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high-luminosity upgrade
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More fundamental description by double parton distributions (DPDs) :
dUDPS,i i2 1) 2
Tadoiadg X | ¥ Fanbare,y)Fu (4, %.)

So far, DPDs unknown from experiments, non-perturbative objects, access via
lattice simulations

Results for the pion [arXiv:1807.03073], [arXiv:2006.14826]

This talk: Mellin Moments of DPDs for the nucleon from Lattice QCD
Recently published in [arXiv:2106.03451]

Points of interest:

>
>
>

Size of DPDs and polarization effects
Strength of parton-parton correlations
Validity of factorization assumptions

2/15



Content

Double Parton Distributions



Double Parton Distributions
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X 1Y, (BN O 200,25 I V),

amplitude c.c.

Joint probability to find quark a with momentum x;p* and quark b with momentum
xop™ at transverse distance y (x| + x| < 1)

3/15



Double Parton Distributions
> Light cone coordinates for a given 4-vector x*: x¥ = (x* + x*)/v/2, x = (x*, x?)

» Consider a proton rapidly moving in 3-direction, i.e. pt ~ Q> A~m, p=0,
p- ~N/Q

Definition of proton DPDs for quarks jarxiv:1111.0910]

dz; ixipTz~

=1,2

X 3305 (P A Oaly, 20)06(0,2) Ip, M), g

Light cone operators
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> Light cone coordinates for a given 4-vector x*: x¥ = (x* + x*)/v/2, x = (x*, x?)

» Consider a proton rapidly moving in 3-direction, i.e. pt ~ Q> A~m, p=0,
p- ~N/Q

Definition of proton DPDs for quarks jarxiv:1111.0910]

dz; ixipTz~

=1,2

X 3305 (P A Oaly, 20)06(0,2) Ip, M), g

Twist-2 components: Quark polarizations

operators twist-2 comp. polarization
Vi =gv"q V) =0, q:q" + gt (unpolarized)
Al = gy"vsq Al = Onq Agq: g — g+ (longitudinal)

TS = gioc"vsq Tqﬂ =

5q 5q’ : g™ — g+ (transverse)
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Double Parton Distributions

Definition of proton DPDs for quarks jarxiv:1111.0910]

dzm .+ -
R + - T ixipTz;
Fab(x1, %2, y) == 2p /dy LI | / el ] X

=1,2

X 320, (P A Oaly, 2)0(0,2) I, V)] .,
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Double Parton Distributions

Definition of proton DPDs for quarks jarxiv:1111.0910]

dz; ixipTz~

=1,2

X 13 (PN O, 2)0u(0,2) 1P V),

Factorization assumption |

d2p/dp/+

(Pl O.(,2)04(0.2) e} ~ [ B

(Pl Os(y, z1) |p") ('] O6(0, 22) | p)
= Far(a,x,y) = /dzB fa(x1, B+ y) fo(x2, B)
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Double Parton Distributions

Definition of proton DPDs for quarks jarxiv:1111.0910]

dz; ixiptz”

=1,2

X 3225 (P A Oaly,20)06(0,2) [P, N,

Factorization assumption |l
For the pocket formula [arXiv:1111.0469]:

Fab(x1,x2,y) & fa(x1)fo(x2) T(y)

with flavor independent 7 (y)
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Double parton distributions on the lattice

Accessible quantities

<P| Oa()’? zl_)Ob(Ov 22_) |P>
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Accessible quantities

9>< Fab(Xi7y)
ot
A
) \Jx4 dei
(Pl Oa(y, 2, )04(0,2, ) p)
Mab(y)
z. =0 4
i S )
=
v
Lz
v

(Pl O.(y)0,(0) [P)
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Double parton distributions on the lattice

Accessible quantities

(Pl O.(y)0,(0) [P)

accessible if y© =0
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Double parton distributions on the lattice

Accessible quantities

decomposition(*)

fab(xi, ¥?) -+

trans. rot. symmetry

f dX,'

decomposition(*)

trans. rot. symmetry

3 decomposition(*)

(Pl Oa(y)O4(0) [P) ———— Auw(py,y*)

Lorentz symmetry
accessible for

—y2 >0, py < |Bll¥l

(*) into basis tensors and scalar functions 51
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f dX,'

decomposition(*)

trans. rot. symmetry
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Y decomposition(*) ) 3
(Pl O:(y)O0s(0) [p) —————— Aw(py,y*)--- =Py =py

Lorentz symmetry

py < |B|lyl:
Have to extrapolate in py
> need data for large ||
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Double parton distributions on the lattice

Accessible quantities

decomposition(*)

fab(xi, ¥?) -+

trans. rot. symmetry

f dX,'

decomposition(*)

trans. rot. symmetry

3 decomposition(*)

<p|Oa(y)Ob(O)|p> — Aab(py7y2)"'

Lorentz symmetry

Results for these quantities

(*) into basis tensors and scalar functions 51
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Lattice QCD

(Olq,q,U]) = /lqu Ydg(x)dU( )1 O[q7‘—77U]est[‘_Lq,U]*SG[U]

xEN

=/ [Hda(x)dq(x)du(x)] e—SFlaa,Ul-S¢[U])

x€EN

» Reduce spacetime to a lattice
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Lattice QCD

(0lq,3,U]) = / [ [ dax)dat)auix) | Ola. g, ueSetaa-vi=Selt]
xXEN

Z:/ Hd(‘](x)dq(x)dU(X) e~ 5Fla:9,Ul=5c[U])

xeN

» Reduce spacetime to a lattice
» Finite volume = IR regularization

> Finite lattice spacing = UV regularization
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Lattice QCD

1

(Ola,a, U]) = = / [ [ dax)dat)auix) | Ola. g, ueSetaa-vi=Selt]
xXEN

Z= / Hda(x)dq(x)dU(x) e~ 5Fla:9,Ul=5c[U])

xeN

Reduce spacetime to a lattice
Finite volume = IR regularization

Finite lattice spacing = UV regularization

vy vYyy

Evaluate the fermionic part (Grassmann variables) using Wick's theorem
= Wick contractions (graphs)
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Lattice QCD

vy vYyy

vy

1

(Ola,a, U]) = = / [ [ dax)dat)auix) | Ola. g, ueSetaa-vi=Selt]
xXEN

Z= / Hda(x)dq(x)dU(x) e~ 5Fla:9,Ul=5c[U])

xeN

Reduce spacetime to a lattice
Finite volume = IR regularization
Finite lattice spacing = UV regularization

Evaluate the fermionic part (Grassmann variables) using Wick's theorem
= Wick contractions (graphs)
is

Euclidean spacetime: e”> — e~5 suitable weight for Monte Carlo integration

Evaluate gauge integral by Monte Carlo integration = gauge ensembles of N

. . .. _1
configuration, statistical error o« N7 2:

ensemble
/ [Tavea | detipunest ofg,q,01» > 0la,3,u),
x U~P(U)
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Lattice QCD

Reduce spacetime R* to finite lattice with spacing a, extensions L3 x T:

Sl9,3, U] = / d*x3(x)Dq(x)

D = iy, 0" —ml
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Lattice QCD

Reduce spacetime R* to finite lattice with spacing a, extensions L3 x T:
» put fermions on the grid points

» replace derivatives by symmetric
differential quotient and integrals v
by sums

Sla,a, Ul =3" > a(x)D(xly)a(y)

X,y €Ng

Sxifiy — Ox_p,
Dixly) = yp 2y — Oy

22 — mbx,y
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Lattice QCD

Reduce spacetime R* to finite lattice with spacing a, extensions L x T:

» put fermions on the grid points

» replace derivatives by symmetric
differential quotient and integrals
by sums

restore gauge invariance (gauge
tinks U, (x) ~ e4u()

Sla,a, Ul =3* > a(x)D(xly)a(y)
X, yENg
U//(X)6X+;l,y - Uj;(X o

[)0x—py

D(x1y) = -

v

— mox,y

7/15



Lattice QCD

Reduce spacetime R* to finite lattice with spacing a, extensions L x T:
» put fermions on the grid points
» replace derivatives by symmetric
differential quotient and integrals v
by sums

> restore gauge invariance (gauge
links U, (x) ~ e

» add pure gauge part, the
plaquette, § = 3g~>

Sla,3, U =a* > a(x)D(xly)aly) + Z > Retr{1— U (x)}

X,y ENg xEN p<v

U/’(X)6X+ﬂ,y - U/‘/(X o ﬂ)éxfﬂ,y
Tu 22
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Lattice QCD

Reduce spacetime R* to finite lattice with spacing a, extensions L x T:
» put fermions on the grid points
» replace derivatives by symmetric
differential quotient and integrals v
by sums

» restore gauge invariance (gauge
links U, (x) ~ e®Ar(x))

» add pure gauge part, the
plaquette, § = 3g 2

Sla,3, U =a* > a(x)D(xly)aly) + ZZRetr{lf Uy ()}

X,y €Ny xEN p<v

U/I(X)6x+ﬁ,y - U/Y/(X - /7)5x7ﬁ,y
T 22

D(xly) = — Mdx,y

= Add additional terms to reduce discretization artifacts (not unique, in this work
Wilson/Sheikholeslami-Wohlert fermions + Liischer-Weiss gauge action)
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Two-current matrix elements on the lattice

In Euclidean spacetime:

Access via 4-point functions

1 (T, ¥Y)
LS A 0L ()OO [p.N) [y = 2v/m 2 )
A

C”()
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Two-current matrix elements on the lattice

In Euclidean spacetime:

Access via 4-point functions

1 (1, 7,Y)
32 (P05 (1)05(0)[p,) |0 = 2V /m? + 52 Gt m7)
A

CZ).( )

with 4-point / 2-point function (P4 = (1 +7s)):

CEl(t,ry) = e =D <tr {P+P5( £) OF%(0,7) OF%(7,7) P’ (7, 0)}>

X

)= e D <tr {P+735(Z/, 1) P(Z, o)}>

X
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Two-current matrix elements on the lattice

In Euclidean spacetime:
Access via 4-point functions

1 4
§Z<p7)‘|031(y)032(0)|p7 yU 0 =2Vym? + p? ICP ( )
A

2pt

with 4-point / 2-point function (P4 = (1 +7s)):
Chl(try) = 3 &P (w{PP(# 1) 0P 7(6,7) OP“(7.7) PP2.0)} )

X

) =Y e (w{pP(#.0 P20}

and Proton interpolators:

Pﬁ()?v t) = €abctis(x) [UZ—(X)C’}SC/C(X)} ’ b=t
P (R, 1) = €ape [0a(x)Crsdg (x)] Ge(x)] e
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Two-current matrix elements on the lattice

Wick contractions
0%
7

(9;11(12
541 ---94 sq
J Q
D =

J
w- g - 3 o
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Two-current matrix elements on the lattice

Wick contractions

0111'12
541 ---94 sq
J Q
D =

J
- g - . o

O;

Physical matrix elements
(p| OF(0)O5(7) Ip) = CJE 4y (7) + STE(F) + SIF(—=9) + DIF(7)
(pl O (@)0"(9) |p) = €I, (7) + L) + P(=9) + STE5) + ST (-)

+53P(7) + DVA(y)
(pl OF(@Of () |p) = CTE(F) + G (=9) + STEW) + SLI(=9) + S P(7) + DI(7)
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Two-current matrix elements on the lattice

Wick contractions

0111'12
541 ---94 sq
J Q
D =

J
SN == |ER o

O;

Physical matrix elements
(p| O (0)O5(7) Ip) = CI'E 4y (7) + STE(F) + SIF(=9) + DIP(7)
(pl O (@)0"(¥) |p) = €L, (7) + L) + P (=9) + STE3) + ST (-)

+53P(7) + DVA(y)
(pl OF@O () |p) = CTE(F) + G (=9) + STEW) + SLI(=9) + SP(7) + DI(7)
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Technical Details

S s

@®——— point source / propagator
®—— —» stochastic source / propagator / with HPE
-©——— sequential source / propagator with constituents

» APE smearing [Nucl. Phys. B251 (1985)]
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Technical Details

vVVvyyy

v

S s

@®——— point source / propagator
®—— —» stochastic source / propagator / with HPE
-©——— sequential source / propagator with constituents

APE smearing [Nucl. Phys. B251 (1985)]

Boosted sources (momentum smearing) [arXiv:1602.05525]

Sequential source technique [Nucl. Phys. B316 (1989)]

Stochastic wall sources: 7', = (+1 =+ i)/+/2 on requested time slice
Stochastic propagator: Dy = 1, Nstoch = 2 (G1), or Nstoch = 96 (C2)

Remove trivial terms from stoch. propagators by applying hopping parameter
expansion :

— 3 . .
Go: apply n(y) = >, min(|yi|, L — |yi|) hopping terms

10/15
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Lattice Setup

CLS ensembles (ns = 2 + 1, Wilson fermions, order-a improved [arXiv:1411.3982]),
start with H102, 990 configs used:

id B8 a[fm] B3xT Ki/s m;/k[MeV]  mzL conf.

H102 3.4 0.0856 323x96 0.136865 355 4.9 2037
0.136549339 441

> t,.. = 48a (point sources at random spatial position)
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Lattice Setup

CLS ensembles (ns = 2 + 1, Wilson fermions, order-a improved [arXiv:1411.3982]),
start with H102, 990 configs used:

id B8 a[fm] B3xT Ki/s m;/k[MeV]  mzL conf.
H102 3.4 0.0856 323x96 0.136865 355 4.9 2037
0.136549339 441

> t,.. = 48a (point sources at random spatial position)

122 p=0

10a p#0

> Insertion time 7 € [ty + 33, tsn — 3a] for G (fit), else fix 7 = tye + /2
> 6 Momenta up to |B| = V123Z ~ 1.57 GeV

Renormalization for 3 = 3.4, including conversion to MS at p = 2GeV
[arXiv:2012.06284]

> t—tsnktsrc—{

%4 A T
Z | 0.7128 0.7525 0.8335
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Results: Polarization dependence

Invariant functions A(py = 0,y?), connected graphs only (notation y =

2 .
Y =y yu):
channel comparison for ud, p-y =0 channel comparison for uu, p-y =0
ylal ylal
4 6 8 10 12 14 16 4 6 8 10 12 14 16
0.08 + A 020} Aw
f A t Anuau
006 By my Asau b my Asu
iy . + my A 0.15 % Asusu
- L) Asusa - f m? 1y|Bsus
T 004 iy m? |y?1Bousa ”‘
£ £
< 002 <
0.1
—0.02

» Signal of good quality for most channels
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Results: Polarization dependence

Invariant functions A(py = 0,y?), connected graphs only (notation y =

2 _ .
Y =y yu):
channel comparison for ud, p-y =0 channel comparison for uu, p-y =0
ylal ylal
4 6 8 10 12 14 16 4 6 8 10 12 14 16
0.08 t A 0201} t A
f A t t Ann
006] T Hay my Asa 14 my Asw
Hy t o myAsu 0.15 ﬁ+ t Asusu
iy Asusa t ¢ m2 2B
= 004 " - N ly?1Bousu
e 81 & b m? |y?|Bsusa % 0.10] ”’ﬁ
£ E W,
< 002 < h\w
0.05
o s ettt
0.00 =+ -
-0.02

» Signal of good quality for most channels

0.4 0.6 0.8 1.0 1.2 14

» wud: Clear contributions from all polarized channels (large for dud, ddu)
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Results: Polarization dependence

Invariant functions A(py =
y2=yry):

channel comparison for ud, p-y =0

0,y?), connected graphs only (notation y =

channel comparison for uu, p-y =0

ylal ylal
4 6 8 10 12 18 16 4 6 10 12 14 16
0.08 + A 020} Aw
i A t Anuau
0.06 # my Asau my Asu
'”NM tomy Asa 0.15 w Asus
~ oo0s N b Ansa - ty m 1y lBouss
oo 8 4 e bm 1B g y
£ ® M‘” ut £ 0.104 ™
< 002 Py, < h‘w
- - - o - 0.059
, -—— b i
) T 141988 eltutie
R = — 0,004+ it
—0.02 T T T T T T T T T T T, T
04 06 08 1’0 12 14 04 0’6 08 10 12 14
ylfm] ylfm]

» Signal of good quality for most channels
» ud: Clear contributions from all polarized channels (large for dud, ddu)

» wuu: Polarization effects suppressed, but visible for juu
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Results: Polarization dependence

From naive fit ansatz in py and [ d(py) => DPD moments /(y*) (notation y = |y|):

Mellin Moment /(y?,{ =0) for ud, N=2,K=0

ylal

Mellin Moment /(y?, =0) for uu, N=2,K=0

ylal

a 6 8 10 12 14 16 4 6 8 10 12 14 16
0.7 3
- 20 _—
0.6 my s, my lsu
05 s my lsu
[

m? 1y s |

» Signal of good quality for most channels

» ud: Clear contributions from all polarized channels (large for dud, ddu)

» uu: Polarization effects suppressed, but visible for duu

» Moments: Similar conclusions
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Results: Flavor dependence

Mellin Moment lgq(y?,{=0), N=2, K=0

Mellin Moment m y lsgq(y?,{=0), N=2,K=0

yla) yla)
4 6 8 10 12 14 16 4 6 8 10 12 14 16
-, = my o
10° lug = my lsug
- my lsa
. b
¥ £
£107 3
E s
g
1072
04 06 08 10 12 14 04 06 08 10 12 14
ylfm] ylfm]

» Clear flavor dependence observable
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» Clear flavor dependence observable

» Reminder: Assumption for the pocket formula:

Fab(x1, %2, ) = fa(x1) fo(x2) T(y)

with flavor independent T (y)

= Iab(y2) = CabT(yz)
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Results: Flavor dependence

Mellin Moment lgq(y?,{=0), N=2, K=0

Mellin Moment m y lsgq(y?,{=0), N=2,K=0

yla) yla)
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» Clear flavor dependence observable

» Reminder: Assumption for the pocket formula:

Fab(x1, %2, ) = fa(x1) fo(x2) T(y)

with flavor independent T (y)
» Clearly not fulfilled

= Iab(y2) = CabT(yz)
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Factorization tests

Factorization in terms of impact parameter distributions fq(x, b):

Fog (x1,%0,y) = /dzb fy(xi, b+ y) fy(x, b)
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Factorization tests

For the Mellin moments

r2

dr ' ’
la () = / oL rh(r) {F{’(F)Ff' (=) + 4 F(=r)Ff (—r)
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Factorization tests

For the Mellin moments

r2

dr ' ’
la () = / oL rh(r) {F{’(F)Ff' (=) + 4 F(=r)Ff (—r)

= Obtain form factors F1, F> from the lattice [T. Wurm, priv. comm.]
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Factorization tests

For the Mellin moments

dr / r2 ’
L)% [ 55 (o) | AR () + R ()

= Obtain form factors F1, F> from the lattice [T. Wurm, priv. comm.]
Results for I,y and /,,:

factorization of I,4(py =0, y?)

4 6 8 10 12 14 16

ylal
10
n

12

factorization of I,u(py =0, y?)

14

. 4pt

3pt all fits
mm 3pt best x?
mm [ FYF{ (best x2)

mm 3pt best x?
mm [ FYFY (bestx?) [

apt
3pt all fits

0.4

1.0

12
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Factorization tests

For the Mellin moments
o)~ [ 8 () [P () + - Fo()EE ()
qq o 1 1 am2 2 2

= Obtain form factors F1, F> from the lattice [T. Wurm, priv. comm.]
Results for I,y and /,,:

factorization of I,4(py = 0,y?) factorization of I,,(py =0, y?)
ylal yla)
4 6 8 10 12 14 16 4 6 8 10 12 14 16
!

. 4pt

3pt all fits
mm 3pt best x?
mm [ FYF{ (best x2)

. 4pt L

3pt all fits
mm 3pt best x?
mm [ FYFY (bestx?) [

10 12 04 06

Comparable size but deviations are visible

14/15



Content

Summary and Outlook



Summary and Outlook

Achieved/Observed:

>

vVvyYyy

Calculated nucleon four-point function on the lattice in order to obtain
two-current matrix elements
= parameterized by Lorentz invariant functions

Extracted DPD Mellin moments for specific quark polarizations / flavors
Polarization effects visible, large for jud and ddu
Clear flavor dependence of shape in y (¢ pocket formula)

Factorization in terms of form factors / GPDs yields correct order of magnitude,
deviations visible
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Future work / currently in progress:

v

>
>
>

Include (flavor) interference effects (data currently available)
Repeat analysis for further ensembles (= physical limit)
Consider derivatives (higher Mellin moments)

Consider further baryons (quark mass dependence)
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Summary and Outlook

Achieved/Observed:

>

vVvyYyy

Calculated nucleon four-point function on the lattice in order to obtain
two-current matrix elements
= parameterized by Lorentz invariant functions

Extracted DPD Mellin moments for specific quark polarizations / flavors
Polarization effects visible, large for jud and ddu
Clear flavor dependence of shape in y (¢ pocket formula)

Factorization in terms of form factors / GPDs yields correct order of magnitude,
deviations visible

Future work / currently in progress:

v

>
>
>

Include (flavor) interference effects (data currently available)
Repeat analysis for further ensembles (= physical limit)
Consider derivatives (higher Mellin moments)

Consider further baryons (quark mass dependence)

Thank you for your attention!
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Parameterization of DPDs

Decomposition in terms of rotational invariant functions f(xi, x2, y°):
2
Fog (31,0, y) = foq (x1, %2, ¥7)

- quAq (X17X27y )

FAqq (x1,%x,y)=0

FAqu( 1,X2,Y

qu/(X 1, X2, ¥

X1,X2, ¥ & y m fq(;q/(xl,xz,y )

q<\q’

y)=
y)=
)
Fagsq (x1,%2,y)
y)
y)

F()(;Aq’(XL X2, .y) - 0

EJ yem f(;qq/(Xth,yz)
f;Squ (X17X27 )+ (2yjyk - 5jky2) m2f5tq5q/(X1,X2,y2)

x
5

(
r)qq’( » e
Fl o (3

dqdq’
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Parameterization of DPDs

Decomposition in terms of rotational invariant functions /(y?):
2
Maq (y) = log (¥7)

MAqu

Maaq

Jj

Mm‘q’

(¥)
(¥)
(¥)
Magsq' (¥) = Msqaqr (y) =0
(¥)
(¥)
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Parameterization of two-current matrix elements

Decomposition in terms of Lorentz invariant functions A(py, y?), B(py, y?), ..., blue: twist-2

contributions
L v} \
(pl Va" OV (v) Ip) =

q

2
= (2p"p" — Z-g"")Agq(py,y?) + (2pty"F — B g )m? By g(py, y)
+ (2y*y” g””)m4Cq'q(Py7y2)+g‘“’Dq/q(py7y2)
(p| A" (0)A ’*(y)\p:\z

= (2p"P" — 8" ) Angiag(py. ¥?) + (201"} — gt ) mP Bag ag(py. v?)
+(@2yPyY — L g )m* Cagng(py.y?) + 8" Dagrng(py. v°)
(Bl TH OV () p) + 2ereg™™ (o] TS (0)VS (1) Ip) =
— (aylrplpr 4 4z grluyv] _ 300 grlupym A5 (py, y?)
+ (aylrplyr 4 4 g”["y”] — 2 g o ) mPB s, (py. )
3 (ol TEO) T2 () )+ 4 6] T2 O) T () o) =

= —8pl gl p A 154 (py, v?) — (16y1 pIylep7l —8y2 plvgille plym2 Bs /5. (py, y?)

— (aplvghlley el aylv gille poym2 Cs s (py, v2) — 8y gy Im* Dy 5. (py,
+2g"P g mPEs 5. (py, v?)

¥?)
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Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ¢):

2w
i=1,2

_ _icpty dz; . o+,
Fap(x1,x2,C,y) = 2p*/dy e Py [H ——e"P '] (p| Oaly, z1)05(0, 22) |p)
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Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ¢):

2w
i=1,2

_ _icpty dz; . o+,
Fap(x1,x2,C,y) = 2p*/dy e Py [H ——e"P '] (p| Oaly, z1)05(0, 22) |p)

Symmetries and support region:

F(X17X27<ay):F(Xl’X277<».y) |XI:|:C/2|S1 K‘Sl
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Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

2w

+ — —i¢pty™ dzi_ ixiptz
Fab(x1,x2,¢ y) :=2p" [ dy"e ——e"P %1 {p| Oa(y, 21)05(0, 22) | p)
i=1,2

Symmetries and support region:

Fa,x2,Cy) = Flxa, %, —Cy)  Ixi£¢/2[<1 (<1
Ansatz:

Gy o Y 0= = Alpy.y?) = A0,¥%) Y an(y)ha(py)

n n

1
hn(x) == 1/ d¢e™ ¢ = sin(x)sn(x) + cos(x)cn(x)

1

(2n)l(=1)m @m!(=1)"
SH(X) Z (2n — 2m)|X1+2m Z (2n —2m — 1)'X2+2m
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Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

Fap(x1,x2,C,y) = 2P+/dy_e_"<p+y7

Symmetries and support region:

Ansatz:

F(x1,x2, ¢, y) = F(x1, %2, —C, y)

Gy o Y 0= = Alpy.y?) = A0,¥%) Y an(y)ha(py)

n

local fit on Ayg at y = 10a, K= 0

dzi eix;p+z;

2w
i=1,2

Ixi+¢/2[ <1

n

local fit on Aysq at y =10a, K=0

(Pl Oaly, 21)Op(0, 22) |p)

[y

e fitN =2
fitN =3

+ data9.5a=y=10.5a

e fitN =2

fitN =3

+ data9.5asy=105a |
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Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

dz;

_ icpty soptz
Fap(x1,x2,C,y) = 2P+/dy e icPy ?e”(”’ “i| (pl Oa(y, z1)Ob(0, 22) |P)
i-1,2

Symmetries and support region:
F(X17X27<ay):F(Xl’X277<»y) |X,:EC/2|S1 |<‘§1
y2-dependence:

A(0,y?) = Z Ai(niy)®e= =)

i=1,2
double-exponential fit on A,4(py = 0, y?)(log) double-exponential fit on A,,(py = 0, y?)(log)
yla) ylal
2 4 6 8

10 12 14 16 4 6 8 10 12 14 16
n n L

1071 -
L fit

t 4ptdata

L fit
t  4ptdata

L10-1

107 102 04 0’6 0’8 10 12
ylfm]
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Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

Fap(x1,x2,C,y) = 2P+/dy_ef"<p+y7

Symmetries and support region:
F(x1,x2, ¢, y) = F(x1, %2, —C, y)

Ansatz am(y?):

k
am(y2) = Z Cr/nk\/ —y2 (TC/)nk = Cnk
k

@

1.2
1.04
0.84
0.6
0.44
0.24

(Z?) for lya, N =2
ylal

4 6 8 10 12 14 16

B global fit: constant

global fit: constant-+linear

t  local fit

et et |

-0.2
—~0.44

04 06 08 10 12
ylfm]

@

i=1,2

dz~
— e
2w

Ixi+¢/2[ <1

9" Apy, y?)
A(py)*"

ixiptz

Py

(¢?) for lusa, N =2

8

ylal
10 12 14

(Pl Oaly, 21)Op(0, 22) |p)

[y

16

1.24
1.04
0.84
0.6
0.44
0.24
0.0
—0.24

~0.44

B global fit: constant

global fit: constant+linear |

t local fit

04

06

= A(O,y2) Z Cnk\/ —y2k
—0 P
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Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

) _ dz” .
Fap(x1,x2,C,y) = 2P+/dy767'<‘7+y l —L PP a

> (Pl Oaly, 21)Op(0, 22) |p)
vy
i=1,2

Symmetries and support region:
Flxa,x,Cy) = Flxa, %, —Cy) £ ¢/2[<1 (<1

Total ansatz (red: fit parameters)

pyy ZAe"’yyO)ZZCk\/*y hnp)’)

i=1,2 n,m=0 k=0
I(y —r E Aje=1i(y=y0) E Cok‘ /—y
i=1,2
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Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

+ — —i¢pty™ dzi_ ixiptz
Fap(x1,x2,¢,y) :==2p" [ dy~e € T (Pl Oaly, 21)06(0, 22) |p)
i=1,2
Symmetries and support region:

F(X17X27<ay):F(X17X277<»y) |X,:t</2|§1 |C‘§1

Total ansatz (red: fit parameters)

A(py,y?) ZAe”’yy‘))Zch\/fy * ha(py)

i=1,2 n,m=0 k=0
Iy == E Aje=1i(y=y0) E i /—y
i=1,2

> C,l,k = Tn_rnlcmk
> Notice: cgo = 1 and co1 = 0 (only influence A(0, y?))
> In this work: (N, K) = (2,0),(2,1),(3,0)
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Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

+ —omiCpTy™ 4z iip*z
Fap(x1,x2,¢,y) :==2p" [ dy~e € T (Pl Oaly, 21)06(0, 22) |p)
i=1,2
Symmetries and support region:

F(X17X27<ay):F(Xl’X277<»y) |X,:EC/2|S1 |<‘§1

Total ansatz (red: fit parameters)

A(py,y?) ZAe”’yy")Zch\/fy * ha(py)

i=1,2 n,m=0 k=0
Iy == E Aje=1i(y=y0) E i /—y
i=1,2

Caution: Preliminary ansatz! We are currently exploring more sophisticated models based
on parton splitting at small y
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Mellin moments: Fit ansatz dependence

Mellin Moment Fit Comparison lu4(y?,{ = 0)

ylal

Mellin Moment Fit Comparison /§,s4(y?, { = 0)

yla]
4 6 8 10 12 14 16
! L !

0.4 0.6 0.8 1.0 12 14
ylfm]

Mellin Moment Fit Comparison /,(y?,{ = 0)

10 12 14

0.8
ylfm]

Mellin Moment Fit Comparison lsuu(y?, { = 0)

ylal
10

04 06
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DPD number sum rule
For x; > 0 (otherwise Fyq/(x1,...) = —Fq/(—x1,...))
The number sum rule [Gaunt, Stirling '10; Diehl, PI&BI, Schifer '19]

1
/ dX2/ PyFoy(xi, %2, y; 1) =
-1 bo /1
= (N + bqz7 = Oaqr)fa (i 1) + Olas(1)) + O((boA /)"

with bp = 2e™” and = 2 GeV (v ~ 0.577, splitting singularity ~ as/y?)
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DPD number sum rule

For x1 > 0 (otherwise Fyq(x1,...) = —Faq/(—x1, ...

)

The number sum rule [Gaunt, Stirling '10; Diehl, PI&BI, Schifer '19]

1
/dX2/ Ay Foq (x1, X2, ¥ 1) =
-1 bo/p

= (Ng' + 0qgr — daq7)fa(xai 1) + O(as(1)) + O((boA/11)*)

with bp = 2e™” and = 2 GeV (v ~ 0.577, splitting singularity ~ as/y?)

Implies for 1,4

/ Pyla(y?) = 2+ O(2(1)) + O((boh/ 1))
bo/p

From our data:

N K | x?/dof | integral
2 0| 047 | 1.93(23)
3 0| 046 | 2.07(51)
2 1| 046 | 1.98(24)
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Results for the pion

Comparison of A, and /i for ud:

proton (p)

Alfm~2]

Ifm=2]

channel comparison for ud, p-y =0

ylal
4 6 8 10 12 14 16
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Mellin Moment /(y2, =0) for ud, N=2,K=0
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