of this quantity, we 
use the string tension obtained from the fundamental of SU(2), assuming Casimir 
scaling for the string tension. We checked that by using the measured value of the 
string tension of SO(3), the value of η does not change but yields a poor χ2/d.o.f ≃
4.8.

3 The χ2 distribution does not improve significantly, even if the data for the low-
est N is excluded.

the large-N limit of the two sets should coincide, this difference of 
3σ level is probably due to the systematic errors in the lattice data. 
We account for the discrepancy with a systematic error reported 
in the second parenthesis in Eq. (5). We also studied two heavier 
states, the 2++ glueball and the first excited scalar glueball, 0∗++ . 
The excited states start to see the deviation from the area-law con-
finement, hence it is not surprising that the 0∗++ does not show 
universal behavior. (See Fig. 2.) For the 2++ , however, it is inclu-
sive, because the constant fit gives a poor χ2/d.o.f. ≃ 19 for the 
2++ tensor glueballs in 2 + 1 dimensions, while it fits much better 
in 3 + 1 dimensions with χ2/d.o.f. ≃ 1.1.

3. Glueball mass and Casimir scaling

Motivated by the strong numerical evidence for Casimir scaling, 
we provide three analytical arguments to explain its origin. None 
of the arguments is fully conclusive, as they all rely on specific 
dynamical assumptions that we highlight explicitly, yet the picture 
that emerges is that Casimir scaling of ground state mass should 
capture much of the essence of the confinement properties of YM 
theories.

3.1. Bethe–Salpeter equation

The amplitude for creating two gluons out of vacuum to form 
a color-singlet bound state of momentum P with a polarization λ
can be defined as

&
µν
R (x1, x2; P ,λ) = ⟨0| TAµ a(x1)Aν a(x2) |R(P ,λ)⟩ , (6)

where T denotes the time-ordered product and ⟨0| is the vacuum. 
Summation over color indices a is understood.

The bound state amplitude satisfies the Bethe–Salpeter (BS) 
equations, obtained from the gluon four-point scattering amplitude 
near the pole, which are diagrammatically shown for the ampu-
tated BS amplitude in Fig. 3.

From the BS equation, the scalar (amputated) amplitude χP
obeys, in Euclidean space,
[
∂2 − P 2

]
χP (x) =

∫
d4 y V (x − y)χP (y) , (7)

with x = x1 − x2 the displacement of two external gluons.
The area law for confinement is associated with the Regge be-

havior of the spectrum: M2
n ∼ n, where n = 1, 2, · · · are the radial 

quantum numbers, reproduced by the approximate BS kernel

V (x − y) ≈ 1
2
ω2x2 δ4(x − y) . (8)
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where η is a universal ratio and C2(A) the quadratic Casimir for 
the adjoint representation. The existence of the universal ratio η is 
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by Wilson loop calculations [19] and gauge-gravity dualities [20]. 
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various collaborations for YM theories in 3 + 1 and 2 + 1 di-
mensions [6–13]. From the continuum-extrapolated lattice results 
of glueball mass and string tension, taking the data from the 
most recent large-N calculations available in the literature [8,11,
13] (Fig. 1), we find1
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· C2(F )

C2(A)
=
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For 3 + 1 dimensions Eq. (5) is the constant fit of SU(N) results 
over 2 ≤ N ≤ 8, with χ2/d.o.f. ≃ 1. For 2 + 1 dimensions, lattice 
results are available for SU(N), as well for SO(N), with 2 ≤ N ≤
16, hence we performed a constant fit for the universal ratio η of 
both data sets.2 The resulting statistical error is quoted in the first 
parentheses in Eq. (5), with somewhat larger value of χ2/d.o.f. ≃
1.9.3

Deviations from universality in 2 + 1 dimensions between two 
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We find η = 8.386(25) (χ2/d.o.f. ≃ 1.3) for SO(N) and η =
8.462(16) (χ2/d.o.f. ≃ 1.9) for SU(N). Given the expectation that 

1 Our conjecture for the universal ratio is also supported by the analytic calcu-
lation of the ground-state glueball mass in 2 + 1 dimensional SU(N) gauge theo-
ries [22], which finds η(0++) ≃ 8.41, and suspected in the constituent gluon model 
in [23].

2 The string tension can be defined also for SO(3) by considering distances of the 
order of the confinement scale. Yet, it is affected by large systematic uncertainties 
due to its instability [11,13]. To mitigate the systematics, instead of this quantity, we 
use the string tension obtained from the fundamental of SU(2), assuming Casimir 
scaling for the string tension. We checked that by using the measured value of the 
string tension of SO(3), the value of η does not change but yields a poor χ2/d.o.f ≃
4.8.

3 The χ2 distribution does not improve significantly, even if the data for the low-
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3σ level is probably due to the systematic errors in the lattice data. 
We account for the discrepancy with a systematic error reported 
in the second parenthesis in Eq. (5). We also studied two heavier 
states, the 2++ glueball and the first excited scalar glueball, 0∗++ . 
The excited states start to see the deviation from the area-law con-
finement, hence it is not surprising that the 0∗++ does not show 
universal behavior. (See Fig. 2.) For the 2++ , however, it is inclu-
sive, because the constant fit gives a poor χ2/d.o.f. ≃ 19 for the 
2++ tensor glueballs in 2 + 1 dimensions, while it fits much better 
in 3 + 1 dimensions with χ2/d.o.f. ≃ 1.1.

3. Glueball mass and Casimir scaling

Motivated by the strong numerical evidence for Casimir scaling, 
we provide three analytical arguments to explain its origin. None 
of the arguments is fully conclusive, as they all rely on specific 
dynamical assumptions that we highlight explicitly, yet the picture 
that emerges is that Casimir scaling of ground state mass should 
capture much of the essence of the confinement properties of YM 
theories.
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The amplitude for creating two gluons out of vacuum to form 
a color-singlet bound state of momentum P with a polarization λ
can be defined as
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where T denotes the time-ordered product and ⟨0| is the vacuum. 
Summation over color indices a is understood.

The bound state amplitude satisfies the Bethe–Salpeter (BS) 
equations, obtained from the gluon four-point scattering amplitude 
near the pole, which are diagrammatically shown for the ampu-
tated BS amplitude in Fig. 3.

From the BS equation, the scalar (amputated) amplitude χP
obeys, in Euclidean space,
[
∂2 − P 2

]
χP (x) =

∫
d4 y V (x − y)χP (y) , (7)

with x = x1 − x2 the displacement of two external gluons.
The area law for confinement is associated with the Regge be-

havior of the spectrum: M2
n ∼ n, where n = 1, 2, · · · are the radial 

quantum numbers, reproduced by the approximate BS kernel

V (x − y) ≈ 1
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ω2x2 δ4(x − y) . (8)

Universalities in Yang-Mills: SU(Nc), SO(Nc) & Sp(2N)

will be in a position to probe further by performing numerical studies of Sp(2N) guage
theories at larger N .

The rest of the glueball spectrum also follows a patter that is broadly similar to that of
SU(N). Another interesting quantity in the glueball sector is the ratio m2++/m0++ . Using
universality arguments, it has been argued in [23] that for infrared confining theories where
there is no influence (in the RG group sense) from any IR conformal point, one should find
m2++/m0++ =

p
2. Our numerical results give m2++/m0++ = 1.425(32), a value that is

fully compatible with the conjecture of [23].
Finally, another interesting observation has been put forward in [24], where it is sug-

gested that
m2

0++

�
= ⌘

C2(A)

C2(F )
, (5.31)

where C2(A) and C2(F ) are the quadratic Casimirs of the adjoint and of the adjoint rep-
resentation, respectively, and ⌘ is a universal constant, in the sense that it depends on the
dimensionality of the spacetime, but not on the gauge group. Noting that for Sp(2N)

C2(A)

C2(F )
=

4 (N + 1)

2N + 1
, (5.32)

we find

⌘ = 5.27(15) , (5.33)

which is compatible with the value ⌘ = 5.41(12) extracted from SU(N) groups in 3+1
dimensions in [24].

To conclude this section, in addition to being relevant for models of electroweak symme-
try breaking based on a Pseudo-Nambu-Goldstone interpretation of the Higgs field, whose
investigation is the central leitmotif of this paper, studies of Sp(2N) pure gauge theories
provide new relevant information on universal aspects of Yang-Mills dynamics. We shall
develop this latter line of research in future numerical investigations.

6 Of quenched mesons: Masses and decay constants

In this Section, we perform the calculation of the masses and decay constants of the lightest
mesons in quenched approximation. The main purpose of this Section is to illustrate the
process that we envision we will carry out once simulations with dynamical quarks are
available. As such, while we will attempt a comparison with the EFT, and we will discuss
its implications, we do not expect the results to have much physics relevance.

We also highlight that the EFT we wrote, within the limitations we discuss, describes
the continuum limit of the dynamical simulations, not the quenched one. In principle, one
could make more sense of the comparison by adopting the approach of quenched chiral
perturbation theory [62, 63] or of partially-quenched chiral perturbation theory [64–66],
but for present purposes our strategy will suffice.
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where η is a universal ratio and C2(A) the quadratic Casimir for 
the adjoint representation. The existence of the universal ratio η is 
consistent with the large-N universality of YM theories, supported 
by Wilson loop calculations [19] and gauge-gravity dualities [20]. 
At finite N , the ratio of the eigenvalues of the relevant quadratic 
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Glueball masses and string tensions have been calculated by 

various collaborations for YM theories in 3 + 1 and 2 + 1 di-
mensions [6–13]. From the continuum-extrapolated lattice results 
of glueball mass and string tension, taking the data from the 
most recent large-N calculations available in the literature [8,11,
13] (Fig. 1), we find1
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=

{
5.41(12), (d = 3 + 1) ,
8.440(14)(76), (d = 2 + 1) .

(5)

For 3 + 1 dimensions Eq. (5) is the constant fit of SU(N) results 
over 2 ≤ N ≤ 8, with χ2/d.o.f. ≃ 1. For 2 + 1 dimensions, lattice 
results are available for SU(N), as well for SO(N), with 2 ≤ N ≤
16, hence we performed a constant fit for the universal ratio η of 
both data sets.2 The resulting statistical error is quoted in the first 
parentheses in Eq. (5), with somewhat larger value of χ2/d.o.f. ≃
1.9.3

Deviations from universality in 2 + 1 dimensions between two 
classes of gauge groups are assessed by calculating η separately. 
We find η = 8.386(25) (χ2/d.o.f. ≃ 1.3) for SO(N) and η =
8.462(16) (χ2/d.o.f. ≃ 1.9) for SU(N). Given the expectation that 

1 Our conjecture for the universal ratio is also supported by the analytic calcu-
lation of the ground-state glueball mass in 2 + 1 dimensional SU(N) gauge theo-
ries [22], which finds η(0++) ≃ 8.41, and suspected in the constituent gluon model 
in [23].

2 The string tension can be defined also for SO(3) by considering distances of the 
order of the confinement scale. Yet, it is affected by large systematic uncertainties 
due to its instability [11,13]. To mitigate the systematics, instead of this quantity, we 
use the string tension obtained from the fundamental of SU(2), assuming Casimir 
scaling for the string tension. We checked that by using the measured value of the 
string tension of SO(3), the value of η does not change but yields a poor χ2/d.o.f ≃
4.8.

3 The χ2 distribution does not improve significantly, even if the data for the low-
est N is excluded.

the large-N limit of the two sets should coincide, this difference of 
3σ level is probably due to the systematic errors in the lattice data. 
We account for the discrepancy with a systematic error reported 
in the second parenthesis in Eq. (5). We also studied two heavier 
states, the 2++ glueball and the first excited scalar glueball, 0∗++ . 
The excited states start to see the deviation from the area-law con-
finement, hence it is not surprising that the 0∗++ does not show 
universal behavior. (See Fig. 2.) For the 2++ , however, it is inclu-
sive, because the constant fit gives a poor χ2/d.o.f. ≃ 19 for the 
2++ tensor glueballs in 2 + 1 dimensions, while it fits much better 
in 3 + 1 dimensions with χ2/d.o.f. ≃ 1.1.

3. Glueball mass and Casimir scaling

Motivated by the strong numerical evidence for Casimir scaling, 
we provide three analytical arguments to explain its origin. None 
of the arguments is fully conclusive, as they all rely on specific 
dynamical assumptions that we highlight explicitly, yet the picture 
that emerges is that Casimir scaling of ground state mass should 
capture much of the essence of the confinement properties of YM 
theories.

3.1. Bethe–Salpeter equation

The amplitude for creating two gluons out of vacuum to form 
a color-singlet bound state of momentum P with a polarization λ
can be defined as
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R (x1, x2; P ,λ) = ⟨0| TAµ a(x1)Aν a(x2) |R(P ,λ)⟩ , (6)

where T denotes the time-ordered product and ⟨0| is the vacuum. 
Summation over color indices a is understood.

The bound state amplitude satisfies the Bethe–Salpeter (BS) 
equations, obtained from the gluon four-point scattering amplitude 
near the pole, which are diagrammatically shown for the ampu-
tated BS amplitude in Fig. 3.

From the BS equation, the scalar (amputated) amplitude χP
obeys, in Euclidean space,
[
∂2 − P 2

]
χP (x) =

∫
d4 y V (x − y)χP (y) , (7)

with x = x1 − x2 the displacement of two external gluons.
The area law for confinement is associated with the Regge be-

havior of the spectrum: M2
n ∼ n, where n = 1, 2, · · · are the radial 

quantum numbers, reproduced by the approximate BS kernel
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results are available for SU(N), as well for SO(N), with 2 ≤ N ≤
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Deviations from universality in 2 + 1 dimensions between two 
classes of gauge groups are assessed by calculating η separately. 
We find η = 8.386(25) (χ2/d.o.f. ≃ 1.3) for SO(N) and η =
8.462(16) (χ2/d.o.f. ≃ 1.9) for SU(N). Given the expectation that 

1 Our conjecture for the universal ratio is also supported by the analytic calcu-
lation of the ground-state glueball mass in 2 + 1 dimensional SU(N) gauge theo-
ries [22], which finds η(0++) ≃ 8.41, and suspected in the constituent gluon model 
in [23].

2 The string tension can be defined also for SO(3) by considering distances of the 
order of the confinement scale. Yet, it is affected by large systematic uncertainties 
due to its instability [11,13]. To mitigate the systematics, instead of this quantity, we 
use the string tension obtained from the fundamental of SU(2), assuming Casimir 
scaling for the string tension. We checked that by using the measured value of the 
string tension of SO(3), the value of η does not change but yields a poor χ2/d.o.f ≃
4.8.

3 The χ2 distribution does not improve significantly, even if the data for the low-
est N is excluded.

the large-N limit of the two sets should coincide, this difference of 
3σ level is probably due to the systematic errors in the lattice data. 
We account for the discrepancy with a systematic error reported 
in the second parenthesis in Eq. (5). We also studied two heavier 
states, the 2++ glueball and the first excited scalar glueball, 0∗++ . 
The excited states start to see the deviation from the area-law con-
finement, hence it is not surprising that the 0∗++ does not show 
universal behavior. (See Fig. 2.) For the 2++ , however, it is inclu-
sive, because the constant fit gives a poor χ2/d.o.f. ≃ 19 for the 
2++ tensor glueballs in 2 + 1 dimensions, while it fits much better 
in 3 + 1 dimensions with χ2/d.o.f. ≃ 1.1.

3. Glueball mass and Casimir scaling

Motivated by the strong numerical evidence for Casimir scaling, 
we provide three analytical arguments to explain its origin. None 
of the arguments is fully conclusive, as they all rely on specific 
dynamical assumptions that we highlight explicitly, yet the picture 
that emerges is that Casimir scaling of ground state mass should 
capture much of the essence of the confinement properties of YM 
theories.

3.1. Bethe–Salpeter equation

The amplitude for creating two gluons out of vacuum to form 
a color-singlet bound state of momentum P with a polarization λ
can be defined as

&
µν
R (x1, x2; P ,λ) = ⟨0| TAµ a(x1)Aν a(x2) |R(P ,λ)⟩ , (6)

where T denotes the time-ordered product and ⟨0| is the vacuum. 
Summation over color indices a is understood.

The bound state amplitude satisfies the Bethe–Salpeter (BS) 
equations, obtained from the gluon four-point scattering amplitude 
near the pole, which are diagrammatically shown for the ampu-
tated BS amplitude in Fig. 3.

From the BS equation, the scalar (amputated) amplitude χP
obeys, in Euclidean space,
[
∂2 − P 2

]
χP (x) =

∫
d4 y V (x − y)χP (y) , (7)

with x = x1 − x2 the displacement of two external gluons.
The area law for confinement is associated with the Regge be-

havior of the spectrum: M2
n ∼ n, where n = 1, 2, · · · are the radial 

quantum numbers, reproduced by the approximate BS kernel

V (x − y) ≈ 1
2
ω2x2 δ4(x − y) . (8)
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will be in a position to probe further by performing numerical studies of Sp(2N) guage
theories at larger N .

The rest of the glueball spectrum also follows a patter that is broadly similar to that of
SU(N). Another interesting quantity in the glueball sector is the ratio m2++/m0++ . Using
universality arguments, it has been argued in [23] that for infrared confining theories where
there is no influence (in the RG group sense) from any IR conformal point, one should find
m2++/m0++ =

p
2. Our numerical results give m2++/m0++ = 1.425(32), a value that is

fully compatible with the conjecture of [23].
Finally, another interesting observation has been put forward in [24], where it is sug-

gested that
m2

0++

�
= ⌘

C2(A)

C2(F )
, (5.31)

where C2(A) and C2(F ) are the quadratic Casimirs of the adjoint and of the adjoint rep-
resentation, respectively, and ⌘ is a universal constant, in the sense that it depends on the
dimensionality of the spacetime, but not on the gauge group. Noting that for Sp(2N)

C2(A)

C2(F )
=

4 (N + 1)

2N + 1
, (5.32)

we find

⌘ = 5.27(15) , (5.33)

which is compatible with the value ⌘ = 5.41(12) extracted from SU(N) groups in 3+1
dimensions in [24].

To conclude this section, in addition to being relevant for models of electroweak symme-
try breaking based on a Pseudo-Nambu-Goldstone interpretation of the Higgs field, whose
investigation is the central leitmotif of this paper, studies of Sp(2N) pure gauge theories
provide new relevant information on universal aspects of Yang-Mills dynamics. We shall
develop this latter line of research in future numerical investigations.

6 Of quenched mesons: Masses and decay constants

In this Section, we perform the calculation of the masses and decay constants of the lightest
mesons in quenched approximation. The main purpose of this Section is to illustrate the
process that we envision we will carry out once simulations with dynamical quarks are
available. As such, while we will attempt a comparison with the EFT, and we will discuss
its implications, we do not expect the results to have much physics relevance.

We also highlight that the EFT we wrote, within the limitations we discuss, describes
the continuum limit of the dynamical simulations, not the quenched one. In principle, one
could make more sense of the comparison by adopting the approach of quenched chiral
perturbation theory [62, 63] or of partially-quenched chiral perturbation theory [64–66],
but for present purposes our strategy will suffice.
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represented in Fig. 5 for both Spð2NÞ and SUðNÞ groups,
along with the ratio of the quadratic Casimir operators. The
weighted mean of the values of m 2

0þþ=ð
ffiffiffi
σ

p
ηÞ obtained in

each series is also reported in Table VI and represented in
Fig. 5. This analysis provides further indications of the
validity of the conjectured Casimir scaling, at least within
current accuracy and precision.
Another remarkable universal property is the independ-

ence on the gauge group of the ratio between the mass of
the tensor glueball and the mass of the scalar glueball. This

has been the subject of the investigation reported in
Ref. [83] that makes use of the measurements reported
here. We do not repeat the details of that analysis, but refer
the interested reader to Ref. [83].

V. CONCLUSIONS

We have performed a numerical study of the low-lying
spectrum in Spð2NÞ Yang-Mills gauge theories. We have
considered the lattice theory formulated with N ¼ 1, 2, 3,
4, and we have measured numerically its torelon and low-
lying glueball spectrum as a function of the lattice coupling
β. After estimating finite-size effects on the target observ-
ables by using effective-string-theory motivated predictions
applied to torelon masses at N ¼ 3, 4, we have extracted
the string tension as a function of β and N from the latter
quantities. As a by-product, through this calculation we
have explicitly verified the realization of the confinement
scenario in Spð6Þ and Spð8Þ Yang-Mills theories by
exposing one of its most typical signatures: the presence
of stringy states wrapping compact directions. While this is
hardly surprising, direct validation of the expected behavior
in these two gauge theories had never been done before in
the literature. We have then extrapolated to the continuum
limit the measurements of the adimensional ratios between
the glueball masses and the square root of the string

FIG. 5. Top panel: ratios defining the conjectured universal
constant η for both SUðNc ¼ NÞ and SpðNc ¼ 2NÞ. Note that
the naming convention for the symplectic group has been altered,
using the variable Nc ¼ 2N, to better accommodate the data into
the plots; fits are also shown for the SpðNcÞ family, the SUðNcÞ
family, and the combination of SpðNcÞ and SUðNcÞ results.
Bottom panel: measured ratios m 2

0þþ=σ further divided by the
fitted universality constant η plotted as a function of 1=Nc; lines
are the ratios of the quadratic Casimir operators of the adjoint
representation over the corresponding ones of the fundamental
representation as Nc varies. (We note that, for the sake of the
visualization, in this figure we have represented Nc as a real
number.)

TABLE VI. Resulting values of the universal constant η for the
Casimir scaling described in Eq. (55) for Spð2NÞ and SUðNÞ
groups. The combined fit to both groups is also reported.

Group ηð0þÞ χ2=Nd:o:f:

SUðNÞ 5.41(10) 1.43
Spð2NÞ 5.35(13) 2.02
Combined 5.388(81) 1.49

FIG. 4. Glueball mass in each symmetry channel RP in units offfiffiffi
σ

p
, as a function of 1=2N. The point corresponding to 1=2N ¼ 0

is the value of m RP=
ffiffiffi
σ

p
ð∞Þ obtained from the best fit of Eq. (54)

to the numerical measurements reported in this publication. See
main text for details.
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Mass ratio of gluebells

1 Sp(4) gauge theory with two-flavor Dirac fundamental fermions

1.1 Sp(4) Yang-Mills Theory

We first consider the pure Sp(4) gauge theory.

Our choice of the generators of SU(4) gauge group is as follows.

1.2 Algorithms

1.2.1 Gauge force and exponentiation

R ⌘
m2++

m0++
(1)

Q (2)

Q (3)

h�annvi2!2 =
↵2

m2
DM

(4)

MP

MV
. 0.9 (5)

MP

MV
& 0.9 (6)

1

because of the common dependence on σ, but we expect
such effects to be small, and not to affect our discussion.
Figure 1 shows that the ratio R for the sequence of

SpðNcÞ YM theories is compatible with a constant. This
confirms that Oð1=NcÞ effects, if present, are smaller than
the current uncertainties, the magnitude of which varies
between ∼2% for Spð4Þ and 5% for Spð8Þ.

III. GLUEBALL MASSES: EARLIER
LATTICE RESULTS

We include in Table I and Fig. 1 our measurements
(denoted SpðNcÞ4), together with lattice results by other
collaborations, for various classes of YM theories.
The spectrum of YM glueballs in D ¼ 3þ1dimensions

with SUðNcÞ group (denoted SUðNcÞ4) was studied in
Refs. [5,9]. In the former, the authors use a singlevalue of the
lattice parameters for each value ofNc, without studying the
approach to the continuum limit. Conversely, Ref. [5]
reports continuum limits for the glueball masses expressed
in units of the string tension σ, but the variational method
uses a smaller basis of operators of the octahedral group in
respect to our work, and the T2 channel is not measured.

As long as we restrict attention to the lightest states in the
spectrum (the0þþ and 2þþ ground states), at the same lattice
spacing the results of the two approaches are in good
agreement, and hence we compare the SpðNcÞ sequence
of measurements, as well as their extrapolation to large Nc,
to those of Ref. [5]. As visible in Fig. 1, the agreement in the
ratio R across the gauge groups is excellent.
We also summarize the lattice measurements for

SOðNcÞ in D ¼ 2þ1dimensions (SOðNcÞ3), taken from
Tables 28, 29 and 31 of Ref. [6] (see also Fig. 26 therein).
We include only continuum limit results, and two different
types of large-Nc extrapolations. Finally, we collect results
for SUðNcÞ theories in D ¼ 2þ1dimensions (SUðNcÞ3)
from Tables B3–B11 of Ref. [7]. The extrapolation to
SUð∞Þ has been performed by including 1=N2

c as well as
1=N4

c corrections.
Lattice results on R show the emergence of a regular

pattern, that depends only on the dimensionality D of the
system. The group sequence [SUðNcÞ, SpðNcÞ or SOðNcÞ]
and the number of colors Nc do not appear to affect R,
within current uncertainties—with some deviation from
this pattern in D ¼ 2þ1dimensions for SUð3Þ, SOð3Þ and
SUð2Þ. We have at our disposal preliminary results for
excited states and states with different quantum numbers in
SpðNcÞ theories (to appear in Ref. [4]), and we did not find
significant evidence of similar regular patterns, reinforcing
the notion that the lightest 0þþ and 2þþ glueballs play a
special role in YM theories.

IV. GLUEBALL MASSES: A BRIEF SURVEY
OF ANALYTICAL RESULTS

In Fig. 1, we compare the result of lattice measurements
of the ratio R to two classes of semianalytical calculations,
performed either via gauge-gravity dualities arising in the
context of supergravity, or via alternative field-theory
methods. In all these models, the ratio R is known only
in the strict large-Nc limit, as1=Nc corrections are ignored.
The GPPZ model was proposed in Ref. [19] (see also

Refs. [20–22]) as a simple, classical supergravity dual of
mass-deformed, large-Nc, N ¼ 4 Super-Yang-Mills. The
geometry is singular and asymptotically approaches AdS5.
The spectrum of fluctuations yields R ¼

ffiffiffi
2

p
[11] (see also

Refs. [23–25]). This result happens to be in exact agree-
ment with that of the large-Nc field-theory study in
Ref. [17] (see Table 1 therein), which in Fig. 1 we denote
as YM4. A closely related model is studied in Ref. [12], that
reports a holographic calculation based upon the circle
reduction of the system yielding the AdS5 × S5 background
(see also Ref. [13]). The result in this case is R ¼ 1.46.
The close proximity between the results of these two
holographic calculations (both of which use geometries
that are asymptotically AdS5), Bochicchio’s field-theoretical
approach [17,26], and lattice calculations in SpðNcÞ and
SUðNcÞ is remarkable.

FIG. 1. Numerical and analytical results for the ratio R defined
in Eq. (1). Different shaped markers denote the lattice measure-
ments with continuum extrapolations in D ¼ 3þ1dimensions
for SpðNcÞ and for SUðNcÞ [5], as well as in D ¼ 2þ1
dimensions for SOðNcÞ [6] and SUðNcÞ [7]. Extrapolations to
the Nc → ∞ limit are also included. Differently rendered lines at
R ¼

ffiffiffi
2

p
;1.46;1.57;1.61;1.74, are the holographic calculations

in the GPPZ model [11], the circle reduction of AdS5 × S5

[12,13], the holographic model Bconf
8 in Ref. [14], the Witten

model [12,15], and the circle reduction of Romans supergravity
[15,16], respectively. With R ¼

ffiffiffi
2

p
;1.64 we report the field

theoretical results from Refs. [17,18], for YM theories in D ¼
3þ1and D ¼ 2þ1dimensions, respectively. More details can
be found in the main text.
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TABLE I: Summary table of measurements used in this study.

Group Reference �/�
2

C2(F )2/dG
Sp(2) Bennett et al. [50] 0.0519(27) 0.1875
Sp(4) Bennett et al. [50] 0.0424(27) 0.1562
Sp(6) Bennett et al. [50] 0.0396(49) 0.1458
Sp(8) Bennett et al. [50] 0.0424(40) 0.1406
SU(2) Lucini et al. [5] 0.0507(24) 0.1875
SU(3) Lucini et al. [5] 0.0355(32) 0.2222
SU(4) Lucini et al. [5] 0.0224(39) 0.2344
SU(5) Lucini et al. [5] 0.0224(49) 0.2400
SU(3) Del Debbio et al. [34] 0.0282(12) 0.2222
SU(4) Del Debbio et al. [34] 0.0257(10) 0.2344
SU(6) Del Debbio et al. [34] 0.0236(10) 0.2431
SU(4) Bonati et al. [35] 0.02480(80) 0.2344
SU(6) Bonati et al. [35] 0.02300(80) 0.2431
SU(3) Bonanno et al. [36, 43, 44] 0.0289(13) 0.2222
SU(4) Bonanno et al. [36] 0.02499(54) 0.2344
SU(6) Bonanno et al. [36] 0.02214(69) 0.2431
SU(2) Athenodorou et al. [15] 0.05565(64) 0.1875
SU(3) Athenodorou et al. [15] 0.0325(11) 0.2222
SU(4) Athenodorou et al. [15] 0.02469(67) 0.2344
SU(5) Athenodorou et al. [15] 0.0213(13) 0.2400
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FIG. 1: Topological susceptibility �, in units of the string
tension �, in the continuum limit, for various groups SU(Nc)
and Sp(Nc), and as a function of the parameter 1/Nc. The
measurements reported here are labelled by the collaboration
that published them, and are also summarised in Table I.

gauge configurations generated with Monte Carlo algo-
rithms, all converging towards the same continuum limit.
Two technical aspects deserve special attention. Firstly,
the continuum � is related to the lattice �L by both addi-
tive and multiplicative renormalisation. Second, the lat-
tice discretisation renders the lattice topological charge,
QL, non-integer.
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FIG. 2: Ratio of topological susceptibility and string ten-
sion squared, rescaled by the group factor C2(F )2/dG, as a
function of 1/dG. We also show the best-fit results of a 2-
parameter fit (dotted line) and of a 3-parameter fit including
O(1/d2G) corrections (dashed line), as explained in the main
text. The horizontal dashed line is the NDA estimate 1/(4⇡)2.

All quoted calculations of � make use of the definition
of QL that employs the clover-leaf plaquette [58, 59] on
ensembles of configurations generated with the Cabibbo-
Marinari implementation of the heat bath algorithm [60].
In order to circumvent the noisy signal resulting from
ultraviolet fluctuations of QL, one exploits the stability
of the topological charge under smooth deformations of
the fields, and computes it after a smoothing process such
as cooling or Wilson flow. An integer value of QL on the
lattice can then be assigned either by small-instanton-
correction [5], or by correction-and-rounding [34]. The
former consists of rounding the lattice topological charge
to one of its neighbouring integer values, chosen with
the sign of the net contribution of small instantons. The
latter comprises rescaling QL by minimising the average
deviation of the lattice topological charge from integer
multiples.

For SU(Nc) gauge theories, Ref. [34] assigns integer
values to QL by correction-and-rounding on cooled con-
figurations and computes the continuum limit of � for
Nc = 3, 4, 6. The same strategy is used in Ref. [35],
which reports the continuum limits for Nc = 4, 6. With
respect to these two works, Ref. [36] differs because the
configurations are obtained by an algorithm that con-
siders a larger ensemble of systems with boundary con-
ditions interpolating from periodic to open to soften
the effects of topological freezing (see the quoted work
for details); the continuum limits are then obtained for
Nc = 3, 4, 6 although for SU(3) the numerical results are
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function of 1/dG. We also show the best-fit results of a 2-
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O(1/d2G) corrections (dashed line), as explained in the main
text. The horizontal dashed line is the NDA estimate 1/(4⇡)2.

All quoted calculations of � make use of the definition
of QL that employs the clover-leaf plaquette [58, 59] on
ensembles of configurations generated with the Cabibbo-
Marinari implementation of the heat bath algorithm [60].
In order to circumvent the noisy signal resulting from
ultraviolet fluctuations of QL, one exploits the stability
of the topological charge under smooth deformations of
the fields, and computes it after a smoothing process such
as cooling or Wilson flow. An integer value of QL on the
lattice can then be assigned either by small-instanton-
correction [5], or by correction-and-rounding [34]. The
former consists of rounding the lattice topological charge
to one of its neighbouring integer values, chosen with
the sign of the net contribution of small instantons. The
latter comprises rescaling QL by minimising the average
deviation of the lattice topological charge from integer
multiples.

For SU(Nc) gauge theories, Ref. [34] assigns integer
values to QL by correction-and-rounding on cooled con-
figurations and computes the continuum limit of � for
Nc = 3, 4, 6. The same strategy is used in Ref. [35],
which reports the continuum limits for Nc = 4, 6. With
respect to these two works, Ref. [36] differs because the
configurations are obtained by an algorithm that con-
siders a larger ensemble of systems with boundary con-
ditions interpolating from periodic to open to soften
the effects of topological freezing (see the quoted work
for details); the continuum limits are then obtained for
Nc = 3, 4, 6 although for SU(3) the numerical results are
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tice is affected by an ambiguity, though this is expected
to be irrelevant in the continuum limit.

Other systematic effects stem from the fact that fi-
nite ensembles produced by Monte Carlo updating al-
gorithms have practical limitations. Among them, we
mention the existence of (auto)correlation between con-
figurations, (partial) topological freezing, and numerical
noise due to short-distance fluctuations, as well as the
appearance of other uncertainties in the continuum limit
extrapolation. We refer to the original literature for de-
tails [5, 15, 34–36, 43, 44, 50], and for a survey of the
advanced strategies that the lattice collaborations imple-
ment in order to minimise the systematic effects in the
measurement of �. Direct comparison of the results from
different measurements is a way to assess the size of sys-
tematic effects.

III. TOWARDS LARGE Nc

Since the ✓ term is topological, it does not affect the
local dynamics of the gauge fields, such as the running
coupling. It is therefore widely believed that at low en-
ergy Yang-Mills theories confine even in the presence of
a non-vanishing ✓, at least as long as ✓ is small. The
✓-dependent vacuum is gapped, and all the excitations
(glueballs) are color-singlets. In order for CP to be a
well defined symmetry, we also expect the vacuum en-
ergy to be an even function of ✓, minimised at ✓ = 0,
by consequence of the Schwarz inequality applied to the
Euclidean partition function [53, 54]:

F (0)  F (✓) = F (�✓) . (9)

By defining the ’t Hooft coupling � ⌘ g2Nc, because
the trace of any Nc ⇥ Nc matrix is proportional to Nc,
while the couplings are proportional to �/Nc, Yang-Mills
theories can be analysed in a 1/Nc expansion in which
one holds � fixed. For consistency at the quantum level,
the ✓ term must be scaled holding ✓/Nc fixed as well, and
physical observables are multi-valued functions of ✓ with
periodicity 2⇡ [55]. For example, the vacuum energy is
expected to take the form

F (✓) = fG min
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with k = 0, · · · , Nc � 1, and the pre-factor fG = O
�
N2
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for large Nc. h is smoothly dependent on ✓/Nc for small
✓, and is determined by G in a way that admits a finite
limit as Nc ! 1. For ✓ = 0, the minimum is expected
for k = 0 [55], and the large-Nc limit of the topological
susceptibility is finite:

lim
Nc!1

� = �1 , (11)

with �1 = h00(0). As each gauge field contributes
equally, one expects that

fG / dG , (12)

where dG is the dimension of the group; dG = N2
c � 1

for SU(Nc) and dG = (Nc + 1)Nc/2 for Sp(Nc). The
proportionality factor must be finite in the large-Nc limit.

The string tension is the energy density per unit length
of a fluxtube, the limiting case of a fermion-antifermion
pair in the fundamental representation, separated by an
asymptotically large distance. We hence expect � to
be proportional to the strength of the coupling between
the fermions, which can be measured by the quadratic
Casimir of the fundamental representation [28]:

� / C2(F ) =

(
N2
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2Nc
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4 for Sp(Nc)
. (13)

The proportionality factor is itself a function of Nc, and
encodes non-perturbative dynamics in such a way that
the string tension has a finite large-Nc limit, �1, as
expected because the coupling of fundamental fermions
scales as 1/

p
Nc, while there are Nc components to them.

The topological susceptibility inherits its group-
dependence from the vacuum energy. Hence, we expect
the following ratio to capture universal features:
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Furthermore, we expect the ratio ⌘� to be finite and uni-
versal in the limit Nc ! 1:

lim
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where b = 1/4 for SU(Nc), while b = 1/8 for Sp(Nc).

IV. NUMERICAL RESULTS

We summarise in Table I lattice measurements for the
quantity �/�2 taken from Refs. [5, 15, 34–36, 43, 44, 50],
extrapolated to the continuum limit. The same results
are graphically displayed in Fig. 1, where we organise the
measurements in terms of (the inverse of) the number of
colors Nc in the gauge groups SU(Nc) and Sp(Nc), re-
spectively. In the table, we show also the group factor
C2

F /dG, which we use in Fig. 2 to rescale the measure-
ments of �/�2, as described in Section III. In this sec-
ond plot we also change the abscissa to display 1/dG; for
large Nc, dG / N2

c , and this more physical choice re-
moves conventional ambiguities in comparing across dif-
ferent sequences of groups within Cartan’s classification.
The data of Tab. I and the analysis code used to prepare
Figs. 1 and 2, as well as the numbers quoted later in this
Section, are available at Ref. [56, 57].

Before proceeding, we comment on some subtleties
about the numerical results we quote, which have been
obtained with heterogeneous treatments of systematic ef-
fects. The topological charge in pure gauge theories can
be computed in different ways [46], from ensembles of
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a lattice. The discretised action and range of its param-
eters are chosen so that Monte Carlo numerical studies
are performed within the basin of attraction of a fixed
point belonging to the universality class of the aforemen-
tioned conformal theory. By doing so, it is possible to
suppress non-universal features of the lattice formulation
and study the universal properties of the gauge dynamics
characterising the continuum, four-dimensional physical
system of interest. Observable quantities are measured
as ensemble averages of appropriately chosen operators,
and extrapolated towards the continuum limit, where the
lattice spacing a vanishes, by changing the lattice param-
eters so as to approach the fixed point in a controlled way.

We do not report the details of the lattice theories
of interest here, except for highlighting the fact that in
comparing measurements with different ensembles, and
extrapolating towards the continuum limit, one measures
the dimensional observables of interest in units of a physi-
cal scale, hence introducing a scale setting procedure. We
compare measurements in different theories, performed
by different collaborations, with different lattice algo-
rithms, but all of them adopting the same scale-setting
procedure, based upon the string tension �.

A. String Tension

On the lattice, to extract the string tension � one mea-
sures the correlation functions between non-contractible
path-ordered loops, separated by Euclidean distance L.
The resulting fluxtubes are described by effective string
theory when L/a � 1, and the mass am(L) (in lattice
units) of the lightest (torelon) state is

am(L) = (�a2)
L

a

 
1 +

+1X

k=1

dk
(�L2)k

!
. (2)

The effective string theory [51] is characterised by the
values of dk, dimensionless coefficients that capture the
dynamics at large distances; d1 = �⇡/3 is the univer-

sal Lüscher term [52]. One estimates �a2 by repeating
lattice measurements for different L/a, and curve-fitting
the results. For further details on the measurements of
�a2, we refer the reader to Ref. [12], for example.

Lattice measurements are affected by both statistical
and systematic uncertainties that are difficult to reduce
below the few percent level. Furthermore, one intrinsic
limiting factor in the adoption of � as a universal scale
setting procedure in non-Abelian gauge theories is that
� is not well defined for asymptotically large L, if
string-breaking effects are present, as is the case with
dynamical matter fields. Yet many lattice collaborations
report their results in terms of �, because of the simplic-
ity of its extraction and its intuitive meaning. We adopt
this strategy for the purposes of this paper, and in this
work we do not attempt to compare with results that
use a different scale setting method, such as the gradient
flow, as done, e.g., in Ref. [45].

B. Topological Susceptibility

The topological charge Q of a gauge configuration is

Q ⌘

Z
d4x q(x) , (3)

where

q(x) ⌘
1

32⇡2
"µ⌫⇢� Tr Fµ⌫(x)F⇢�(x) , (4)

with "µ⌫⇢� is the Levi-Civita symbol. The topological
susceptibility is defined as

� ⌘

Z
d4x hq(x)q(0)i. (5)

The inclusion of a ✓ term yields the action S̃, which ex-
tends Eq. (1):

S̃ = �
1

2g2

Z
d4xTrFµ⌫F

µ⌫
�

✓

32⇡2

Z
d4x "µ⌫⇢�TrFµ⌫F⇢� . (6)

The vacuum (free) energy (density) F (✓) is defined by
the path integral

e�V4F (✓)
⌘

Z
DAµe

�S̃E , (7)

where V4 is the four-dimensional volume, and S̃E the Eu-
clidean version of Eq. (6). The topological susceptibility

is then computed as

� =
@2F (✓)

@✓2

����
✓=0

. (8)

In the continuum theory, the charge Q 2 Z is quan-
tised. Lattice artefacts spoil the discreteness of the topo-
logical charge and prevent Q from taking integer val-
ues on configurations generated in numerical simulations.
The assignment of integer topological charge on the lat-
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tice is affected by an ambiguity, though this is expected
to be irrelevant in the continuum limit.

Other systematic effects stem from the fact that fi-
nite ensembles produced by Monte Carlo updating al-
gorithms have practical limitations. Among them, we
mention the existence of (auto)correlation between con-
figurations, (partial) topological freezing, and numerical
noise due to short-distance fluctuations, as well as the
appearance of other uncertainties in the continuum limit
extrapolation. We refer to the original literature for de-
tails [5, 15, 34–36, 43, 44, 50], and for a survey of the
advanced strategies that the lattice collaborations imple-
ment in order to minimise the systematic effects in the
measurement of �. Direct comparison of the results from
different measurements is a way to assess the size of sys-
tematic effects.

III. TOWARDS LARGE Nc

Since the ✓ term is topological, it does not affect the
local dynamics of the gauge fields, such as the running
coupling. It is therefore widely believed that at low en-
ergy Yang-Mills theories confine even in the presence of
a non-vanishing ✓, at least as long as ✓ is small. The
✓-dependent vacuum is gapped, and all the excitations
(glueballs) are color-singlets. In order for CP to be a
well defined symmetry, we also expect the vacuum en-
ergy to be an even function of ✓, minimised at ✓ = 0,
by consequence of the Schwarz inequality applied to the
Euclidean partition function [53, 54]:

F (0)  F (✓) = F (�✓) . (9)

By defining the ’t Hooft coupling � ⌘ g2Nc, because
the trace of any Nc ⇥ Nc matrix is proportional to Nc,
while the couplings are proportional to �/Nc, Yang-Mills
theories can be analysed in a 1/Nc expansion in which
one holds � fixed. For consistency at the quantum level,
the ✓ term must be scaled holding ✓/Nc fixed as well, and
physical observables are multi-valued functions of ✓ with
periodicity 2⇡ [55]. For example, the vacuum energy is
expected to take the form

F (✓) = fG min
k

h

✓
✓ + 2⇡k

Nc

◆
, (10)

with k = 0, · · · , Nc � 1, and the pre-factor fG = O
�
N2

c

�

for large Nc. h is smoothly dependent on ✓/Nc for small
✓, and is determined by G in a way that admits a finite
limit as Nc ! 1. For ✓ = 0, the minimum is expected
for k = 0 [55], and the large-Nc limit of the topological
susceptibility is finite:

lim
Nc!1

� = �1 , (11)

with �1 = h00(0). As each gauge field contributes
equally, one expects that

fG / dG , (12)

where dG is the dimension of the group; dG = N2
c � 1

for SU(Nc) and dG = (Nc + 1)Nc/2 for Sp(Nc). The
proportionality factor must be finite in the large-Nc limit.

The string tension is the energy density per unit length
of a fluxtube, the limiting case of a fermion-antifermion
pair in the fundamental representation, separated by an
asymptotically large distance. We hence expect � to
be proportional to the strength of the coupling between
the fermions, which can be measured by the quadratic
Casimir of the fundamental representation [28]:

� / C2(F ) =

(
N2

c�1
2Nc

for SU(Nc)
Nc+1

4 for Sp(Nc)
. (13)

The proportionality factor is itself a function of Nc, and
encodes non-perturbative dynamics in such a way that
the string tension has a finite large-Nc limit, �1, as
expected because the coupling of fundamental fermions
scales as 1/

p
Nc, while there are Nc components to them.

The topological susceptibility inherits its group-
dependence from the vacuum energy. Hence, we expect
the following ratio to capture universal features:
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Furthermore, we expect the ratio ⌘� to be finite and uni-
versal in the limit Nc ! 1:

lim
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= ⌘�(1) < 1 , (15)

where b = 1/4 for SU(Nc), while b = 1/8 for Sp(Nc).

IV. NUMERICAL RESULTS

We summarise in Table I lattice measurements for the
quantity �/�2 taken from Refs. [5, 15, 34–36, 43, 44, 50],
extrapolated to the continuum limit. The same results
are graphically displayed in Fig. 1, where we organise the
measurements in terms of (the inverse of) the number of
colors Nc in the gauge groups SU(Nc) and Sp(Nc), re-
spectively. In the table, we show also the group factor
C2

F /dG, which we use in Fig. 2 to rescale the measure-
ments of �/�2, as described in Section III. In this sec-
ond plot we also change the abscissa to display 1/dG; for
large Nc, dG / N2

c , and this more physical choice re-
moves conventional ambiguities in comparing across dif-
ferent sequences of groups within Cartan’s classification.
The data of Tab. I and the analysis code used to prepare
Figs. 1 and 2, as well as the numbers quoted later in this
Section, are available at Ref. [56, 57].

Before proceeding, we comment on some subtleties
about the numerical results we quote, which have been
obtained with heterogeneous treatments of systematic ef-
fects. The topological charge in pure gauge theories can
be computed in different ways [46], from ensembles of
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taken from Refs. [43, 44]. By contrast, in Refs. [5, 15]
small-instanton-correction is applied to QL, obtained
from cooled configurations, and the continuum � is then
extrapolated for Nc = 2, 3, 4, 5.

In the case of Sp(Nc) gauge theories, we borrow the
results from a companion publication, Ref. [50], which is
part of the ongoing programme of study of Sp(Nc) lat-
tice gauge theories [11, 13, 61–63], and uses the HiRep
code [64], adapted to Sp(Nc) groups [11]. The lattice
topological charge is obtained from Wilson-flowed con-
figurations [65, 66], and correction-and-rounding is used
to assign integer topological charge. The topological
susceptibility � is obtained in the continuum limit for
Nc = 2, 4, 6, 8.

By comparing Figs. 1 and 2, we observe two interest-
ing facts. Firstly, the two sequences of measurements
of �/�2 are clearly dissimilar, yet they share interest-
ing properties at the extrema: measurements by differ-
ent collaborations for Sp(2) ⇠ SU(2) are in broad agree-
ment, and going to large Nc the two sequences show a
tendency to converge towards two different constants for
Nc

>
⇠ 4. Second, once we apply the rescaling by the

group factor, C2
F /dG, the two sequences can no longer be

distinguished, the measurements for Sp(Nc) and SU(Nc)
theories agreeing with one another, given current uncer-
tainties. A rough estimate, based upon naive dimensional
analysis (NDA) [67], yields:

⌘� =
�C2(F )2

�2dG
= O

✓
1

(4⇡)2

◆
. (16)

This estimate falls straight in the middle of the range of
measurements, possibly by mere numerical coincidence.
Yet, it is remarkable that no more than a factor of 2
separates existing measurements, for all groups G, and
that this estimate yields the correct order of magnitude.

The scaling procedure allows us to perform a simple
global fit of the whole set of measurement, in the form

⌘� =
�C2(F )2

�2dG
= a+

c

dG
. (17)

The result of the fit, which has reduced X̃
2

⌘

X
2/Nd.o.f. = 1.58, is a = 0.004842(77) and c =

0.01635(46). Visual inspection of Fig. 2 and Table I
highlights some modest tension between measurements
performed by different collaborations for SU(2), as well
as for SU(3), suggesting that for these two groups the
systematic uncertainty is not negligible, compared to the
statistical uncertainty. To quantify this effect, we repeat
the same fitting procedure, but by omitting the Sp(Nc)
measurements, and obtain as a result that X̃

2 = 1.83,
hence demonstrating that the combination of measure-
ments taken in theories with the two families of groups
does not affect the goodness of the fit.

We also performed alternative fits, by including cor-
rections O(1/

p
dG) or O(1/d2G), to test the scaling hy-

pothesis we made; these additional terms do not change

appreciably the results of the maximum likelihood anal-
ysis. Our final result is

lim
Nc!1

⌘� = (48.42± 0.77± 3.31)⇥ 10�4 , (18)

where the first error is the statistical one from the 2-
parameter fit in the form Eq. (17), while the second is
the systematic error of the fitting procedure. The latter is
conservatively estimated as the difference between using
in the extrapolation either the 2-parameter fit or a 3-
parameter fit including an additional term proportional
to 1/d2G—we show the result of both fits in Fig. 2.

For SU(Nc), C2(F )2 ! dG/4 in the large-Nc limit,
hence our combined result in Eq. (18) can be recast as
�/�2

! 0.01937 ± 0.00136. This is ' 1.4 standard de-
viations lower than the result �/�2

! 0.0221(14) from
Ref. [34], but in excellent agreement with Ref. [36], which
quotes �/�2

! 0.0199(10), and with Ref. [15], from
which one deduces that �/�2

! 0.01836(56).

V. OUTLOOK

We proposed a rescaling by group-theoretical factors
of the dimensionless quantity �/�2, the ratio of topo-
logical susceptibility and square of the string tension, to
yield ⌘�, a quantity that can be meaningfully compared
across different (four-dimensional) Yang-Mills theories.
We collected from the literature the results of the con-
tinuum limit extrapolation of several independent lattice
measurements of ⌘� in theories with groups SU(Nc) and
Sp(Nc). All measurements of ⌘� are of the order of mag-
nitude indicated by a rough NDA estimate. The two
sequences of groups display the same functional depen-
dence of ⌘� on the dimension dG of the group, in support
of the proposed rescaling. We assessed this statement by
performing a combined fit of all the measurements, and
by extrapolating towards the large-Nc limit.

We conclude by highlighting a number of open ques-
tions, deserving of further future investigation. The nu-
merical evidence we collected suggests that the group-
theoretical scaling we proposed allows to combine mea-
surements of � within the sequences of SU(Nc) and
Sp(Nc) Yang-Mills theories. It would be fascinating to
extend this analysis to other choices of gauge group. Af-
ter rescaling, there remains clearly visible a non-trivial
(though mild) dependence on the group dimension; the
precise functional form of the quantity �C2(F )2/�2dG
remains a subject for non-perturbative studies. It would
be interesting to reassess these statements with future
higher precision measurements.
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which is real, symmetric and unitary, and satisfies

W�1TA
(as)W = �TA⇤

(as) , (40)

where a basis of T(as) is shown explicitly in Appendix A3. In analogy with Eq. (38), we find the antiunitary operator

A(as) = WC�5K , (41)

to commute with �5D
(as)
m . The square of W is the identity matrix, hence we conclude that (A(as))2 = �1, and �̄ = 4.

The SU(6) symmetry acting on the (as) fermions is broken to its SO(6) subgroup.

A noticeable consequence of the fact that (A(as))2 = �1 is that the determinant of D(as)
m is real and positive (see,

e.g., [145]). Therefore, numerical simulations of Sp(4) gauge theories involving an odd number of antisymmetric Dirac
flavours are not plagued by the sign problem. This enables us to have controlled numerical results for our systems
using standard Monte Carlo methods.

One of the interesting predictions of chRMT is that the distribution of the unfolded density of spacings s between
subsequent eigenvalues of �5DR

m assumes the following functional dependence (the Wigner surmise)

P (s) = N�̄s
�̄e�c�̄s

2

, with N�̄ = 2
��̄+1

⇣
�̄
2 + 1

⌘

��̄+2
⇣

�̄+1
2

⌘ , c�̄ =
�2

⇣
�̄
2 + 1

⌘

�2
⇣

�̄+1
2

⌘ , (42)

where � is the Euler gamma function. This prediction can be tested numerically, as we shall see later in the paper
(see also Ref. [73]).

IV. LATTICE OBSERVABLES

This section is devoted to defining and discussing the lattice observables of interest in the numerical study. We
start from the spectrum of the Dirac operator, which as explained in Sect. III C is closely related to the breaking
of the global symmetry. We then provide details about the lattice implementation of meson and (chimera) baryon
operators, and refresh for the reader some standard material about the extraction of masses and (renormalised) decay
constants from the appropriate 2-point functions.

Before proceeding, we pause to make two comments of a technical nature. In what follows, we express the masses
and decay constants of composite states in units of the lattice spacing a. The reader might, with some reason,
think that it would be best practice to introduce a non-perturbative scale-setting procedure that allows to take the
continuum a ! 0 limit without ambiguities. And indeed, in previous publications our collaboration elected to adopt
to this purpose the Wilson flow [146, 147]. Yet, as in this work we do not attempt the continuum limit extrapolation,
but rather only extract lattice measurements in a small number of ensembles, this is not necessary. Furthermore,
in this theory the fermions have non negligible dynamical e↵ects—see for example Fig. 1—and hence the Wilson
flow observables are expected to be quite sensitive to the choice of fermion mass, making a future, dedicated study
necessary. We plan to do so when we will have enough numerical ensembles to perform the continuum and chiral limit
extrapolations.

The second comment is even more dreary. Throughout this work we use Z2 ⇥ Z2 single time slice stochastic
sources [149] in the studies of 2-point correlation functions for mesons, while we use simple point sources for the
chimera baryon. However, it is a well known fact among lattice practitioners that extracting the masses of heavy
composite states, particularly in the case of fermionic operators such as the chimera baryon, is complicated by heavy
state contamination and numerical noise [148]. And it is a known fact that such shortfallings can be addressed by
combining (Wuppertal) smeared source and sink operators [150], by (APE) smearing of the gauge links [151] and by
adopting variational methods in treating the eigenvalue problems [152, 153]. Again, applying these techniques to our
current ensembles would bring us unnecessarily beyond the scopes of this paper. And yet, as anticipated in Ref. [120],
at the time of editing this manuscript we have developed most of the necessary processes for our model, and some
of us have been extensively testing them on a simpler theory: the partially quenched model in which only the (as)
fermions are included in the MD evolution, while the (f) fermions are treated as external probes. We will report
on this process elsewhere [154], and apply such techniques to the multi-representation theory of interest in future
precision studies.
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Sp(4) with F fermions Sp(4) with AS fermions

Numerical results: Global symmetry breaking

• Symmetry breaking patterns are encoded in the Dirac spectrum

• Fermions in the F and AS representations are correctly implemented.
E. Bennett el al (2022), arXiv: 2202.05516
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Figure 6. Top panel: pseudoscalar masses squared m̂PS and decay constants squared f̂2
PS as a

function of the subtracted bare fermion mass. Green and blue symbols stand for m̂2
PS and f̂2

PS,
respectively. Bottom panel: left-hand side of the GMOR relation, as a function of the subtracted
fermion mass. All points computed with β = 7.2. The uncertainty on the horizontal axis descends
form the determination of m̂c

0.

the effects of lattice additive renormalisation (m̂0 − m̂c
0) — for ensembles at β = 7.2, with

various bare masses.5 The critical mass m̂c
0 is determined numerically, extrapolating from

the linear fit to the lightest five data points to the value for which m̂2
PS = 0. As shown in

the figure, deviation from linearity appear for m̂2
PS > 0.4. The decay constant squared also

shows a linear behaviour, and its slope is not negligible. The bottom panel of figure 6 shows

deviations from linearity of the dependence of the combination m2
PSf

2
PS on the fermion mass.

The Gell-Mann-Oakes-Renner (GMOR) relation [108], m2
PSf

2
PS = mf ⟨ψ̄ψ⟩, would imply a

mass dependence of the fermion condensate over the range of mass considered. We alert

the reader that a rigorous discussion of the GMOR relation would require first to determine

the values of m̂c
0 for each fixed choice of â (obtained by adjusting both the bare mass and

5Notice that all dimensional quantities are normalised by the flow scale w0. The transition from m2
PS =

2Bmf to m̂2
PS = 2B̂m̂f is understood up to higher order corrections of O(m̂4

PS).
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1 Sp(4) gauge theory with two-flavor Dirac fundamental fermions

1.1 Sp(4) Yang-Mills Theory

We first consider the pure Sp(4) gauge theory.

Our choice of the generators of SU(4) gauge group is as follows.

1.2 Algorithms

1.2.1 Gauge force and exponentiation

m̂
2
PS (1)

f̂
2
PS (2)

Sp(4) (3)

e (4)

gs (5)

(L3
⇥ T ) (6)

1
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1.1 Sp(4) Yang-Mills Theory

We first consider the pure Sp(4) gauge theory.
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Nf=2 (F) Sp(4)
E. Bennett el al (2019), 
arXiv:1909.12662
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0 for each fixed choice of â (obtained by adjusting both the bare mass and

5Notice that all dimensional quantities are normalised by the flow scale w0. The transition from m2
PS =

2Bmf to m̂2
PS = 2B̂m̂f is understood up to higher order corrections of O(m̂4

PS).

– 21 –

Gell-Mann, Oakes, Renner (1968)

where the dimesionful LECs are normalized by w0 and part of them absorb the coefficient
2B̂ = 2Bw0 of the LO relation for m̂

2

PS

f̂ = fw0, F̂ = Fw0, ŷ3 =
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2B̂w0
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2 ((b + 4)f2 + F 2 � 2mv1 + 4mv2)
(5.12)

f
2

PS = F
2 + (b + 2c)f2
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AV (5.13)
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PS = m(v3 + mv
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5) (5.14)

m̂
2

PS ⌧ 0.67 (5.15)

SU(2) ⇠ Sp(2) (5.16)

fPS ⇠

p
Nc (5.17)

hSi 6= 0 (5.18)

⇢ (5.19)

SU(4)/Sp(4) ⇥ SU(6)/SO(6) (5.20)

⇠ SO(6)/SO(5) (5.21)

Compared to the original EFT results in terms of mf in [55], the above linearized ansatz
invloves 10 unknow LECs to be determined from 5 measurements. The remaining two LECs
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# of pNGBs = 5Pseudo Nambu Goldstone Bosons (pNGBs)

• Key requirement for composite Higgs: spontaneous symmetry breaking

GMOR relation:

Figure 20: Example of effective mass plots of low-lying spin-0 and spin-1 mesons. The
data is taken from the DB3M7 ensemble (see list in Table 1), which is characterised by the
lattice parameters � = 7.2 and am0 = �0.794. The individual fits that yield the masses
of the PS, V, S and AV states are restricted to include only the plateau regions, which
are highlighted by the shaded bands. The width of each band represents for the statistical
uncertainty.

the band) and the best fitting ranges (length of the band). For the PS meson, we perform
a simultaneous fit of the two-point functions of PS and AV operators in Eq. (4.3) and
Eq. (4.5).

We notice that while the effective masses retained in the fit extend to the maximum
length of the temporal directions Tmax for PS and V mesons, those for AV and S mesons
typically cease at t < Tmax due to severe numerical noise problems, which in practical terms
reduce the fitting ranges. As a result, we expect a comparatively large systematic error
associated with the choice of the fitting range for AV and S states (analogous arguments
apply to the AT states).

B Low-energy constants and global fit

In this Appendix, we present the numerical results for the LECs in Eqs. (6.1)-(6.5) obtained
from the simplified global fit to the data discussed in Section 6.1. As anticipated, we find it
instructive to explicitly show the histograms associated with the LEC distributions. Figs.
21 and 22 report the histograms for the LECs appearing in the EFT at the leading and
the next-to-the-leading order, respectively. As seen in the figures, some fit parameters do
not exhibit gaussian distributions, but rather expose long, flat tails. The samples in the
tail do not lead to big upwards fluctuations of the value of �

2
/Nd.o.f , suggesting that there

are some local minima in the parameter space with �
2 close to the global minimum, or
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Numerical results: Vector meson

Figure 17. Comparing the ratios of the vector mass and pseudoscalar decay constant mV/
p

2fPS

in various lattice gauge theories with two fundamental Dirac flavors. Purple, red, green and blue
colours are for SU(2) [40], SU(3) [97], SU(4) [96] and Sp(4) gauge groups , respectively. The black
circle is the experimental value of the coupling in the real world of QCD.

extrapolation leads us to the ratio in the massless and continuum limit of ⇠ 2.1.
The second KSRF prediction relates the on-shell coupling constant associated with the

decay of a vector meson into two pseudoscalars to mV and fPS in the following way

gV PP =
mV

p
2fPS

. (6.2)

As discussed above, the vector meson mass receives small corrections from the non-zero mass
in the linear mass regime, where the corresponding values at the lightest ensemble and in
the massless limit are 5.32(9) and 5.70(19)(14), respectively. In the real world, the mass of ⇢

meson in units of the pion decay constant f⇡ is roughly m⇢/f⇡ ⇠ 5.9. In the literature a few
lattice results for SU(N) gauge theories (other than N = 2) with two fundamental Dirac
fermions are available: for the lightest ensembles considered we found mV/fPS ⇠ 9.3(16) for
SU(2) [40] and ⇠ 5.2(3) for SU(4) [96], respectively. The general trend in SU(N) theories
is that the value of mV/fPS decreases as N increases, which complies with the expectation
of that gV PP decreases in the large N limit. Three values of N are not large enough to
perform a large N extrapolation, though. Near the threshold of mPS/mV ⇠ 0.5, the vector
meson mass we found for Sp(4) lies in between the values for SU(3) and SU(4). A more
reliable way to determine the coupling gVPP might be to use the low-energy EFT discussed
in the previous section: with some limitations we found the coupling in the massless limit,
gVPP = 6.0(4)(2), which is slightly larger than the KSRF value at non-zero fermion mass.
In Fig. 17, we summarize our findings for the coupling compared with the results for other
gauge groups.

We want to close this section by comparing the dynamical results with the quenched
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• The hypothesis vector meson dominance leads to the KSRF relation
Kowarabayashi & Suzuki (1966)
Riazuddin & Fayyazuddin (1966)
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Compared to the original EFT results in terms of mf in [55], the above linearized ansatz
invloves 10 unknow LECs to be determined from 5 measurements. The remaining two LECs
associated with the modified GMOR relation at NLO can be determined independently from
the measurement of m̂

2

PS
when a proper determination of mf is available. Note that not all

of LECs might be independent. For instance, the linear mass dependence of f̂
2

PS
can fully

be determined from the measurements of f̂
2

V
and f̂

2

AV
.

In order to perform a global fit using the functions in Eq. 5.5 we first prepare the meson
masses and decay constants in the continuum limit by subtracting the discretization effects
W

0

m,M
â and W

0

f,M
â from the original data. We restrict ourselves to the data set considered
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Large N argument:

the autocorrelation time ⌧exp for all the ensembles as the referee suggested. We find that the
typical size of ⌧exp is less than 2, and in the worst case it is ⇠ 10. These results indicate that
there is no significant topological freezing in the considered ensembles.

Regarding the referee’s point c), it is indeed quite interesting to investigate the quark mass
dependence of the topological susceptibility and thus have better understanding on the vac-
uum structure of the system. However, we think that it is beyond the scope of this paper
since we calculate the topological charge to avoid the potential systematic e↵ects to the meson
masses and decay constants. Therefore, we want to leave the related studies for our future
work.

• 4) I am looking at Fig. 17 - actually at the SU(2) data point from Ref. 44. I am not sure I
believe that data point. I think that there is a lot of SU(2) data out there. Other authors would
be Detmold, who has several Nf=2 SU(2) papers, and Degrand and Liu (1606.01277). I think
it’s important to clean up this figure because it is something a phenomenologist can appreciate.
What it says to me is that with a small number of colors, the values of the decay constants are
reasonably independent of the group structure. This is unexpected to me, because the plot has
chiral symmetry breaking in all three (complex, real, and pseudoreal) classes, so why should
they all be the same? (I would then try to make some sort of color counting argument to
collapse all the curves. Maybe I should!)

We thank the referee for introducing other lattice literatures on two-flavor SU(2). In the
work by W. Detmold, M. McCullough, A. Pochinsky (1406.4116) and by T. DeGrand, Y.
Liu (1606.01277), the authors performed extensive studies on the SU(2) theory with two
fundamental Dirac fermions on the lattice. However, they did not carry out the continuum
extrapolation due to lack of ensembles. To make it clear on this point, we added the following
sentence to Sec. 7 as a footnote.

“In the literature more lattice results are available for SU(2) theory with two fundamental
Dirac fermions, see Refs. [48, 110]. However, we note that in these references continuum
extrapolations to the numerical data computed at finite lattice spacing had not been carried
out. Hence, we only use the results from [45] for the comparison.

After we submitted this manuscript, we realized that the SU(2) value in Figure 17 was not
correctly read from the literature: we misunderstood their parametrization for the decay
constant by a factor of

p
2. In the resubmitted manuscript, we present the corrected value

and the revised figure. Now, the large-N counting seems to roughly work even for SU(2) for
given uncertainties, i.e. mV/

p
2fPS ⇥

p
Nc/3 ⇠ 6.

• 5) A minor point: Eq. 7.1-7.2. Is the sqrt(2) a group theory factor? Does it depend on the
kind of chiral symmetry breaking? (I am asking out of ignorance.)

No, it isn’t the group theory factor. The factor of
p
2 in Eq. (7.2) is merely due to our

convention for the parametrization of the matrix elements so that the analogous value of the
pseudoscalar decay constant in real world QCD is 93 MeV. For instance, see Eqs. (5.3) and
(5.4) in Phys. Rev. D 97 no. 074505 (2018) [arXiv:1710.00806], where their convention for
fPS is 130 MeV.

5

f̂
2,�

M
L
0

f,M
m̂

2,�

M
L
0

m,M

PS 0.00617(28)(36) 3.02(22)(35)

V 0.0291(18)(11) 0.45(16)(14) 0.400(16)(10) 2.16(15)(9)

AV 0.039(7)(2) �0.82(15)(8) 1.07(19)(8) 1.42(6)(3)

Table 8. Coefficients in Eqs. 4.14 and 4.15 determined by using the results of a global fit.

In Fig. 23, we present the histogram of the coupling which shows a nice gaussian distribution
with the estimated value of g

�

VPP
= 6.0(4)(2).

To make a comparison with the results obtained individually from the linear fits to the
masses and decay constants in Section 4.3, we also calculate the relevant coefficients in Eqs.
4.14 and 4.15 by using the results of the global fit. We present the results in Table 8: they
are widely consistent with the ones in Table 7 except L

0

f,AV
which is now highly constrained

by the NLO EFT as in Eq. 5.5.
There are a few limitations in our attempt to fit the data using the linearized version

of the HLS EFT. First of all, it turns out that the fermion masses are not small enough
to make the linearization to be reliable without assumptions for cancellations of the higher
order corrections by the new terms in N2LO EFT. The most sensitive one appears in the
EFT formula for the vector meson mass, which requires |y3m

2

PS
| ⌧ |1 + |. From our

results of the global fit we find m
2

PS
⌧ 0.67, where the corrections from higher order

terms are marginally compatible with the statatical uncertainties only in the case of the
lightest emsemble. Secondly, the vector mesons are stable. Finally, the coupling gV which
is closely related to gVPP turns out to be not small, which makes the validity of the EFT
to be questionable. Some of the questions on the validity of the EFT can be answered
by decreasing the fermion mass below at which 2mPS . mV is satisfied, while others by
increasing the number of colors in the Sp(2N) gauge theory.

5.2 GMOR relation and Weinberg sum rules

Besides the linear mass dependences of the meson masses and decay constants discussed in
the previous section, there are several consequences of the HLS EFT which can be confirmed
from the numerical data. If we first restrict our attention to the pseudoscalar sector, we
have the GMOR relation whose NLO expression is given by

m
2

PSf
2

PS = mf (v
3 + mfv

2

5), (5.9)

where v and v5 are dimesionful low-enery constants. However, as noted in Section 4.2, it
is not appropriate to fully confirm the GMOR relation in the absence of the renormalized
fermion mass. In particular, we are not able to determine the LECs v and v5. Nevertheless,
we might still illustrate the relation in the continuum-extrapolated data by substituting
m

2

PS
for mf as we did throughout this work. In Fig. 13 we plot the numerical results of

m̂
2

PS
f̂
2

PS
with respect to m̂

2

PS
.

Going beyond the pseudoscalar sector, the first nontrivial result of the NLO EFT
with some reasonable assumptions for the truncation of operators is that the sum of the
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HLS EFT fit results: 
in the massless limit

• Lattice results of various gauge theories coupled to Nf=2 fund. Dirac flavors

Figure 17. Comparing the ratios of the vector mass and pseudoscalar decay constant mV/
p

2fPS

in various lattice gauge theories with two fundamental Dirac flavors. Purple, red, green and blue
colours are for SU(2) [40], SU(3) [97], SU(4) [96] and Sp(4) gauge groups , respectively. The black
circle is the experimental value of the coupling in the real world of QCD.

extrapolation leads us to the ratio in the massless and continuum limit of ⇠ 2.1.
The second KSRF prediction relates the on-shell coupling constant associated with the

decay of a vector meson into two pseudoscalars to mV and fPS in the following way

gV PP =
mV

p
2fPS

. (6.2)

As discussed above, the vector meson mass receives small corrections from the non-zero mass
in the linear mass regime, where the corresponding values at the lightest ensemble and in
the massless limit are 5.32(9) and 5.70(19)(14), respectively. In the real world, the mass of ⇢

meson in units of the pion decay constant f⇡ is roughly m⇢/f⇡ ⇠ 5.9. In the literature a few
lattice results for SU(N) gauge theories (other than N = 2) with two fundamental Dirac
fermions are available: for the lightest ensembles considered we found mV/fPS ⇠ 9.3(16) for
SU(2) [40] and ⇠ 5.2(3) for SU(4) [96], respectively. The general trend in SU(N) theories
is that the value of mV/fPS decreases as N increases, which complies with the expectation
of that gV PP decreases in the large N limit. Three values of N are not large enough to
perform a large N extrapolation, though. Near the threshold of mPS/mV ⇠ 0.5, the vector
meson mass we found for Sp(4) lies in between the values for SU(3) and SU(4). A more
reliable way to determine the coupling gVPP might be to use the low-energy EFT discussed
in the previous section: with some limitations we found the coupling in the massless limit,
gVPP = 6.0(4)(2), which is slightly larger than the KSRF value at non-zero fermion mass.
In Fig. 17, we summarize our findings for the coupling compared with the results for other
gauge groups.

We want to close this section by comparing the dynamical results with the quenched
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where the dimesionful LECs are normalized by w0 and part of them absorb the coefficient
2B̂ = 2Bw0 of the LO relation for m̂

2

PS

f̂ = fw0, F̂ = Fw0, ŷ3 =
y3

2B̂w0

, ŷ4 =
y4

2B̂w0

, v̂1 =
v1w0

2B̂
, v̂2 =

v2w0

2B̂
. (5.6)

m̂
2

V =
g
2

V
(bf̂2 + F̂

2)

4(1 + )
+

2v̂1( + 1) � ŷ3(bf̂2 + F̂
2)

4( + 1)2
g
2

Vm̂
2

PS + O(m̂4

⇡), (5.7)

m
2

V =
1

4(1 +  + my3)
g
2

V (bf2 + F
2 + 2mv1) (5.8)

m
2

AV =
1

4(1 �  � my4)
g
2

V (bf2 + F
2 + 2mv1) (5.9)

+
g
2

V

1 �  � my4

�
f
2 + m(v2 � v1)

�
(5.10)

f
2

V =
1

2

�
bf

2 + F
2 + 2mv1

�
(5.11)

f
2

AV =

�
bf

2
� F

2 + 2m(v1 � v2)
�2

2 ((b + 4)f2 + F 2 � 2mv1 + 4mv2)
(5.12)

f
2

PS = F
2 + (b + 2c)f2

� f
2

V � f
2

AV (5.13)

m
2

PSf
2

PS = m(v3 + mv
2

5) (5.14)

m̂
2

PS ⌧ 0.67 (5.15)

SU(2) ⇠ Sp(2) (5.16)

Compared to the original EFT results in terms of mf in [55], the above linearized ansatz
invloves 10 unknow LECs to be determined from 5 measurements. The remaining two LECs
associated with the modified GMOR relation at NLO can be determined independently from
the measurement of m̂

2

PS
when a proper determination of mf is available. Note that not all

of LECs might be independent. For instance, the linear mass dependence of f̂
2

PS
can fully

be determined from the measurements of f̂
2

V
and f̂

2

AV
.

In order to perform a global fit using the functions in Eq. 5.5 we first prepare the meson
masses and decay constants in the continuum limit by subtracting the discretization effects
W

0

m,M
â and W

0

f,M
â from the original data. We restrict ourselves to the data set considered

for the linear fit of f̂
2

PS
, namely m̂

2

PS
. 0.4 and â . 1. Furthermore, we constrain the fits
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Vector mesons in strongly coupled gauge theories
The model dependence of mρ/ fπ Daniel Nogradi
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Figure 2: Top: comparison of
√

dim(R) mρ/ fπ for various models. Bottom: similar comparison of mρ/ fπ

directly, the labeling of the models is the same as at the top. The SU(3) fundamental Nf = 2,3,4,5,6 are in

the chiral-continuum limit [11], the Nf = 8 result is at finite lattice spacing and finite fermion mass [10], the

SU(3) sextet Nf = 2 is at finite lattice spacing and finite fermion mass [7], the SU(N) fundamental quenched

results are at finite lattice spacing in the chiral limit [12], the SU(N) fundamental Nf = 4 are at finite lattice

spacing and finite fermion mass [21, 22], the SU(4) fundamental Nf = 2, sextet Nf = 2 (both are in the sea

simultaneously) results are in the chiral-continuum limit [23], the SU(2) fundamental Nf = 2 is in the chiral-

continuum limit [24, 25], the SU(2) fundamental Nf = 4 is at finite lattice spacing and finite fermion mass

[26] and finally with Sp(4) both the quenched [27] and the fundamental Nf = 2 are in the chiral-continuum

limit [28, 29]. Results at finite lattice spacing and/or finite fermion mass should be interpreted with caution

as they naturally contain further systematic errors.

√

dim(R) mρ/ fπ where dim(R) is the dimension of the representation. If the fermionic degrees

of freedom scale as O(N2) then of course the usual large-N arguments do not apply.

Starting from SU(2), chiral-continuum results are available with Nf = 2 fermions in the fun-

damental representation [24, 25], Nf = 4 at finite lattice spacing and fermion mass [26], and of

course the pure gauge case. The aforementioned large-N studies led to results with SU(N), still

in the pure gauge case, with N = 2,3,4,5,6,7,17 and the N = ∞ in the chiral limit, at finite lat-

tice spacing [12, 13]. Note that with SU(2) all irreducible representations are real. Increasing the

gauge group to SU(3) we have of course QCD results (or Nature) and the Nf = 2,3,4,5,6 results

of our work in the chiral-continuum limit [11] as well as Nf = 8 at finite lattice spacing and finite

fermion mass [10]. Still with SU(3) results are available with Nf = 2 sextet fermions at finite

lattice spacing and finite fermion mass. Further, SU(4) was studied with two species of fermions

4

Nogradi & Szikszai, arXiv:1912.04114

•                depends on N and the fermion representation, but not the # of flavors

OC(t, ~x) ⌘ Tr

 
Y

C
UI

!
(3.22)

mV/fPS (3.23)

3.2 (Rational) Hybrid Monte Carlo

HMC + RHMC

3.3 Scale setting

Gradient flow method

4 Observables

4.1 Mesons

interpolating operators for spin-0 and spin-1 flavored mesons

4.2 Chimera baryons

We consider the interpolating field for a generic Chimera baryon of the form

O
↵
CB = D

↵���⌦ac⌦bdQ
i a
� Q

j b
�  

k cd
� , (4.1)

where a, b, c, d are colour indexes and i, j, k are flavor indexes. The tensor D is some

combination of gamma matrices which projects onto the desired spin state with ↵, �, �, �

the spinor indexes.

Analogous to a ⇤ baryon-type operator in QCD, we consider the operator which would

interpolate the Chimera baryon having the same quantum number of top-partner. We

particularly use OCB 4 in Eq. 2.11

� i(Q1 aQ
2 b
C +Q2 a

C Q
1 b)⌦bc 

k ca
↵ = i

⇣
Q

1 d T
C ⌦da(C�5)Q

2 b
C +Q

2 d T⌦da(C�
5)Q1 b

⌘
⌦bc 

k ca
↵ .

(4.2)

To compute the baryon two-point correlation function and extract the mass, analogous

to what we have done for the computation of the 2-point correlator for mesons, it might

be sufficient to have a part of the operator in Eq. 4.2, where we choose the second term of

OCB,4,

O
k
CB,↵(x) = �iQ2 a

C Q
1 b⌦bc 

k ca
↵

= iQ
2 d T (C�

5)⌦daQ
1b⌦bc 

k ca
↵

= �i(C�
5)��⌦ac⌦bdQ

2a
� (x)Q1b

� (x) k cd
↵ (x), (4.3)

and its Dirac conjugate is

Ok
CB,↵ = �i ca

↵⌦
cb⌦ad

Q2 d(C�
5)Q1 b

T
. (4.4)
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Numerical result: Chimera baryon

○

○

○

○
○

○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○

○

○
○

○
○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

○

○

○
○

○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○ ○

� �� �� �����

���

���

���

���

���

���

○
○
○

• (J, I) = (1/2, 5) chimera baryon (top partner) is not the lightest state, but still 
stable since                                  .                               

14

FIG. 10: List of chimera baryon in SU(4) gauge theory. The numerical results are taken from Ref. [9].

FIG. 11: E↵ective mass for the chimera baryons in di↵erent channels. We have used a fully dynamical ensemble with the
lattice parameters of � = 6.5, am(as)

0 = �1.01, am(f)
0 = �0.71. The masses of the valence fermions are am(as) v

0 = �0.8

and am(f) v
0 = �0.75 (left panel), and am(as) v

0 = �1.1 and am(f) v
0 = �0.5 (right panel). The numerical values are found in

Table VI.

The results are shown in Fig. 11, where the resulting values are summarised in Table VI. In the former case, we
find that the two spin-half baryons are nearly degenerate, while the spin-3/2 is heavier. On the other hand, in the
latter case the spin-half baryon in 5 irrep. is heavier than the other spin-half in 10 irrep., but slightly lighter than
the spin-3/2. Therefore, the mass hierarchy we saw so far was real physics, and to make the spin-half baryon in
5 irrep. the lightest one we need somewhat large mass hierarchy in the femrions masses between the two di↵erent

representations, i.e. m(as)
PS /m

(f)
PS & 4.

m⇤ �m⌃ ⌧ m
(f)
PS (63)

16

TABLE V: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at the fixed value of � = 6.45.
The masses are in lattice units.

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 0.6743(36) 0.8747(35) 1.0369(32) 1.2170(29)
⌃ 1/2 (10) 0.6547(42) 0.8582(31) 1.0184(32) 1.1994(29)
⌃⇤ 3/2 (10) 0.6837(45) 0.8914(37) 1.0492(36) 1.2307(35)

m(as)
PS /m(f)

PS ⇠ 1.39 ⇠ 1.14 ⇠ 1.03 ⇠ 0.96

m(f)
PS /m

(f)
V 0.9053(48) 0.9406(15) 0.9590(9) 0.9632(8)

m(as)
PS /m(as)

V 0.9101(31) 0.9057(29) 0.9115(20) 0.9109(19)

m(f)
PS 0.3423(19) 0.4899(15) 0.6123(11) 0.7323(9)

m(as)
PS 0.4768(15) 0.5588(16) 0.6307(13) 0.7047(12)

f (f)
PS 0.0356(6) 0.0468(6) 0.0547(7) 0.0658(7)

f (as)
PS 0.0674(11) 0.0819(13) 0.0922(14) 0.1100(15)

TABLE VI: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at fixed � = 6.45. The

masses are in units of f (f)
PS .

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 18.97(32) 18.68(21) 18.97(22) 18.48(18)
⌃ 1/2 (10) 18.41(31) 18.33(20) 18.64(21) 18.22(18)
⌃⇤ 3/2 (10) 19.23(33) 19.03(21) 19.20(23) 18.69(18)

m(f)
PS 9.93(15) 10.46(11) 11.20(13) 11.12(11)

m(as)
PS 13.41(23) 11.93(13) 11.54(14) 10.70(11)

m(f)
V 10.63(18) 11.12(12) 11.66(13) 11.55(12)

m(as)
V 14.74(26) 13.18(16) 12.64(15) 11.75(12)

m
(as)
PS /m

(f)
PS ⇠ 1.67 (67)

am
(as)
ps = 1.0512(8), am

(f)
ps = 0.2444(12) (68)

am
(as)
ps = 0.6021(9), am

(f)
ps = 0.3598(10) (69)
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TABLE II: Chimera baryons in di↵erent channels. The masses are in lattice units.

Name (borrowed from QCD) J irrep. in fund. reps. (left panel in Fig. 11) (right panel in Fig. 11)
⇤ 1/2 5 0.9117(40) 1.0719(26)
⌃ 1/2 10 0.9174(37) 1.0559(30)
⌃⇤ 3/2 10 0.9335(47) 1.0806(27)

m(as)
PS /m(f)

PS ⇠ 4.35 ⇠ 0.40

m(f)
PS 0.2417(16) 0.8042(10)

m(as)
PS 1.0503(9) 0.3254(15)

TABLE III: Chimera baryons in di↵erent channels in a partially quenched setup with (am(f), v
0 , am(as), v

0 ). The masses are
in lattice units. We have done the measurements on a fully dynamical ensemble with the lattice parameters of � = 6.5,
am(as)

0 = �1.01, am(f)
0 = �0.71.

Name J (irrep.) (-0.75,-0.8) (-0.75,-1.01) (-0.5,-1.1) (-0.4,-1.12)
⇤ 1/2 (5) 0.9111(42) 0.685(6) 1.0708(27) 1.2070(30)
⌃ 1/2 (10) 0.9173(35) 0.6715(49) 1.0568(25) 1.1953(29)
⌃⇤ 3/2 (10) 0.9335(46) 0.7119(48) 1.0796(32) 1.2135(33)

m(as)
PS /m(f)

PS ⇠ 4.30 ⇠ 2.32 ⇠ 0.41 ⇠ 0.25

m(f)
PS /m

(f)
V 0.7938(54) 0.791(5) 0.9844(7) 0.99214(29)

m(as)
PS /m(as)

V 0.97974(36) 0.9283(14) 0.784(5) 0.707(10)

m(f)
PS 0.2444(12) 0.2586(15) 0.8045(10) 0.9750(9)

m(as)
PS 1.0512(8) 0.6010(11) 0.3270(13) 0.2426(10)

f (f)
PS 0.03157(50) 0.0329(6) 0.0538(6) 0.0557(7)

f (as)
PS 0.1083(12) 0.0822(10) 0.0596(10) 0.0502(6)

m
(as)
PS

m
(f)
PS

⇠ 4.30 (64)

m
(as)
PS

m
(f)
PS

⇠ 1.67 (65)

m
(as)
PS /m

(f)
PS ⇠ 4.30 (66)

TABLE IV: Chimera baryons in di↵erent channels in a partially quenched setup with (am(f), v
0 , am(as), v

0 ). The masses are

in units of f (f)
PS . We have done the measurements on a fully dynamical ensemble with the lattice parameters of � = 6.5,

am(as)
0 = �1.01, am(f)

0 = �0.71.

Name J (irrep.) (-0.75,-0.8) (-0.75,-1.01) (-0.5,-1.1) (-0.4,-1.12)
⇤ 1/2 (5) 28.86(47) 20.86(39) 19.90(19) 21.67(25)
⌃ 1/2 (10) 29.06(46) 20.44(39) 19.64(19) 21.46(25)
⌃⇤ 3/2 (10) 29.58(50) 21.67(39) 20.06(19) 21.79(25)

m(f)
PS 7.74(12) 7.87(14) 14.95(14) 17.51(19)

m(as)
PS 33.30(52) 18.30(32) 6.08(6) 4.357(54)

m(f)
V 9.75(17) 9.95(17) 15.19(15) 17.65(20)

m(as)
V 33.99(54) 19.71(33) 7.00(12) 6.16(11)
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FIG. 10: List of chimera baryon in SU(4) gauge theory. The numerical results are taken from Ref. [9].

FIG. 11: E↵ective mass for the chimera baryons in di↵erent channels. We have used a fully dynamical ensemble with the
lattice parameters of � = 6.5, am(as)

0 = �1.01, am(f)
0 = �0.71. The masses of the valence fermions are am(as) v

0 = �0.8

and am(f) v
0 = �0.75 (left panel), and am(as) v

0 = �1.1 and am(f) v
0 = �0.5 (right panel). The numerical values are found in

Table VI.

The results are shown in Fig. 11, where the resulting values are summarised in Table VI. In the former case, we
find that the two spin-half baryons are nearly degenerate, while the spin-3/2 is heavier. On the other hand, in the
latter case the spin-half baryon in 5 irrep. is heavier than the other spin-half in 10 irrep., but slightly lighter than
the spin-3/2. Therefore, the mass hierarchy we saw so far was real physics, and to make the spin-half baryon in
5 irrep. the lightest one we need somewhat large mass hierarchy in the femrions masses between the two di↵erent

representations, i.e. m(as)
PS /m

(f)
PS & 4.

m⇤ �m⌃ ⌧ m
(f)
PS (63)

• (J, I) = (1/2, 5) chimera baryon (top partner) becomes the lightest state when  
                 is about 4 times larger than          .
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TABLE V: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at the fixed value of � = 6.45.
The masses are in lattice units.

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 0.6743(36) 0.8747(35) 1.0369(32) 1.2170(29)
⌃ 1/2 (10) 0.6547(42) 0.8582(31) 1.0184(32) 1.1994(29)
⌃⇤ 3/2 (10) 0.6837(45) 0.8914(37) 1.0492(36) 1.2307(35)

m(as)
PS /m(f)

PS ⇠ 1.39 ⇠ 1.14 ⇠ 1.03 ⇠ 0.96

m(f)
PS /m

(f)
V 0.9053(48) 0.9406(15) 0.9590(9) 0.9632(8)

m(as)
PS /m(as)

V 0.9101(31) 0.9057(29) 0.9115(20) 0.9109(19)

m(f)
PS 0.3423(19) 0.4899(15) 0.6123(11) 0.7323(9)

m(as)
PS 0.4768(15) 0.5588(16) 0.6307(13) 0.7047(12)

f (f)
PS 0.0356(6) 0.0468(6) 0.0547(7) 0.0658(7)

f (as)
PS 0.0674(11) 0.0819(13) 0.0922(14) 0.1100(15)

TABLE VI: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at fixed � = 6.45. The

masses are in units of f (f)
PS .

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 18.97(32) 18.68(21) 18.97(22) 18.48(18)
⌃ 1/2 (10) 18.41(31) 18.33(20) 18.64(21) 18.22(18)
⌃⇤ 3/2 (10) 19.23(33) 19.03(21) 19.20(23) 18.69(18)

m(f)
PS 9.93(15) 10.46(11) 11.20(13) 11.12(11)

m(as)
PS 13.41(23) 11.93(13) 11.54(14) 10.70(11)

m(f)
V 10.63(18) 11.12(12) 11.66(13) 11.55(12)

m(as)
V 14.74(26) 13.18(16) 12.64(15) 11.75(12)

m
(as)
PS /m

(f)
PS ⇠ 1.67 (67)

am
(as)
ps = 1.0512(8), am

(f)
ps = 0.2444(12) (68)

am
(as)
ps = 0.6021(9), am

(f)
ps = 0.3598(10) (69)
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TABLE IV: Chimera baryons in di↵erent channels in a partially quenched setup with (am(f), v
0 , am(as), v

0 ). The masses are

in units of f (f)
PS . We have done the measurements on a fully dynamical ensemble with the lattice parameters of � = 6.5,

am(as)
0 = �1.01, am(f)

0 = �0.71.
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m(as)
PS 33.30(52) 18.30(32) 6.08(6) 4.357(54)

m(f)
V 9.75(17) 9.95(17) 15.19(15) 17.65(20)

m(as)
V 33.99(54) 19.71(33) 7.00(12) 6.16(11)
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Fundamental

Antisymmetric

Finally, the Dirac operator for the 2-index antisymmetric representation D
AS

is obtained

by replacing (Uµ)ab by (UAS
µ )(ab)(cd) and Q by  in Eq. (??).

� . 6.7 (3.6)

� . 6.5 (3.7)

�
c
⇠ 6.7 (3.8)

�
c
⇠ 6.5 (3.9)

� = 6.4 (3.10)

� ⇠ 6.4 (3.11)

am
f
0 = �0.6 (3.12)

� = 6.5, am
as
0 = �1.01, am

f
0 = �0.71, T ⇥ L

3 = 48⇥ 243 (3.13)

7 . m
f
PS L (3.14)

11 . m
as
PS L (3.15)

P± =
1

2
(1 + �0) (3.16)

O
±
CB(x) = P±OCB(x) (3.17)

eAS is antisymmetric and ⌦-traceless,

3.2 (Rational) Hybrid Monte Carlo

HMC + RHMC

3.3 Scale setting

Gradient flow method

4 Observables

4.1 Mesons

interpolating operators for spin-0 and spin-1 flavored mesons
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Numerical result: mass spectrum of the model M8

• Premature to discuss any physics, yet : single lattice, large mass, …
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1388 projections. In the top-left and top-right panels, we show
1389 the real and imaginary parts of the correlation function
1390 obtained from the interpolating operator projected onto its
1391 positive parity component. Again, the former shows a clear
1392 signal of exponential decay, while the latter is dominated by
1393 statistical noise, and is consistent with zero. In contrast with
1394 the results without the parity projection, however, we find
1395 that the real part is negative and asymmetric in time, which
1396 is further evidenced by the logarithmic plot in the bottom-
1397 left panel.
1398 This result is consistent with the analytical expression
1399 for the asymptotic behavior in Eq. (70): the forward and
1400 backward propagators at late time result in a single
1401 exponential decay whose decay rates are the masses of
1402 the lightest parity even and odd states, respectively. Also,
1403 when we apply the negative parity projection, which
1404 yields the results denoted by red empty circles in the
1405 bottom-left and bottom-right panels, we find that the
1406 forward and backward propagators exchange their roles,
1407 again as expected. Up to half of the temporal extent,
1408 furthermore, we find that the signal is stable even at later
1409 time for the positive parity case, while we lose it at
1410 relatively earlier time, after a faster decay, in the negative
1411 parity case.
1412 When looking at the effective mass plots, we cannot
1413 identify a clear plateau for the negative parity case. Yet,
1414 the combination of all of these results indicates unambig-
1415 uously that the positive parity state is lighter than the
1416 negative one. We conclude that the ground state found in
1417 the case without parity projection corresponds to the
1418 chimera baryon with positive parity, as we find that the
1419 masses associated with the plateaux in the effective mass
1420 plots in Figs. 18 and 19 agree with each other. For the
1421 purposes of this paper, the discussion of the chimera
1422 baryon stops here, yet we will follow up with more
1423 thorough investigations of the spectrum in forthcoming
1424 publications.

1425 E. Spectrum of composite states

1426 In Fig. 20, we finally present the mass spectrum of
1427 composite states, for an illustrative choice of parameters,
1428 in the fully dynamical Spð4Þ lattice gauge theory with
1429 Nf ¼ 2 fundamental and nf ¼ 3 antisymmetric Dirac
1430 fermions, which improves a similar, preliminary plot, in
1431 Refs. [119,120]. The lattice parameters are the same
1432 adopted earlier on, for the study of finite-volume effects,
1433 restricted to the available largest volume. Following the
1434 discussions in Secs. IV B and IV C, we compute the masses
1435 of flavored spin-0 and spin-1 mesons with fermion con-
1436 stituents in the fundamental and antisymmetric representa-
1437 tion, as well as the mass of the chimera baryon with positive
1438 parity. The numerical values of the results displayed in
1439 Fig. 20 can be found in Appendix C.
1440 We observe that, at least for these choices of parameters,
1441 the overall behavior of the masses of the lightest states

1442sourced by meson operators with different quantum num-
1443bers (PS, V, T, AV, AT) is quite similar, when comparing
1444mesons composed of (f) and ðasÞ fermions. Yet, at least in
1445this region of parameter space, the masses of the latter are
1446much heavier than those in the former. The lightest chimera
1447baryon is not light, yet its mass is slightly smaller than that
1448of the scalar meson composed of constituent fermions in
1449the antisymmetric representation, which is encouraging, in
1450view of future extensions of this study and possible
1451phenomenological applications.

1452VI. DISCUSSION AND OUTLOOK

1453This paper reports on a major step in the development of
1454the extensive program of exploration of the dynamics of
1455Spð2NÞ gauge theories on the lattice [86,88–91,154]. We
1456considered the lattice field theory with gauge group Spð4Þ,
1457with matter field content consisting of two Wilson-Dirac
1458fermions transforming in the fundamental representation,
1459together with three transforming in the 2-index antisym-
1460metric representation. Due to the odd number of fermions,
1461the contribution of matter fields to the nonperturbative
1462dynamics is included by implementing a combination of
1463HMC and RHMC algorithms, both of which are supported
1464by the HiRep code [137], which we adapted to the
1465treatment of Spð2NÞ groups and to the simultaneous
1466handling of fermions in multiple representations. The
1467continuum limit is the minimal theory—amenable to lattice
1468numerical studies [3]—that provides a UV completion for
1469the strongly coupled sector of extensions of the standard
1470model which combine composite Higgs and partial top
1471compositeness.

F20:1FIG. 20. Masses am , in lattice units, of the lightest composite
F20:2states in the Spð4Þ gauge theory coupled to Nf ¼ 2 fundamental
F20:3and nf ¼ 3 antisymmetric fermions. The blue and red colors
F20:4denote the mesons for which the fermion constituents are in the
F20:5fundamental and antisymmetric representations, respectively.
F20:6The magenta color denotes the chimera baryon (CB), for which
F20:7the constituents are two fermions in the fundamental and one
F20:8in the antisymmetric representation. The lattice parameters used
F20:9are β ¼ 6.5, am as

0 ¼ −1.01, am f
0 ¼ −0.71, while the lattice

F20:10volume is Nt × N3
s ¼ 54 × 283.
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Concluding remarks

• Theoretical point of view: new insights of composite dynamics, such as large 
N universalities in Yang-Mills and (near-)conformal phase in theories with large 
numbers of fermion.

• Phenomenological point of view: Due to a nonperturbative nature of novel 
strong dynamics in search for physics beyond SM, numerical lattice calculations 
can play a crucial role by providing various phenomenological inputs, such as 
mass, form factor, low-energy constants, etc.

Sp(2N) gauge theories 
with/without fermions 
on the lattice
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On going work 

Sp(4) gauge theory with nf=3 (dynamical) anti-sym. Dirac fermions

Meson spectra of Sp(4)with Nf=2 fund. & 
nf=3 anti-sym.  dynamical Dirac fermions

Spectrum of chimera baryon (top partner)

If it is (nearly) conformal, how large is the 
anomalous dimension?

Model M8 is broken or (nearly) conformal?

IR Conformal

Broken

Future work (long term)

Phase structure of Sp(2N) gauge theories at 
finite temperature and/or density
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3.1 Lattice action

gauge sector: plaquette action

fermion sector: Wilson-Dirac formulation for fermions in two distinct representations
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3.2 (Rational) Hybrid Monte Carlo

HMC + RHMC

3.3 Scale setting

Gradient flow method

4 Observables

4.1 Mesons

interpolating operators for spin-0 and spin-1 flavored mesons

4.2 Chimera baryons

We consider the interpolating field for a generic Chimera baryon of the form

O
↵
CB = D

↵���⌦ac⌦bdQ
i a
� Q

j b
�  

k cd
� , (4.1)

where a, b, c, d are colour indexes and i, j, k are flavor indexes. The tensor D is some

combination of gamma matrices which projects onto the desired spin state with ↵, �, �, �

the spinor indexes.

Analogous to a ⇤ baryon-type operator in QCD, we consider the operator which would

interpolate the Chimera baryon having the same quantum number of top-partner. We

particularly use OCB 4 in Eq. 2.11

� i(Q1 aQ
2 b
C +Q2 a

C Q
1 b)⌦bc 

k ca
↵ = i

⇣
Q

1 d T
C ⌦da(C�5)Q

2 b
C +Q

2 d T⌦da(C�
5)Q1 b

⌘
⌦bc 

k ca
↵ .

(4.2)
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µ (x) 2 Sp(4) (3.2)

In order to construct the Dirac operator D
AS

for fermion fields  ab
in the 2-index

antisymmetric representation, we follow the prescription in [12]. For Sp(2N), we define

an orthonormal basis e
(ab)
AS (with the multi-index (ab) running over ordered pairs with 1 

a < b  2N) for the appropriate vector space of 2N ⇥ 2N antisymmetric matrices. The

N(2N � 1)� 1 such matrices have the following non-vanishing entries. For b = N + a and

2  a  N

(e(ab)AS )c,N+c ⌘ �(e(ab)AS )N+c,c ⌘

8
<

:

1p
2 a (a�1)

, for c < a,

�(a�1)
p

2 a (a�1)
, for c = a,

(3.3)

and for b 6= N + a

(e(ab)AS )cd ⌘
1
p
2
(�ac�bd � �bc�ad) . (3.4)

The main difference compared to the case of SU(N) is that the base eAS is ⌦-traceless,

satisfying ⌦dc
⇣
e
(ab)
AS

⌘

cd
= 0. In the Sp(4) case, one can verify that the resulting 5 non-

vanishing matrices satisfy the orthonormalisation condition Tr e(ab)AS e
(cd)
AS = ��

(ab)(cd)
, while

the matrix e
(13)
AS vanishes identically. The explicit form of the antisymmetric link variables

U
AS
µ (x) descends from the fundamental link variables Uµ(x), as

�
U

AS
µ

�
(ab)(cd)

(x) ⌘ Tr
h
(e(ab)AS )†Uµ(x)e

(cd)
AS U

T
µ (x)

i
, with a < b, c < d. (3.5)

Finally, the Dirac operator for the 2-index antisymmetric representation D
AS

is obtained

by replacing (Uµ)ab by (UAS
µ )(ab)(cd) and Q by  in Eq. (??).
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where and

fundamental (F) antisymmetric (AS)

• Lattice formulation with the standard Wilson gauge & fermion actions

Lattice Sp(2N) gauge theories

J
H
E
P
0
3
(
2
0
1
8
)
1
8
5

3.1 Lattice action

For the numerical study of Sp(2N) gauge theory on the lattice, we consider the standard

plaquette action

Sg[U ] = β
∑

x

∑

µ<ν

(
1− 1

2N
Re Tr Pµν(x)

)
, (3.1)

where β = 4N/g2 is the lattice bare gauge coupling, and N = 2 in the Sp(4) case of this

paper. The plaquette Pµν is given by

Pµν(x) = Uµ(x)Uν(x+ µ̂)U †
µ(x+ ν̂)U †

ν (x) , (3.2)

where the link variables Uµ(x) are Sp(4) group elements in the fundamental representation,

while µ̂ and ν̂ are unit vectors along the µ and ν directions.

In the dynamical simulations with two Dirac fermions in the fundamental representa-

tion, we use the (unimproved) Wilson action

Sf [U, ψ̄,ψ] = a4
∑

x

ψ̄(x)Dmψ(x) , (3.3)

where the massive Wilson-Dirac operator is given by

Dmψ(x) ≡ (D +m0)ψ(x)

= (4/a+m0)ψ(x)−
1

2a

∑

µ

{
(1− γµ)Uµ(x)ψ(x+ µ̂)+ (3.4)

+(1 + γµ)Uµ(x− µ̂)ψ(x− µ̂)
}
,

where a is the lattice spacing and m0 is the bare fermion mass.

3.2 Heat bath

As a powerful way to perform calculations in the pure Sp(4) gauge theory, we implemented

a heat bath (HB) algorithm with micro-canonical over-relaxation updates, to improve the

decorrelation of successive configurations. As in the case of SU(N) [58], the algorithm acts

in turn on SU(2) subgroups, the choice of which can be shown to strongly relate to the

ergodicity of the update pattern.

A sufficient condition to ensure ergodicity is to update the minimal set of SU(2) sub-

groups to cover the whole Sp(2N) group. This condition can be suitably translated to

the algebra of the group and generalised to any Sp(2N). In the Sp(4) case, of relevance

to this paper, we choose to update a redundant set of subgroups, in order to improve the

decorrelation of configurations. We provide below a possible partition of the generators

used to cover all of the Sp(4) gauge group, written with the notation of [34].

• SU(2)L subgroup, with generators T i
L in eq. (B.6) of [34].

• SU(2)R subgroup, with generators T i
R in eq. (B.7) of [34].
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where and

fundamental (F) antisymmetric (AS)

• Lattice formulation with the standard Wilson gauge & fermion actions

Lattice Sp(2N) gauge theories
J
H
E
P
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1
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3.1 Lattice action

For the numerical study of Sp(2N) gauge theory on the lattice, we consider the standard

plaquette action

Sg[U ] = β
∑

x

∑

µ<ν

(
1− 1

2N
Re Tr Pµν(x)

)
, (3.1)

where β = 4N/g2 is the lattice bare gauge coupling, and N = 2 in the Sp(4) case of this

paper. The plaquette Pµν is given by

Pµν(x) = Uµ(x)Uν(x+ µ̂)U †
µ(x+ ν̂)U †

ν (x) , (3.2)

where the link variables Uµ(x) are Sp(4) group elements in the fundamental representation,

while µ̂ and ν̂ are unit vectors along the µ and ν directions.

In the dynamical simulations with two Dirac fermions in the fundamental representa-

tion, we use the (unimproved) Wilson action

Sf [U, ψ̄,ψ] = a4
∑

x

ψ̄(x)Dmψ(x) , (3.3)

where the massive Wilson-Dirac operator is given by

Dmψ(x) ≡ (D +m0)ψ(x)

= (4/a+m0)ψ(x)−
1

2a

∑

µ

{
(1− γµ)Uµ(x)ψ(x+ µ̂)+ (3.4)

+(1 + γµ)Uµ(x− µ̂)ψ(x− µ̂)
}
,

where a is the lattice spacing and m0 is the bare fermion mass.

3.2 Heat bath

As a powerful way to perform calculations in the pure Sp(4) gauge theory, we implemented

a heat bath (HB) algorithm with micro-canonical over-relaxation updates, to improve the

decorrelation of successive configurations. As in the case of SU(N) [58], the algorithm acts

in turn on SU(2) subgroups, the choice of which can be shown to strongly relate to the

ergodicity of the update pattern.

A sufficient condition to ensure ergodicity is to update the minimal set of SU(2) sub-

groups to cover the whole Sp(2N) group. This condition can be suitably translated to

the algebra of the group and generalised to any Sp(2N). In the Sp(4) case, of relevance

to this paper, we choose to update a redundant set of subgroups, in order to improve the

decorrelation of configurations. We provide below a possible partition of the generators

used to cover all of the Sp(4) gauge group, written with the notation of [34].

• SU(2)L subgroup, with generators T i
L in eq. (B.6) of [34].

• SU(2)R subgroup, with generators T i
R in eq. (B.7) of [34].

– 15 –

3 17. Lattice Quantum Chromodynamics

Figure 17.1: Sketch of a two-dimensional slice through the µ ≠ ‹ plane of a lattice, showing gluon
fields lying on links and forming either the plaquette product appearing in the gauge action or a
component of the covariant derivative connecting quark and antiquark fields.

product of gauge links around elementary plaquettes:

Sg = —
ÿ

x,µ,‹

[1 ≠
1
3ReTr[Uµ(x)U‹(x+aµ̂)U †

µ(x+a‹̂)U †
‹ (x)]] . (17.1)

This is illustrated in Fig. 17.1. For small a, assuming that the fields are slowly varying, one
can expand the action in powers of a using Uµ(x) = exp(iaAµ(x)). Keeping only the leading
non-vanishing term, and replacing the sum with an integral, one finds the continuum form,

Sg ≠æ

⁄
d4x

1
4g2

lat
Tr[F 2

µ‹(x)] , (Fµ‹ = ˆµA‹ ≠ ˆ‹Aµ + i[Aµ, A‹ ]) (17.2)

as long as one chooses — = 6/g2
lat for the lattice coupling. In this expression, glat is the bare

coupling constant in the lattice scheme, which can be related (by combining continuum and lattice
perturbation theory) to a more conventional coupling constant such as that in the MS scheme (see
Sec. 17.3.4 below).

In practice, the lattice spacing a is non-zero, leading to discretization errors. In particular, the
lattice breaks Euclidean rotational invariance (which is the Euclidean version of Lorentz invariance)
down to a discrete hypercubic subgroup. One wants to reduce discretization errors as much as pos-
sible. A very useful tool for understanding and then reducing discretization errors is the Symanzik
e�ective action: the interactions of quarks and gluons with momenta low compared to the lattice
cuto� (|p| π 1/a) are described by a continuum action consisting of the standard continuum terms
(e.g. the gauge action given in Eq. (17.2)) augmented by higher dimensional operators suppressed
by powers of a [5]. For the Wilson lattice gauge action, the leading corrections come in at O(a2).
They take the form

q
j

a2cjO(j)
6 , with the sum running over all dimension-six operators O(j)

6 allowed
by the lattice symmetries, and cj unknown coe�cients. Some of these operators violate Euclidean
rotational invariance, and all of them lead to discretization errors of the form a2»2, where » is a
typical momentum scale for the quantity being calculated. These errors can, however, be reduced
by adding corresponding operators to the lattice action and tuning their coe�cients to eliminate
the dimension-six operators in the e�ective action to a given order in perturbation theory or even
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Continuum

where the lattice coupling is given by � = 8/g
2. The pineering lattice studies of Sp(2N)

Yang-Mills showed that a bulk phase transition is absent in the Sp(4) theory, implying that
one can in principle take the continuum limit by choosing any values of � [75].

We define the fermion sector by using the (unimproved) Wilson action for two mass-
degenerate Dirac fermions in the fundamental representation

Sf = a
3
X

x

 ̄(x) (4 + am0) (x)

�
1

2
a
3
X

x,µ

 ̄(x)
⇣
(1 � �µ)Uµ(x) (x + µ̂) + (1 + �µ)U †

µ(x � µ̂) (x � µ̂)
⌘

, (2.4)

where a is the lattice spacing and am0 is the bare mass in lattice units. In the case of
dynamical simulations with two Wilson-Dirac fermions, in contrast to the pure Sp(4) case,
we found a first-order bulk phase transition from our preliminary study on the mass scan of
average plaquette values hP i = 1

4

P
x

P
µ<⌫

trPµ⌫(x) [55]. By investigating the hysterises
in the trajectories of hP i started from cold (unit) and hot (random) configurations at
small lattice volume and the volume dependence of the plaquette susceptibilities, we have
determined the lower bound of the weak coupling regime, � & 6.8, where the continuum
extrapolation can be carried out safely. In this weak coupling regime the Wilson fermion
mass can be lowered smoothly before we touch the possible unphysical Aoki phase near the
massless limit [76]. For all ensembles considered in this work no sign of the Aoki phase has
been seen as we are presumably far from the massless limit.

2.2 Numerical setup

Using the lattice action in Eq. 2.1 we simulate the Sp(4) theory with two Dirac fermions in
the fundamental representation, where gauge configurations are generated by the standard
hybrid Monte Carlo (HMC) algorithm. In Ref. [55] we extensively discussed the numerical
techniques, such as the resymplecticization, necessary to simulate our mode by modifying
the Hirep code [77]. Since then, we have further improved the code in which we could
simulate an arbitrary number of N � 2 and reduce the size of a gauge configuration by
factor of two, where the details are presented in Appendix A.1.

The ensembles for dynamical simulations are summarized in Table 1. In the table we
present the values of lattice coupling � and bare fermion mass am0: the former are chosen
to be in the weak coupling regime ranged over 6.9 � 7.5, while the latter are chosen to be
light enough for which the low-energy effective theories are applicable. We consider the four
dimensional Euclidean lattice Nt⇥N

3
s with periodic boundary conditions in all directions for

gauge field, where Nt and Ns are the extents of temporal and spatial lattices, respectively.
The physical volume V = T ⇥ L

3 is restored by taking T = Nta and L = Nsa. For the
Dirac field, on the other hand, we implement periodic and anti-periodic boundary conditions
for spatial and temporal directions, respectively. All lattice volumes satisfy the condition
mPSL & 7.5, where amPS denotes the mass of pseudoscalar meson in lattice units extracted
from the two-point correlation functions as will be discussed in Section 4. This guarantees
that the volumes are large enough that the finite-size effects are under control, where a
related discussion is given in the follwing section. In the table we also present the results
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Nf=2 F Sp(4) :

nf=3 AS Sp(4) :

• Sp(4) theory with fermions: Weak and strong coupling 
regimes are separated by 1st order phase transition.

Nf=2 & nf=3 AS Sp(4) :

Nt ⇥ N
3
s amPCAC amPS afPS mPS L fPSL m

inf
PS L

54 ⇥ 83 0.05462(33) 0.2312(30) 0.1105(22) 1.850(24) 0.884(18) 3.221(7)
54 ⇥ 123 0.05766(25) 0.3098(37) 0.0608(18) 3.717(44) 0.729(22) 4.832(10)
54 ⇥ 163 0.05863(13) 0.3717(26) 0.0557(12) 5.948(41) 0.891(19) 6.443(13)
54 ⇥ 183 0.05935(13) 0.3996(15) 0.0619(7) 7.192(28) 1.115(13) 7.262(15)
54 ⇥ 203 0.05979(12) 0.4040(12) 0.0636(7) 8.081(24) 1.271(14) 8.054(16)
54 ⇥ 243 0.05960(8) 0.4027(8) 0.06340(51) 9.664(20) 1.521(12) 9.664(20)

Table 6: Numerical results for the masses and decay constants of pseudoscalar meson
used to estimate the finite volume effects. We also present the fermion mass obtained
via the partially conserved axial current. The bare parameters used for the generation of
configuration are � = 6.8 and am0 = �1.03. The pseudoscalar mass at the infinite volume
m

inf
PS is estimated by taking the one measured at the largest volume of 54 ⇥ 243.

In the other two cases, the coefficients are

aM = �
1

Nf
, for SU(Nf ) ⇥ SU(Nf ) ! SU(Nf ),

aM = �
1

2
�

1

Nf
, for SU(2Nf ) ! Sp(2Nf ). (A.6)

By comparing those coefficients, we immediately notice that Eq. (A.5) has different sign
with Eq. (A.6) if Nf is greater than or equal to unity. As we already saw in Ref. [4], the
finite volume correction enhances the masses of pseudoscalar and vetor mesons in the case
of Sp(4) with fundamental flavors. Therefore, the results shown in Fig. 4 are consistent
with the �PT prediction in which now the finite volume correction lower the masses.

A.2 Tables of numerical data

B Tables of mesonic observables

⇤con (B.1)

if G ⌘ SU(Nc), Nc > 2 (B.2)

if G ⌘ Sp(2N) (B.3)

� & 6.3 (B.4)
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Determination of the lattice parameters

normally considers for dynamical lattice calculations.
We can hence conclude that the HiRep code correctly
implements also Dirac fermions transforming in the fun-
damental and antisymmetric representations of the Spð4Þ
gauge group.

C. Finite volume effects

In this section, we show the results of our numerical
investigations of finite-volume effects in our measure-
ments. Following lattice QCD lore, we start by studying
the volume dependence of the mass of pseudoscalar
mesons, the lightest states in the spectrum of composite
objects. In the upper and lower panels of Fig. 16 we
show our results for the masses (in lattice units) of
pseudoscalar mesons with (f) and ðasÞ fermion
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FIG. 15. Histograms of the unfolded density of spacing between
subsequent Dirac eigenvalues for the Spð4Þ gauge theory in the
quenched approximation, with coupling β ¼ 8.0 and with (f)
fermions with mass amf

0 ¼ −0.2, on lattices of size 44 (top panel)
and34 (bottompanel). Thecalculated eigenvaluesl are the sameused
in Figs. 12 and 14 with the notable exception that a few hundred
spacings at the smallest and largest eigenvalues have been discarded.

FIG. 16. Masses (in lattice units) of pseudoscalar mesons
composed of constituent fermions transforming in the funda-
mental (top panel) and antisymmetric (bottom panel) representa-
tions, as a function of the combination mf;inf

PS L. We denote by
mf;inf

PS a the mass of the pseudoscalar extracted from the largest
available lattice, with lattice of volume 54 × 283. The lattice
parameters β ¼ 6.5, amf

0 ¼ −0.71, amas
0 ¼ −1.01 are held fixed,

and repeat the measurement of the mass of the pseudoscalar while
we vary the size of the lattice. The smaller inset plots display a
detail of the enclosing figures, with the range on the vertical axis
restricted to highlight the plateaux in the rightmost points.
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FIG. 14. Histogram of the distribution of unfolded density of the
spacing between subsequent Dirac eigenvalues for fermions trans-
forming in the fundamental representation ofSpð4Þ, in the quenched
approximation, with β ¼ 8.0, mass of the (f) fermion amf

0 ¼ −0.2,
and on a lattice with size 34. The number of configurations is 196,
while the number of eigenvalues in each configuration is 1296.
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TABLE V: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at the fixed value of � = 6.45.
The masses are in lattice units.

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 0.6743(36) 0.8747(35) 1.0369(32) 1.2170(29)
⌃ 1/2 (10) 0.6547(42) 0.8582(31) 1.0184(32) 1.1994(29)
⌃⇤ 3/2 (10) 0.6837(45) 0.8914(37) 1.0492(36) 1.2307(35)

m(as)
PS /m(f)

PS ⇠ 1.39 ⇠ 1.14 ⇠ 1.03 ⇠ 0.96

m(f)
PS /m

(f)
V 0.9053(48) 0.9406(15) 0.9590(9) 0.9632(8)

m(as)
PS /m(as)

V 0.9101(31) 0.9057(29) 0.9115(20) 0.9109(19)

m(f)
PS 0.3423(19) 0.4899(15) 0.6123(11) 0.7323(9)

m(as)
PS 0.4768(15) 0.5588(16) 0.6307(13) 0.7047(12)

f (f)
PS 0.0356(6) 0.0468(6) 0.0547(7) 0.0658(7)

f (as)
PS 0.0674(11) 0.0819(13) 0.0922(14) 0.1100(15)

TABLE VI: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at fixed � = 6.45. The

masses are in units of f (f)
PS .

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 18.97(32) 18.68(21) 18.97(22) 18.48(18)
⌃ 1/2 (10) 18.41(31) 18.33(20) 18.64(21) 18.22(18)
⌃⇤ 3/2 (10) 19.23(33) 19.03(21) 19.20(23) 18.69(18)

m(f)
PS 9.93(15) 10.46(11) 11.20(13) 11.12(11)

m(as)
PS 13.41(23) 11.93(13) 11.54(14) 10.70(11)

m(f)
V 10.63(18) 11.12(12) 11.66(13) 11.55(12)

m(as)
V 14.74(26) 13.18(16) 12.64(15) 11.75(12)

m
(as)
PS /m

(f)
PS ⇠ 1.67 (67)

am
(as)
ps = 1.0512(8), am

(f)
ps = 0.2444(12) (68)

am
(as)
ps = 0.6021(9), am

(f)
ps = 0.3598(10) (69)

(J, I) (70)

⌃⇤ (
3

2
, 10) ⌃ (

1

2
, 10) (71)

� & 6.5 (72)

E. Bennett et al (2022), 
arXiv:2202.05516
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where the Wilson loop W (∆x,∆t) is defined as

W (∆x,∆t) = Tr
(
Peig

∮
R Aµdxµ

)
. (5.6)

The contour integral of the gauge field Aµ extends over a rectangular path R of sides ∆x

along one spatial direction and ∆t in the temporal direction. In eq. (5.6), g is the coupling,

Tr indicates the trace and the exponential is path-ordered along R. The potential is then

obtained as

V (∆x) = − 1

∆t
ln⟨W (∆x,∆t) ⟩ . (5.7)

At finite temperature, the temporal direction of size τ is compactified on a circle, and

the resulting thermal field theory has temperature T = 1/τ . The order parameter for

confinement can be identified with the expectation value of the Polyakov loops :

Φ(x⃗) ≡ Tr
(
Peig

∮
C A0(t,x⃗)dt

)
, (5.8)

with C being the circle (of circumference τ) at fixed spatial point x⃗.9 The expectation

value of this quantity vanishes in the confined phase. This observable has the advantage

that it makes transparent the fact that the transition is associated with the breaking of

the centre symmetry of the gauge group. In this respect, the Sp(2N) theories play a useful

complementary rôle with respect to SU(N), the centre of the former being Z2 for every N ,

as opposed to the ZN centre of the latter. In this set-up, the propagation of a pair of static

conjugated quarks is represented by two oppositely-oriented Polyakov loops and their cor-

relator ⟨Φ†(⃗0)Φ(x⃗)⟩ probes strings attached to two static lines at 0⃗ and x⃗. In the language

of string theory, the confining string stretching between static sources is an open string.

Yet, in Euclidean space we can reinterpret the zero-th direction as a compact spatial

dimension and (for instance) the third direction as Euclidean time. From this point of

view, the string is not attached to any static source but closes upon itself. For this reason,

it can be also interpreted as a closed string. Choosing x⃗ = (0, 0, z) and inserting a complete

set of eigenstates |ln⟩ of the transfer matrix (the time-translation operator) in the third

direction yields

⟨Φ†(⃗0)Φ(x⃗)⟩ =
∑

n

clne
−Enz , cln = |⟨0|Φ†(⃗0)|ln⟩|2, (5.9)

with cln the overlap between the state Φ(⃗0)|0⟩ and the n-th eigenstate of the Hamiltonian

along z and En the corresponding energy eigenvalue. In this case the Polyakov loop corre-

lator probes (closed) string states wrapping along the compact direction, created at 0⃗ and

annihilated at x⃗.

The fact that the same correlator can be interpreted in terms of either propagating

closed or open strings expresses the open-closed string duality, a key observation that has

9To avoid confusion with the average over spatial directions Φ in eq. (3.8), when referring to Polyakov

loops we explicitly indicate the x⃗-dependence, being it understood that the average over the other space-like

coordinates is taken. For example, we will later indicate as Φ(z) the average of Φ(x⃗) over two space-like

directions x and y.
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profound physical implications. Among them, the most direct and practically relevant for

our study is the fact that the string tension can be extracted in the closed string channel

from correlators of Polyakov loops. This is related to the fact that the topology of the

world-sheet swept by the string is cylindrical.10

If we instead consider the operator obtained by averaging Φ(x⃗) along two dimensions

Φ(z) =
1

N2
s

∑

(x,y)

φ(x, y, z) , (5.10)

where the sum runs over the two spatial coordinates in the directions orthogonal to z, for

the correlator we obtain

⟨Φ†(0)Φ(z)⟩ =
∑

n

clne
−ml

nz , (5.11)

and open-closed string duality implies that

σ = lim
τ→∞

ml
0

τ
. (5.12)

The state corresponding to ml
0 (where the subscript l stands for loop) can be interpreted

as the ground state mass of a torelon, a stringy (flux tube) state that wraps around the

compact direction. In general, torelon states can be labelled by their length τ , the absolute

value of their angular and longitudinal momenta J and q, their (transverse) parity Pt in a

plane transverse to their symmetry axis, and their longitudinal parity Pt along the wrapping

direction. As for glueballs, the gauge group being pseudo-real, charge conjugation is always

positive, and furthermore we are interested only in torelons with both transverse momenta

equal to zero and both positive parities.

The quantum fluctuations around the classical world-sheet solution corresponding to

the area law in eq. (5.5) generate a spectrum of modes for the flux tube that can be

computed using an effective string theory description. The relevant degrees of freedom are

identified as the D−2 Goldstone bosons living in the 2-dimensional world-sheet of the flux

tube that breaks the D-dimensional Poincaré group ISO(D) according to:

ISO(D) −→ ISO(2)× SO(D − 2) . (5.13)

If the theory has a mass gap, as is the case for Yang-Mills theory, and no other degrees of

freedom are present on the world-sheet, the most general effective action Seff[X] describing

the dynamics can be expressed as an expansion in derivatives of Xµ = {ξa, X i} with respect

to the world-sheet parameters (ξ0, ξ1),

Seff[X] =

∫ τ

0
dξ0

∫ l

0
dξ1

[
σ + C0 (∂aX

i)2 + C2 (∂aX
i∂aX

i)2 +

+ C3 (∂aX
i∂bX

j)2 + C4 (∂cX
k)2(∂a∂bX

i∂a∂bXi) + . . .
]

(5.14)

10In the case of zero temperature, where the relevant observable is the Wilson loop, the world-sheet has

a disk topology.
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our study is the fact that the string tension can be extracted in the closed string channel

from correlators of Polyakov loops. This is related to the fact that the topology of the

world-sheet swept by the string is cylindrical.10

If we instead consider the operator obtained by averaging Φ(x⃗) along two dimensions

Φ(z) =
1

N2
s

∑

(x,y)

φ(x, y, z) , (5.10)

where the sum runs over the two spatial coordinates in the directions orthogonal to z, for

the correlator we obtain

⟨Φ†(0)Φ(z)⟩ =
∑

n

clne
−ml

nz , (5.11)

and open-closed string duality implies that

σ = lim
τ→∞

ml
0

τ
. (5.12)

The state corresponding to ml
0 (where the subscript l stands for loop) can be interpreted

as the ground state mass of a torelon, a stringy (flux tube) state that wraps around the

compact direction. In general, torelon states can be labelled by their length τ , the absolute

value of their angular and longitudinal momenta J and q, their (transverse) parity Pt in a

plane transverse to their symmetry axis, and their longitudinal parity Pt along the wrapping

direction. As for glueballs, the gauge group being pseudo-real, charge conjugation is always

positive, and furthermore we are interested only in torelons with both transverse momenta

equal to zero and both positive parities.

The quantum fluctuations around the classical world-sheet solution corresponding to

the area law in eq. (5.5) generate a spectrum of modes for the flux tube that can be

computed using an effective string theory description. The relevant degrees of freedom are

identified as the D−2 Goldstone bosons living in the 2-dimensional world-sheet of the flux

tube that breaks the D-dimensional Poincaré group ISO(D) according to:

ISO(D) −→ ISO(2)× SO(D − 2) . (5.13)

If the theory has a mass gap, as is the case for Yang-Mills theory, and no other degrees of

freedom are present on the world-sheet, the most general effective action Seff[X] describing

the dynamics can be expressed as an expansion in derivatives of Xµ = {ξa, X i} with respect

to the world-sheet parameters (ξ0, ξ1),

Seff[X] =

∫ τ

0
dξ0

∫ l

0
dξ1

[
σ + C0 (∂aX

i)2 + C2 (∂aX
i∂aX

i)2 +

+ C3 (∂aX
i∂bX

j)2 + C4 (∂cX
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i∂a∂bXi) + . . .
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10In the case of zero temperature, where the relevant observable is the Wilson loop, the world-sheet has

a disk topology.
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• Glueballs

Finally, the Dirac operator for the 2-index antisymmetric representation D
AS

is obtained

by replacing (Uµ)ab by (UAS
µ )(ab)(cd) and Q by  in Eq. (??).

� . 6.7 (3.6)

� . 6.5 (3.7)

� . 6.4 (3.8)

�
c
⇠ 6.7 (3.9)

�
c
⇠ 6.5 (3.10)

� = 6.4 (3.11)

� ⇠ 6.4 (3.12)

am
f
0 = �0.6 (3.13)

� = 6.5, am
as
0 = �1.01, am

f
0 = �0.71, T ⇥ L

3 = 48⇥ 243 (3.14)

7 . m
f
PS L (3.15)

11 . m
as
PS L (3.16)

P± =
1

2
(1 ± �0) (3.17)

P+ =
1

2
(1 + �0) (3.18)

O
±
CB(x) = P±OCB(x) (3.19)

eAS is antisymmetric and ⌦-traceless,

✓
1

2

+◆
(3.20)

1 ! i�
5

(3.21)

OC(t, ~x) ⌘ Tr

 
Y

C
UI

!
(3.22)
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extracts glueball masses from the Monte Carlo evaluation of two-point functions of gauge-

invariant operators O(x). The operators O(x) transform according to irreducible represen-

tations of the rotational group and either commute or anti-commute with the parity opera-

tor, hence having well-defined JP . Given O(x) defined at any spacetime point x = (t, x⃗), we

separate the space-like and time-like components x⃗ and t,8 and define the zero-momentum

operator O(t) as

O(t) =
∑

x⃗

O(t, x⃗) , (5.1)

where the sum runs over all spatial points x⃗ at fixed t. The lowest-lying glueball mass in

the JP channel is then given by

mJP = − lim
t→∞

log⟨O†(0)O(t)⟩
t

. (5.2)

Assuming only contributions from poles (an hypothesis that certainly holds at large

N), we can insert a complete set of single-glueball states |gn(J, P )⟩ carrying the same

quantum numbers of O(t) in the correlator ⟨O†(0)O(t)⟩, and arrive to

⟨O†(0)O(t)⟩ =
∑

n

|cJP ,n|2e
−mJP ,nt , (5.3)

with cJP ,n = ⟨gn(J, P )|O(0)|0⟩ being the overlap of the state |gn(J, P )⟩ with the state

O(0)|0⟩, created by acting with O(0) on the vacuum |0⟩. The correlator ⟨O†(0)O(t)⟩ con-
tains information not only on the ground state but also on all excitations with non-null

overlap with O(0)|0⟩ in the given JP channel.

Glueballs are not the only interesting observables in Yang-Mills theory. In the presence

of infinitely massive, static quarks, the spectrum contains also confining flux tubes. While

flux tubes are exposed by the static probes, their physics is fully determined by the Yang-

Mills dynamics and plays a crucial role in the study of confinement. Consider a static

quark QS and the corresponding antiquark Q̄S , a distance ∆x apart. In a confining theory,

the static quark-antiquark pair is bound by a linearly rising potential

V (∆x) = σ∆x , (5.4)

where the quantity σ (having dimension of a mass squared) is the (confining) string tension,

and provides a measurement of the dynamically generated confinement scale. In Yang-Mills

theory there is only one dynamically generated dimensionful quantity, hence the square

root of the string tension also sets the scale of the glueball masses, besides providing a

fundamental test of confinement.

The semiclassical cartoon associated with linear confinement explains the latter as

arising from the formation of a thin (flux) tube in which the conserved colour flux is being

channeled. Over distances much bigger than the transverse size of the confining flux tube,

the latter can be represented by a string of tension σ binding quark and antiquark together.

At zero temperature, a signature of confinement is the area law:

⟨W (∆x,∆t)⟩ ≃ e−σA , (5.5)

8Not to be confused with the flow time in section 4.1.
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fixed time slices of operators of the type given in
Eq. (30),

OCðt; p⃗ ¼ 0⃗Þ ¼
X

x⃗

OCðx⃗; tÞ: ð32Þ

We now briefly describe the irreducible representations of
Oh and their relation with the representations of the Poincaré
group. The Octahedral group is the symmetry group of a
cube. This group has 24 elements divided into 5 conjugacy
classes. Accordingly, it has 5 inequivalent irreducible rep-
resentations, labeled by R ¼ A1; A2; E; T1; T2, of dimen-
sions 1, 1, 2, 3, 3, respectively. The spatial parity P has two
eigenstates, which we label by an additional$ sign, depend-
ing on whether they remain invariant (þ) or are reflected (−)
under a parity transformation. We will label the states of the
lattice theory with R ¼ RP and their mass with m RP .
Asterisks will denote excitations of the ground state: Aþ&

1

will denote the first excited state ofAþ
1 , A

þ&&
1 the second, etc.

The states generated from the vacuum by gauge invariant
operatorsUðCÞwill transform in the same representation as
the paths on which they were defined according to Eq. (28).
In general, single trace operators belong to reducible
representations of the octahedral group. Under the action
of an element r of the group, the operators OC transform in
representation UðrÞ in the following way:

UðrÞOCU−1ðrÞ ¼ OrC; ð33Þ

where the law of transformation of C can be inferred from
its definition in Eq. (29),

C0 ¼ rC ¼ ½rf1; rf2;…; rfL(: ð34Þ

The decomposition of UðrÞ in terms of its irreducible
components can be obtained from the orthonormality
property of characters, supplemented by a choice of
orthonormal bases for each of the irreducible representa-
tions RP of Oh. For this, the projector method borrowed
from Ref. [126] has been used.
In the continuum limit, we expect the Poincaré symmetry

to be recovered. The relationship between the representa-
tions of the octahedral group defined above and those of the
Poincaré group enables us to decompose the former in their
continuous spin components. The representations of the
Poincaré group are labeled by the mass m and the quantum
numbers JPC, where J is associated with irreducible
representations of the rotation group, P with spatial parity,
and C with charge conjugation. Owing to the pseudoreality
of the representations of Spð2NÞ, C is always positive.
Hence, we will drop this quantum number from now on.
If we restrict the elements of the rotation group in a

representation J to the discrete rotations that lie in Oh, we
obtain the subduced representation J↓O. We report in
Table I the subduced representations for the lowest values

of J, adapted from Ref. [124]. In Oh, these representations
are reducible in terms of A1, A2, E, T1, and T2. Thus,
degenerate states with the same spin but different polar-
izations of the continuum spectrum might have a different
mass on the lattice. In the continuum limit, nevertheless, the
restoration of continuum rotational invariance implies that
these states become degenerate. For instance, the E and T2

representations of the octahedral group contain, respec-
tively, two and three of the five polarizations of spin-2
particles. Hence, corresponding states extracted in the E$

and T$
2 channels must become degenerate in the continuum

limit. The degree of degeneracy of these states at finite
lattice spacing will thus provide an important measure of
the effect of lattice artifacts.

D. Extraction of masses

Let us now consider a specific irreducible representation
RP and build a generic linear combination Φ of basis
elements ORP

at time t, which we denote as

ΦðtÞ ¼
X

i

viORP

i ðtÞ: ð35Þ

The two-point correlation function is

hΩjΦ†ð0ÞΦðtÞjΩi ¼
X

ij

v⋆i vjCijðtÞ; ð36Þ

where, in general,

CijðtÞ ¼
X

a

ca⋆i caj e
−m at; ð37Þ

with cai ¼ hajORP

i ð0ÞjΩi. As a result, Eq. (26) can be
rewritten as

am effðtÞ ¼ − log

P
ijv

⋆
i vjCijðtÞP

ijv
⋆
i vjCijðt − aÞ

: ð38Þ

The matrix CijðtÞ is positive definite [see Eq. (37)], and its
eigenvalues are given by λaðtÞ ¼ e−m at. Hence, extracting
the spectrum is equivalent to the diagonalization of CijðtÞ.
Unfortunately, due to statistical fluctuations, eigenvectors

TABLE I. Subduced representations R of the continuum
rotation group and their components labeled with the spin J,
up to J ¼ 4.

J A1 A2 E T1 T2

0 1 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 1
3 0 1 0 1 1
4 1 0 1 1 1
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group. The Octahedral group is the symmetry group of a
cube. This group has 24 elements divided into 5 conjugacy
classes. Accordingly, it has 5 inequivalent irreducible rep-
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property of characters, supplemented by a choice of
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Poincaré group enables us to decompose the former in their
continuous spin components. The representations of the
Poincaré group are labeled by the mass m and the quantum
numbers JPC, where J is associated with irreducible
representations of the rotation group, P with spatial parity,
and C with charge conjugation. Owing to the pseudoreality
of the representations of Spð2NÞ, C is always positive.
Hence, we will drop this quantum number from now on.
If we restrict the elements of the rotation group in a

representation J to the discrete rotations that lie in Oh, we
obtain the subduced representation J↓O. We report in
Table I the subduced representations for the lowest values

of J, adapted from Ref. [124]. In Oh, these representations
are reducible in terms of A1, A2, E, T1, and T2. Thus,
degenerate states with the same spin but different polar-
izations of the continuum spectrum might have a different
mass on the lattice. In the continuum limit, nevertheless, the
restoration of continuum rotational invariance implies that
these states become degenerate. For instance, the E and T2

representations of the octahedral group contain, respec-
tively, two and three of the five polarizations of spin-2
particles. Hence, corresponding states extracted in the E$

and T$
2 channels must become degenerate in the continuum

limit. The degree of degeneracy of these states at finite
lattice spacing will thus provide an important measure of
the effect of lattice artifacts.

D. Extraction of masses

Let us now consider a specific irreducible representation
RP and build a generic linear combination Φ of basis
elements ORP

at time t, which we denote as

ΦðtÞ ¼
X

i

viORP

i ðtÞ: ð35Þ

The two-point correlation function is

hΩjΦ†ð0ÞΦðtÞjΩi ¼
X

ij

v⋆i vjCijðtÞ; ð36Þ

where, in general,

CijðtÞ ¼
X

a

ca⋆i caj e
−m at; ð37Þ

with cai ¼ hajORP

i ð0ÞjΩi. As a result, Eq. (26) can be
rewritten as

am effðtÞ ¼ − log

P
ijv

⋆
i vjCijðtÞP

ijv
⋆
i vjCijðt − aÞ

: ð38Þ

The matrix CijðtÞ is positive definite [see Eq. (37)], and its
eigenvalues are given by λaðtÞ ¼ e−m at. Hence, extracting
the spectrum is equivalent to the diagonalization of CijðtÞ.
Unfortunately, due to statistical fluctuations, eigenvectors

TABLE I. Subduced representations R of the continuum
rotation group and their components labeled with the spin J,
up to J ¼ 4.

J A1 A2 E T1 T2

0 1 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 1
3 0 1 0 1 1
4 1 0 1 1 1
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Observables II: spin-0 & 1 mesons in Sp(4)

Label Interpolating operator Meson JP Sp(4) SO(6)

M OM in QCD
PS Qi�5Qj ⇡ 0� 5(+1) 1

S QiQj a0 0+ 5(+1) 1

V Qi�µQj ⇢ 1� 10 1

T Qi�0�µQj ⇢ 1� 10(+5 + 1) 1

AV Qi�5�µQj a1 1+ 5(+1) 1

AT Qi�5�0�µQj b1 1+ 10(+5 + 1) 1

ps  k�5 m ⇡ 0� 1 200(+1)

s  k m a0 0+ 1 200(+1)

v  k�µ m ⇢ 1� 1 15

t  k�0�µ m ⇢ 1� 1 15(+200 + 1)

av  k�5�µ m a1 1+ 1 200(+1)

at  k�5�0�µ m b1 1+ 1 15(+200 + 1)

Table 3. Interpolating operators OM built of Dirac fermions on the fundamental Qi a and
antisymmetric  k ab. We show explicitly the flavour indices i, j = 1 , 2 and k, m = 1 , 2 , 3, while
colour and spinor indices are implicit and summed over. We also show the JP quantum numbers, the
corresponding QCD mesons sourced by the analogous operator, and the irreducible representation of
the unbroken global Sp(4)⇥SO(6) spanned by the meson (see also [44]). We indicate in parenthesis
other non-trivial representations that are obtained with the same operator structure, but that we
do not study in this paper as they source heavier states. The singlets (1 of both Sp(4) and SO(6))
are ignored, as we choose to analyse only the operators with i 6= j or k 6= m. More details about
the symmetries can be found in Appendix E, and the details of a specific choice of basis for the
global SU(4) are presetned in Appendix F.

4 Of quenched mesons

In this section, we present the main numerical results of our study. We start by defining the
mesonic 2-point correlation functions that are computed numerically, and the observables
we extract from them, namely the meson masses and decay constants. We provide some
technical details about the otherwise standard procedure we follow, in order to clarify how
different representations of the gauge group are implemented. Perturbative renormalisation
of the decay constants is summarised towards the end of Sec. 4.1. We perform continuum
extrapolations with the use of Wilson chiral perturbation theory (W�PT) in Sec. 4.2. We
devote Secs. 4.3 and 4.4 to present the numerical results for the mesons made of fermions
transforming in the fundamental and 2-index antisymmetric representations, respectively,
and conclude with a comparison of the two representations in Sec. 4.5. For practical rea-
sons, in this section we specify our results to the theory with Nf = 2 fermions on the
fundamental representation and nf = 3 on the antisymmetric, though the results of the
quenched calculations apply for generic Nf and nf .
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where the dimesionful LECs are normalized by w0 and part of them absorb the coefficient
2B̂ = 2Bw0 of the LO relation for m̂

2

PS

f̂ = fw0, F̂ = Fw0, ŷ3 =
y3

2B̂w0

, ŷ4 =
y4

2B̂w0

, v̂1 =
v1w0

2B̂
, v̂2 =

v2w0

2B̂
. (5.6)

m̂
2

V =
g
2

V
(bf̂2 + F̂

2)

4(1 + )
+

2v̂1( + 1) � ŷ3(bf̂2 + F̂
2)

4( + 1)2
g
2

Vm̂
2

PS + O(m̂4

⇡), (5.7)

m
2

V =
1

4(1 +  + my3)
g
2

V (bf2 + F
2 + 2mv1) (5.8)

m
2

AV =
1

4(1 �  � my4)
g
2

V (bf2 + F
2 + 2mv1) (5.9)

+
g
2

V

1 �  � my4

�
f
2 + m(v2 � v1)

�
(5.10)

f
2

V =
1

2

�
bf

2 + F
2 + 2mv1

�
(5.11)

f
2

AV =

�
bf

2
� F

2 + 2m(v1 � v2)
�2

2 ((b + 4)f2 + F 2 � 2mv1 + 4mv2)
(5.12)

f
2

PS = F
2 + (b + 2c)f2

� f
2

V � f
2

AV (5.13)

m
2

PSf
2

PS = m(v3 + mv
2

5) (5.14)

m̂
2

PS ⌧ 0.67 (5.15)

SU(2) ⇠ Sp(2) (5.16)

fPS ⇠

p
Nc (5.17)

hSi 6= 0 (5.18)

⇢ (5.19)

SU(4)/Sp(4) ⇥ SU(6)/SO(6) (5.20)

⇠ SO(6)/SO(5) (5.21)

Compared to the original EFT results in terms of mf in [55], the above linearized ansatz
invloves 10 unknow LECs to be determined from 5 measurements. The remaining two LECs
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• Global symmetry breaking: 

• Gauge invariant, flavor non-singlet, i.e.                            
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In this section, we present the main numerical results of our study. We start by defining the
mesonic 2-point correlation functions that are computed numerically, and the observables
we extract from them, namely the meson masses and decay constants. We provide some
technical details about the otherwise standard procedure we follow, in order to clarify how
different representations of the gauge group are implemented. Perturbative renormalisation
of the decay constants is summarised towards the end of Sec. 4.1. We perform continuum
extrapolations with the use of Wilson chiral perturbation theory (W�PT) in Sec. 4.2. We
devote Secs. 4.3 and 4.4 to present the numerical results for the mesons made of fermions
transforming in the fundamental and 2-index antisymmetric representations, respectively,
and conclude with a comparison of the two representations in Sec. 4.5. For practical rea-
sons, in this section we specify our results to the theory with Nf = 2 fermions on the
fundamental representation and nf = 3 on the antisymmetric, though the results of the
quenched calculations apply for generic Nf and nf .
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Observables III: Chimera baryon in Sp(4)

• Recall the global symmetry and its spontaneous breaking

35

Appendix B: A note about massive vectors

A massive vector of mass m in D = 4 space-time dimensions can be described by two equivalent quantum theories,
with di↵erent field content and Lagrangian densities (see for instance the detailed discussions in Refs. [113–116] and
references therein).

• A vector field Aµ couples to a scalar field ⇡, with Lagrangian density

L0 = �1

4
Fµ⌫F

µ⌫ � 1

2

⇣
@µ⇡ + mAµ

⌘⇣
@µ⇡ + mAµ

⌘
, (B1)

where Fµ⌫ = @µA⌫ � @⌫Aµ. L0 is invariant under the gauge transformations

⇡ ! ⇡ + m↵ , Aµ ! Aµ � @µ↵ , (B2)

with ↵ = ↵(x). The gauge choice ↵ = �⇡/m removes ⇡ from the Lagrangian density, which then depends only
on a massive vector field.

• A 2-index antisymmetric form Bµ⌫ is coupled to a vector Aµ (not to be confused with Aµ), and the Lagrangian
density is

L1 = � 1

12
Gµ⌫⇢G

µ⌫⇢ � 1

4
Hµ⌫Hµ⌫ , (B3)

where Fµ⌫ ⌘ @µA⌫ � @⌫Aµ, Hµ⌫ ⌘ Fµ⌫ + m Bµ⌫ and Gµ⌫⇢ ⌘ @µB⌫⇢ + @⇢Bµ⌫ + @⌫B⇢µ. The Lagrangian L1 is
invariant under the gauge transformation

Aµ ! Aµ + m↵µ , Bµ⌫ ! Bµ⌫ � @µ↵⌫ + @⌫↵µ , (B4)

with the vector ↵µ = ↵µ(x). The gauge choice ↵µ = �Aµ/m removes Aµ from the Lagrangian density, which
then depends only on a massive 2-form field.

The Lagrangian L1 can also be rewritten, by defining Kµ⌫ ⌘ 1

2m
✏µ⌫⇢�H⇢�, in the form

L1 =
1

2
@↵Kµ↵@�Kµ

�
+

m2

4
Kµ⌫Kµ⌫ . (B5)

Gauge invariance is not manifest in this form. The Lagrangians L0 and L1 are equivalent at the level of the path
integrals they define [113–116]. Hence, the use of anti-symmetric massive 2-index tensors provides an alternative,
equivalent descriptions of massive vectors.

In physical terms, there is no di↵erence between these two (or rather, three) formulations. Important di↵erences
are introduced by the coupling to matter fields and sources. For example, one can couple fermions to Aµ via the new
term

LA = igQ̄�µAµPLQ , (B6)

with Q a Dirac fermion and g the coupling. For the antisymmetric tensor, one may write

LB = gQ̄�µ⌫Bµ⌫PLQ . (B7)

While LA couples the spin-1 field to the LH component only of Q, in LB the LH and RH projections are coupled to
one another, so that while L0 and L1 in isolation define the same theory, the addition of LA or LB leaves di↵erent
global symmetries and di↵erent coupled theories.

Appendix C: About Lie groups, algebras and SM embedding

Here we summarise some group theory notions relevant for models of composite Higgs and top quark compositeness
based on the SU(4)/Sp(4) ⌦ SU(6)/SO(6) coset [12, 43]. We do not repeat unnecessary details—in particular, our
special choice of SU(4) generators can be found elsewhere [50]—but we explicitly show the embedding of the SM
gauge group (and fields, when useful).

• Then, the top partner can be sourced by the operators (similar to     baryon in QCD)

where            subgroup of            ~               gauge group in SM  &
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The SU(4)/Sp(4) coset governs the Higgs sector of the Standard Model. Given the form of ⌦ in Eq. (5), the
unbroken subgroup SO(4) ⇠ SU(2)L ⇥ SU(2)R is the subset of the unbroken global Sp(4) ⇢ SU(4) that is generated
by the following elements of the associated algebra:

T 1

L
=

1

2

0

B@

0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

1

CA , T 2

L
=

1

2

0

B@

0 0 �i 0
0 0 0 0
i 0 0 0
0 0 0 0

1

CA , T 3

L
=

1

2

0

B@

1 0 0 0
0 0 0 0
0 0 �1 0
0 0 0 0

1

CA , (C1)

T 1

R
=

1

2

0

B@

0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0

1

CA , T 2

R
=

1

2

0

B@

0 0 0 0
0 0 0 �i
0 0 0 0
0 i 0 0

1

CA , T 3

R
=

1

2

0

B@

0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 �1

1

CA . (C2)

The TL generators satisfy the SU(2)L algebra
h
T i

L
, T j

L

i
= i✏ijk T k

L
, and similarly

h
T i

R
, T j

R

i
= i✏ijk T k

R
, while

h
T i

L
, T j

R

i
= 0. In the vacuum aligned with ⌦ in Eq. (5), this is the natural choice of embedding of the SO(4) symme-

tries of the Higgs potential. Following the notation in Refs. [50, 62], the matrix of the 5 pNGB fields parametrising
the SU(4)/Sp(4) coset is

⇡(x) =
1

2
p

2

0

B@

⇡3(x) ⇡1(x) � i⇡2(x) 0 �i⇡4(x) + ⇡5(x)
⇡1(x) + i⇡2(x) �⇡3(x) i⇡4(x) � ⇡5(x) 0

0 �i⇡4(x) � ⇡5(x) ⇡3(x) ⇡1(x) + i⇡2(x)
i⇡4(x) + ⇡5(x) 0 ⇡1(x) � i⇡2(x) �⇡3(x)

1

CA . (C3)

The real fields ⇡1, ⇡2, ⇡4, and ⇡5 combine into the Higgs doublet, while ⇡3 is a SM singlet.
The SU(6)/SO(6) coset is relevant to top compositeness. The choice of nf = 3 Dirac fermions on the 2-index

antisymmetric representation of Sp(4) matches the number of colours in the SU(3)c gauge group of the standard
model. The natural subgroup SU(3)L ⇥ SU(3)R ⇢ SU(6) is generated by

tB
L

=
1

2

✓
�B 03

03 03

◆
, tB

R
=

1

2

✓
03 03

03 ��B⇤

◆
, (C4)

with �B the eight hermitian Gell-Mann matrices, normalised according to the relation Tr �A�B = 2�AB (so that
Tr tA

L
tB
L

= 1

2
�AB).

By defining tB
c

⌘ (tB
L

+ tB
R

), with the choice of ! in Eq. (5), one can verify that !tB
c

+ tBT
c

! = 0, that the structure
constants

⇥
tA
c

, tB
c

⇤
= ifABCtC

c
are those of the su(3)c algebra, and that Tr tA

c
tB
c

= �AB is twice the fundamental. The
latter property is due to the fact that we are writing the SU(3)c generators as 6 ⇥ 6 matrices acting on 2-component
spinors. We hence identify tB

c
as the generators of the SU(3)c gauge symmetry of the Standard Model. An additional,

independent, unbroken generator of SU(6) is given by

X ⌘
✓

13 03

03 �13

◆
, (C5)

which also commutes with the generators of SU(3)c. The generator Y of the hypercharge U(1)Y gauge symmetry of
the Standard Model is a linear combination of X and T 3

R
(see also Ref. [36] and references therein).

1. Weakly coupling the SM gauge group

In this Appendix, we perform a technical exercise. We compute the (divergent) contributions to the e↵ective
potential due to the gauging of the relevant SM subgroups of the global SU(4) ⇥ SU(6) symmetry, and discuss their
e↵ects on the potential of the pNGBs. The purpose of this exercise is to show explicitly how by gauging part of the
global symmetry one breaks it. We also identify the decomposition of the representations according to the unbroken
subgroup.

We adopt the external field method, and borrow the regulated Coleman-Weinberg potential V1 from Ref. [117],
computed by assuming that a hard momentum cut-o↵ ⇤ is applied to the 1-loop integrals. With our conventions we
write

V1 =
⇤2

32⇡2
STr M2 +

1

64⇡2
STr


(M2)2 log

M2

⇤2
+ ci

�
, (C6)
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By defining tB
c

⌘ (tB
L

+ tB
R

), with the choice of ! in Eq. (5), one can verify that !tB
c

+ tBT
c

! = 0, that the structure
constants

⇥
tA
c

, tB
c

⇤
= ifABCtC

c
are those of the su(3)c algebra, and that Tr tA

c
tB
c

= �AB is twice the fundamental. The
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as the generators of the SU(3)c gauge symmetry of the Standard Model. An additional,
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which also commutes with the generators of SU(3)c. The generator Y of the hypercharge U(1)Y gauge symmetry of
the Standard Model is a linear combination of X and T 3

R
(see also Ref. [36] and references therein).

1. Weakly coupling the SM gauge group

In this Appendix, we perform a technical exercise. We compute the (divergent) contributions to the e↵ective
potential due to the gauging of the relevant SM subgroups of the global SU(4) ⇥ SU(6) symmetry, and discuss their
e↵ects on the potential of the pNGBs. The purpose of this exercise is to show explicitly how by gauging part of the
global symmetry one breaks it. We also identify the decomposition of the representations according to the unbroken
subgroup.

We adopt the external field method, and borrow the regulated Coleman-Weinberg potential V1 from Ref. [117],
computed by assuming that a hard momentum cut-o↵ ⇤ is applied to the 1-loop integrals. With our conventions we
write
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Together, these two sets OPS,i and O
0
PS,i, with i = 1, 2, 4, 5 form a complete set of

eight spin-0 sources transforming as a the scalars in a SO(4) symmetric two-higgs doublet

model. For completeness, a generic, 2 ⇥ 2 complex matrix transforming as a (2, 2) of

SU(2)L ⇥ SU(2)R can be written as as
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with a = 1, 2, 3, ⌧a the Pauli matrices, and the eight fields hr,i and ⇡
a
r,i all real.

The chimera baryons must have the same quantum numbers as the top quark, in such a

way that one can construct bilinear couplings with the standard-model quarks without vio-

lating any of the symmetries. For what concerns SU(2)L, the aforementioned assignments

in Eqs. (2.6) and (2.9) would suffice to give the quantum numbers of the left-handed and

right-handed quarks, in terms of the 4 of SO(4). In order to add SU(3) colour, and to form

a fermion bound state, we use the anti-symmetric  
k ab

. We recall that SU(6) admits a

natural SU(3)L ⇥SU(3)R subgroup, and that both the mass term and the strong-coupling

vacuum break SU(3)L ⇥ SU(3)R ! SU(3)V . We identify this SU(3)V with the SU(3)c of

QCD. We also notice that a U(1)X that commutes with SU(3)V is also unbroken, and this

will combine with the T3 generator of SU(2)R ⇢ SO(4) to yield ordinary hypercharge.

To add the fermion that transforms in the antisymmetric representation, we can simply

replace ⌦ab in Eq. (2.5) with ⌦ab ! ⌦acPL,R k cd⌦db. Hence, the operators O
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CB are the
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Both the left-handed and right-handed components transform as 3 of SU(3)c, and 4 of

SO(4) = SU(2)L ⇥ SU(2)R. We write explicitly also the operators obtained by replacing
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Analogous expressions can be derived for the two SO(4) singlets and the two Sp(4)

singlets, obtained from adding the left-handed and right-handed projections of the anti-

symmetric  k ab
to the singlets in Eqs. (2.7) and (2.8), and their CP partners. The top

partners are hence sourced by the O
L,R
CB operators, while the O

0L,R
CB operators source heavier

replicas, which one expects to become degenerate with those of O
L,R
CB in the limit in which

U(1)A is restored.
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The SU(4)/Sp(4) coset governs the Higgs sector of the Standard Model. Given the form of ⌦ in Eq. (5), the
unbroken subgroup SO(4) ⇠ SU(2)L ⇥ SU(2)R is the subset of the unbroken global Sp(4) ⇢ SU(4) that is generated
by the following elements of the associated algebra:
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The real fields ⇡1, ⇡2, ⇡4, and ⇡5 combine into the Higgs doublet, while ⇡3 is a SM singlet.
The SU(6)/SO(6) coset is relevant to top compositeness. The choice of nf = 3 Dirac fermions on the 2-index

antisymmetric representation of Sp(4) matches the number of colours in the SU(3)c gauge group of the standard
model. The natural subgroup SU(3)L ⇥ SU(3)R ⇢ SU(6) is generated by
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with �B the eight hermitian Gell-Mann matrices, normalised according to the relation Tr �A�B = 2�AB (so that
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�AB).
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are those of the su(3)c algebra, and that Tr tA
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latter property is due to the fact that we are writing the SU(3)c generators as 6 ⇥ 6 matrices acting on 2-component
spinors. We hence identify tB
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as the generators of the SU(3)c gauge symmetry of the Standard Model. An additional,

independent, unbroken generator of SU(6) is given by
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which also commutes with the generators of SU(3)c. The generator Y of the hypercharge U(1)Y gauge symmetry of
the Standard Model is a linear combination of X and T 3

R
(see also Ref. [36] and references therein).

1. Weakly coupling the SM gauge group

In this Appendix, we perform a technical exercise. We compute the (divergent) contributions to the e↵ective
potential due to the gauging of the relevant SM subgroups of the global SU(4) ⇥ SU(6) symmetry, and discuss their
e↵ects on the potential of the pNGBs. The purpose of this exercise is to show explicitly how by gauging part of the
global symmetry one breaks it. We also identify the decomposition of the representations according to the unbroken
subgroup.

We adopt the external field method, and borrow the regulated Coleman-Weinberg potential V1 from Ref. [117],
computed by assuming that a hard momentum cut-o↵ ⇤ is applied to the 1-loop integrals. With our conventions we
write
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where 4 of these operators transform 3 of               and 4 of            .

Together, these two sets OPS,i and O
0
PS,i, with i = 1, 2, 4, 5 form a complete set of

eight spin-0 sources transforming as a the scalars in a SO(4) symmetric two-higgs doublet

model. For completeness, a generic, 2 ⇥ 2 complex matrix transforming as a (2, 2) of

SU(2)L ⇥ SU(2)R can be written as as
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, (2.10)

with a = 1, 2, 3, ⌧a the Pauli matrices, and the eight fields hr,i and ⇡
a
r,i all real.

The chimera baryons must have the same quantum numbers as the top quark, in such a

way that one can construct bilinear couplings with the standard-model quarks without vio-

lating any of the symmetries. For what concerns SU(2)L, the aforementioned assignments

in Eqs. (2.6) and (2.9) would suffice to give the quantum numbers of the left-handed and

right-handed quarks, in terms of the 4 of SO(4). In order to add SU(3) colour, and to form

a fermion bound state, we use the anti-symmetric  
k ab

. We recall that SU(6) admits a

natural SU(3)L ⇥SU(3)R subgroup, and that both the mass term and the strong-coupling

vacuum break SU(3)L ⇥ SU(3)R ! SU(3)V . We identify this SU(3)V with the SU(3)c of

QCD. We also notice that a U(1)X that commutes with SU(3)V is also unbroken, and this

will combine with the T3 generator of SU(2)R ⇢ SO(4) to yield ordinary hypercharge.

To add the fermion that transforms in the antisymmetric representation, we can simply

replace ⌦ab in Eq. (2.5) with ⌦ab ! ⌦acPL,R k cd⌦db. Hence, the operators O
L,R
CB are the

following:
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Both the left-handed and right-handed components transform as 3 of SU(3)c, and 4 of

SO(4) = SU(2)L ⇥ SU(2)R. We write explicitly also the operators obtained by replacing

14 ! i�
5

inside the bilinear in Q:
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Analogous expressions can be derived for the two SO(4) singlets and the two Sp(4)

singlets, obtained from adding the left-handed and right-handed projections of the anti-

symmetric  k ab
to the singlets in Eqs. (2.7) and (2.8), and their CP partners. The top

partners are hence sourced by the O
L,R
CB operators, while the O

0L,R
CB operators source heavier

replicas, which one expects to become degenerate with those of O
L,R
CB in the limit in which

U(1)A is restored.
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Q

1 b
⌘
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⇣
Q1 a�

5
Q

2 b
C �Q2 a

C �
5
Q

1 b
⌘
⌦bcPL,R 

k ca
.

Analogous expressions can be derived for the two SO(4) singlets and the two Sp(4)

singlets, obtained from adding the left-handed and right-handed projections of the anti-

symmetric  k ab
to the singlets in Eqs. (2.7) and (2.8), and their CP partners. The top

partners are hence sourced by the O
L,R
CB operators, while the O

0L,R
CB operators source heavier

replicas, which one expects to become degenerate with those of O
L,R
CB in the limit in which

U(1)A is restored.
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• We also consider the parity projections in the nonrelativistic limit.
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449 as a (2,2) of SUð2ÞL × SUð2ÞR in the standard model.
450 But they also carry SUð3Þc color, and hence require
451 inserting Ψi ab, with i ¼ 1; 2; 3 being identified with the
452 QCD color index. A simple way to achieve this and
453 build a Spð4Þ singlet is to rewrite, in the first line of
454 Eqs. (18), Q 2 a ¼ Q 2 bδab and Q 1 a ¼ Q 1 bδab, and then
455 replace δab → PL;RΨk acΩcb, where

PL;R ≡ 1

2
ð14 $ γ5Þ: ð20Þ

456457 After performing the same substitution on all the mesons,
458 we obtain a list of chimera baryon operators OL;R

CB :

OL;R
CB;1 ¼ ðQ 1 aγ5Q 2 b þ Q 2 aγ5Q 1 bÞΩbcPL;RΨk ca;

OL;R
CB;2 ¼ ið−Q 1 aγ5Q 2 b þ Q 2 aγ5Q 1 bÞΩbcPL;RΨk ca;

OL;R
CB;3 ¼ ðQ 1 aγ5Q 1 b − Q 2 aγ5Q 2 bÞΩbcPL;RΨk ca;

OL;R
CB;4 ¼ −iðQ 1 aQ 2 b

C þ Q 2 a
C Q 1 bÞΩbcPL;RΨk ca;

OL;R
CB;5 ¼ ið−iQ 1 aQ 2 b

C þ iQ 2 a
C Q 1 bÞΩbcPL;RΨk ca: ð21Þ

459460 Analogously, theUð1ÞA partners of the chimera baryons are
461 the following:

O0L;R
CB;1 ¼ iðQ 1 aQ 2 b þ Q 2 aQ 1 bÞΩbcPL;RΨk ca;

O0L;R
CB;2 ¼ ðQ 1 aQ 2 b − Q 2 aQ 1 bÞΩbcPL;RΨk ca;

O0L;R
CB;3 ¼ iðQ 1 aQ 1 b − Q 2 aQ 2 bÞΩbcPL;RΨk ca;

O0L;R
CB;4 ¼ ðQ 1 aγ5Q 2 b

C þ Q 2 a
C γ5Q 1 bÞΩbcPL;RΨk ca;

O0L;R
CB;5 ¼ iðQ 1 aγ5Q 2 b

C − Q 2 a
C γ5Q 1 bÞΩbcPL;RΨk ca: ð22Þ

462463 The O0L;R
CB operators are expected to source heavier par-

464 ticles, in respect to the OL;R
CB .

465 III. THE LATTICE THEORY

466 In this section, we describe in detail the lattice gauge
467 theory of interest, and the implementation of the numerical
468 algorithms we adopt. Our software is based upon the HiRep
469 code, originally developed in the BSM context and pre-
470 sented in Ref. [137]. In earlier studies of Spð2NÞ lattice
471 gauge theories [86,91], we both generalized the Cabibbo-
472 Marinari prescription [138], and implemented an efficient
473 resymplecticization projection. For the purpose of this
474 study, we further wrote original code to implement
475 dynamical calculations in the presence of matter in multiple
476 representations. It is worth reminding the reader that most
477 lattice code publicly available has been optimized for QCD
478 and QCD-like theories, and only a handful of codes
479 allowing to treat multiple representations exist (see for
480 instance [69,70,73], for SUð4Þ gauge theories). Hence, we
481 describe our algorithm in some detail, and we provide a

482number of tests, both in this as well as in the subsequent
483sections, to demonstrate that our implementation repro-
484duces the expected results, in the appropriate limits.

485A. Lattice action

486We write the Euclidean action, discretized in four
487dimensions, of non-Abelian Spð2NÞ gauge theories
488coupled to fermionic matter as the sum of the gauge Sg
489and fermion Sf actions,

S ¼ Sg þ Sf: ð23Þ

490491The generic lattice site is denoted by x, while μ̂; ν̂ are unit
492displacements in the space-time directions μ, ν, so that the
493first term of Eq. (23), the Wilson plaquette action, is

Sg≡β
X

x

X

μ<ν

!
1−

1

2N
ReTrUμðxÞUνðxþ μ̂Þ

×U†
μðxþ ν̂ÞU†

νðxÞ
"
; ð24Þ

494495where UμðxÞ ∈ Spð2NÞ is the group variable living on the

496link ðx; μÞ, and β ≡ 4N
g20
, with g0 the gauge coupling.

497The second term of Eq. (23) is the massive Wilson-Dirac
498action:

Sf ≡ a4
XNf

j¼1

X

x

Q̄ jðxÞDðfÞ
m QjðxÞ

þ a4
Xnf

j¼1

X

x

Ψ̄jðxÞDðasÞ
m ΨjðxÞ; ð25Þ

499500where a is the lattice spacing, Qj and Ψj the fermions
501(flavor indices are explicitly shown, while color and spinor
502indices are understood), and the Dirac operators DðfÞ

m for
503the fundamental and DðasÞ

m for the 2-index antisymmetric
504representation will be defined shortly. Here and in the
505following, we restrict the number of colors to Nc ¼ 4 (or
506N ¼ 2), and the number of Dirac flavors to Nf ¼ 2 and
507nf ¼ 3 for the fundamental and antisymmetric representa-
508tions, respectively. Nevertheless, where possible we leave
509explicit the dependence on arbitrary N ≥ 2, as our con-
510struction can be applied to all Spð2NÞ gauge theories.
511For the (f) fermions, the link variable appearing in the
512Dirac operator coincides with UμðxÞ in Eq. (24):

UðfÞ
μ ðxÞ ¼ UμðxÞ ∈ Spð2NÞ: ð26Þ

513514In the case of the ðasÞ fermions, we construct link
515variable UðasÞ

μ ðxÞ, and thus the Dirac operator D ðasÞ
m , by

516following the prescription in Ref. [137]. We first define an
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Observables III: Chimera baryon in Sp(4)

• More chimera baryons with different spin and/or irreps. of fundamental 
flavors

8

= �⌦da⌦bc(Q
1 d T

C�
µ
Q

1 b) k ca
, (40)

where µ = 1, 2, 3. Similar to how we construct the chimera baryon operators in Eq. (12), these chimera baryon
operators can be obtained by involving the operators interpolating vector mesons and the antisymmetric fermion.
Using the results in Appendix F. 1 in [6], for instance, we have

OCB,6 = �
i

2

⇣
Q1 a�

µ
�
5
Q

1 b
C +Q2 a�

µ
�
5
Q

2 b
C �Q1 a

C �
µ
�
5
Q

1 b
�Q2 a

C �
µ
�
5
Q

2 b
⌘
⌦bc 

k ca
,

OCB,9 = �
i

2

⇣
Q1 a�

µ
�
5
Q

1 b
C �Q2 a�

µ
�
5
Q

2 b
C �Q1 a

C �
µ
�
5
Q

1 b +Q2 a
C �

µ
�
5
Q

2 b
⌘
⌦bc 

k ca
, (41)

OCB,10 =

p
2

2

⇣
Q1 a�

µ
�
5
Q

1 b
C +Q1 a

C �
µ
�
5
Q

1 b
⌘
⌦bc 

k ca
,

OCB,12 =

p
2

2

⇣
Q2 a�

µ
�
5
Q

2 b
C +Q2 a

C �
µ
�
5
Q

2 b
⌘
⌦bc 

k ca
.

(42)

A particular linear combination of these operators leads to Eq. (40),

O
k
CB, �µ =

p
2

2
OCB,10 �

i

2
(OCB,6 +OCB,9.) (43)

We can construct additional interpolating operators for the chimera baryons in a similar way,

OCB,7 = �
i

2

⇣
Q1 a�

µ
�
5
Q

2 b
C +Q2 a�

µ
�
5
Q

1 b
C �Q1 a

C �
µ
�
5
Q

2 b
�Q2 a

C �
µ
�
5
Q

1 b
⌘
⌦bc 

k ca
,

OCB,8 =
⇣
�iQ1 a�

µ
Q

2 b + iQ2 a�
µ
Q

1 b
⌘
⌦bc 

k ca
,

OCB,11 =
1

2

⇣
Q1 a�

µ
�
5
Q

2 b
C +Q2 a�

µ
�
5
Q

1 b
C +Q1 a

C �
µ
�
5
Q

2 b +Q2 a
C �

µ
�
5
Q

1 b
⌘
⌦bc 

k ca
, (44)

OCB,13 =
⇣
Q1 a�

µ
Q

2 b +Q2 a�
µ
Q

1 b
⌘
⌦bc 

k ca
.

OCB,14 =
⇣
Q1 a�

µ
Q

1 b
�Q2 a�

µ
Q

2 b
⌘
⌦bc 

k ca
,

OCB,15 =
⇣
Q1 a�

µ
Q

1 b +Q2 a�
µ
Q

2 b
⌘
⌦bc 

k ca
.

(45)

And certain linear combinations read

1

2
(�iOCB,7 +OCB,11) =

1

2

⇣
Q1 a

C �
µ
�
5
Q

2 b +Q2 a
C �

µ
�
5
Q

1 b
⌘
⌦bc 

k ca
, (46)

which is similar to O
k
CB,�µ except that the flavours 1 and 2 are symmetrized,

1

2
(iOCB,8 +OCB,13) =

⇣
Q1 a�

µ
Q

2 b
⌘
⌦bc 

k ca
, (47)

which is one of the simplest operator we can take (Paul already implemented this one), and

1

2
(OCB,14 +OCB,15) =

⇣
Q1 a�

µ
Q

1 b
⌘
⌦bc 

k ca
. (48)

which seems to involve the conncted-B type correlation function at first glance, but it would vanish due to the fact that
�
µ is traceless. Provided that the mass-degenerate Dirac flavours, the measured masses from the 2-point correlation

functions built out of these operators are expected to be same.
The spin-1/2 and spin-3/2 baryons can be measured from the 2-point correlation functions for the operator in

Eq. (40) by performing appropriate spin projections, e.g. see Ref. [8] for a singly heavy hadron in QCD,

P
3/2
ij = �ij �

1

3
�i�j ,

P
1/2
ij =

1

3
�i�j . (49)

• Spin projections in the non relativistic limit
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which seems to involve the conncted-B type correlation function at first glance, but it would vanish due to the fact that
�
µ is traceless. Provided that the mass-degenerate Dirac flavours, the measured masses from the 2-point correlation

functions built out of these operators are expected to be same.
The spin-1/2 and spin-3/2 baryons can be measured from the 2-point correlation functions for the operator in

Eq. (40) by performing appropriate spin projections, e.g. see Ref. [8] for a singly heavy hadron in QCD,
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1
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�i�j . (49)
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TABLE V: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at the fixed value of � = 6.45.
The masses are in lattice units.

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 0.6743(36) 0.8747(35) 1.0369(32) 1.2170(29)
⌃ 1/2 (10) 0.6547(42) 0.8582(31) 1.0184(32) 1.1994(29)
⌃⇤ 3/2 (10) 0.6837(45) 0.8914(37) 1.0492(36) 1.2307(35)

m(as)
PS /m(f)

PS ⇠ 1.39 ⇠ 1.14 ⇠ 1.03 ⇠ 0.96

m(f)
PS /m

(f)
V 0.9053(48) 0.9406(15) 0.9590(9) 0.9632(8)

m(as)
PS /m(as)

V 0.9101(31) 0.9057(29) 0.9115(20) 0.9109(19)

m(f)
PS 0.3423(19) 0.4899(15) 0.6123(11) 0.7323(9)

m(as)
PS 0.4768(15) 0.5588(16) 0.6307(13) 0.7047(12)

f (f)
PS 0.0356(6) 0.0468(6) 0.0547(7) 0.0658(7)

f (as)
PS 0.0674(11) 0.0819(13) 0.0922(14) 0.1100(15)

TABLE VI: Chimera baryons in di↵erent channels in fully dynamical theories with (am(f)
0 , am(as)

0 ) at fixed � = 6.45. The

masses are in units of f (f)
PS .

Name J (irrep.) (-0.7,-1.04) (-0.67,-1.04) (-0.64,-1.04) (-0.61,-1.04)
⇤ 1/2 (5) 18.97(32) 18.68(21) 18.97(22) 18.48(18)
⌃ 1/2 (10) 18.41(31) 18.33(20) 18.64(21) 18.22(18)
⌃⇤ 3/2 (10) 19.23(33) 19.03(21) 19.20(23) 18.69(18)

m(f)
PS 9.93(15) 10.46(11) 11.20(13) 11.12(11)

m(as)
PS 13.41(23) 11.93(13) 11.54(14) 10.70(11)

m(f)
V 10.63(18) 11.12(12) 11.66(13) 11.55(12)

m(as)
V 14.74(26) 13.18(16) 12.64(15) 11.75(12)

m
(as)
PS /m

(f)
PS ⇠ 1.67 (67)

am
(as)
ps = 1.0512(8), am

(f)
ps = 0.2444(12) (68)

am
(as)
ps = 0.6021(9), am

(f)
ps = 0.3598(10) (69)

(J, I) (70)

⌃⇤ (
3

2
, 10) ⌃ (

1

2
, 10) (71)
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