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Thrustk axis and evenk shapes

Event shapes: study Jjebs without jet algorithms (global variables)

5 s 1Y With momenta of final-state particles one
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Al Duilds kinematic variables encoding
Sy .08 information on geometry of the event
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hemisphere b

Designed to be small for dijel configurations
and 0(1) for nulkijets
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Event shapes: study Jjebs without jet algorithms (global variables)
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| : |78 - Dy
Thrusk: wmost common event shape. T = min (1 fage -2l >

o Zj ’ﬁj‘

Thrust axis, essential bo measure bthe events orientakion gi.c)bad.i.j

Only relevant parameter: angle between thrust and beam axes






State of the art: massless oriented distributions

[VM & G. Rodriqo: JHEP 11 (2013) 030] o
1 do 3 L do o aler i

— (T +eos®@r) = 21 (1" Becos2h
There are c)mbj two o0 dcosfrde 8( T)ao de ( T)ao de
- El | ; 1 d
angular structures el R e a0

ogdcosfr 8

‘orientation starts ot O(as)

For massless quarks { 4 LEale : 5
_oriented Aistribution is non-singular

(regular at event-shape threshold)
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Stablished foctorisation theorem for oriented diskribution



State of the art: massless oriented distributions

[VM & G. Rodriqo: JHEP 11 (2013) 030] o
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‘orientation starts ot O(as)
For massless qu.amwm

_oriented distribution is non-singular

[Hagiwara & Kirilin: JHEP 1o (2010) 093]

Stablished foctorisation theorem for oriented diskribution

[Lampe: Phys. Lett. B 301 (1993) 435-439]

Computation of Rang up to O(a?): disagreement with VM & Rodrigo



Motivation

Rang X (s for massless quarks. Measured with qood precision

5 2 iv\j hadronization corrections

Grreat to debtermine o, buk need to include boltom nwass correckions

Might offer qood opportunity to measure top quark mass

boosked tops or threshold scan
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Grelneral s%ra&egj

Project out angular distribution right-away i d-dimensions

1 do
oo d cos Orde

1 doaases

1
— P 2
= 8/_1dCOSHT( 5cos” Or)

for 2-particle final states need the following integral:

1 g . 2RO R -
/_1 ot g T(L+ )2+ 2k — 2€)



Grelneral sEra&egv

Project out angular distribution right-away i d-dimensions

1 do
oo d cos Orde

1 dopae " ¥
o Zeg :§/_1dCOSHT(2——5COSZHT)

for 2-particle final states need the following integral:

/1 2171+ 2K)P(1 — )T (1 + k —¢)

i dcos(8) sin™*¢ () cos**(0) = T+ K)T(2 1 2k — 2)

Expanding in e first generates “fake” anqular skructures

Artefoct of reqularisation procedure, disappear when adding real
radiation (we will encounker others)

Another strategy: expand in & and identify angular structures

(used as a cross check)



Lowest order
IR divergences @ NLO ~——F)

use dim-reg;

1 do, B2 ()
d-dimensional differentiol phase space 95 deos(8)  25—4egTFeT (1 = ¢)ri=s

e , (4m) (1 — T2 — e)aen,
i . . Y 4 O T
imensional Bori normalisation B B 2T 22

(useful to have nicer intermediate expressions)

s = Q> center of mass energy

8 =1/1— 42 quark velocity

m
s == @ reduced mass



Lowest order

IR divergences @ NLO ~———=P use dim-reg;

1 do, B2 ()
d-dimensional differentiol phase space 95 deos(8)  25—4egTFeT (1 = ¢)ri=s

(4r)1te(1 — e)[(2 — €)a?

d-dimensional Born normalisabion Opiss (3 — 2¢)si+eT(2 — 2¢)

Al Ehis order Fhrusk axis coincides wikth quark direckion
3BT 8

ang F Q (1 e 5)(5 i 28) > 0 same as massless
- 3812 [54 8e% — 22 — B2(5— )] 35(1 g vanishes for m=0 but

GLEET B a7 " 16 non-zero otherwise



Lowest order

IR divergences @ NLO ~———=P use dim-reg;

1 do, B2 ()
d-dimensional differentiol phase space 95 deos(8)  25—4egTFeT (1 = ¢)ri=s

Al (1l -T2 rlag,

d-dimensional Born normalisabion Opiss (3 — 2¢)si+eT(2 — 2¢)

Al Ehis order Fhrusk axis coincides wikth quark direckion
3BT 8

ang F Q (1 e 5)(5 i 28) > 0 same as massless
o 381-% [54 82 — 22¢ — B2(5—4de)] 38 e vanishes for m=0 but
phes 16(1 ~€) il ¢ 16( = ) non-zero otherwise

Impar%am& metwo\ﬁoms for vector current at O(a,):

o Presence of IR singularities

e Comntribution from virtual diagram

© Singular structures at event-shape threshold






Virtual radiakion

; g o, B(m |
Yo — 1+CF' ol = O _ ( )(ql—qQ)“
: /s e e 2

' (oo 1 T [e
A = 1-|-C'F?C'(m) 7“75+CF7T

Massive form factors

No conkribubtion ko bthe axial currenk




Virtual radiakion

F S A ! S B 7
VH = 11+ Cr—=A(m)| 4" + Cr— Z(m) (g1 — g2)"
Massive form factors ; 1 : foadl 73 ()
i S A i aS m
A = |14 Cr=C(m)| ¥*¥5 + Cr ¥5q"
‘ s ] i P
No conbribution to the axial currenkt A(M) has an IR divergence

i ot
Defining Ly = 10%( Qmﬁ) we find {vector current)

T s 2 e 2172 3(3 — 2m”
8.V :Cpa—%Kl— - L5>[— = +4m210g<@>+ ( 5m)+4m210g(5)



Virtual radiakion

F S A ! S B 7
V# = |1+ Cr=2 A(m)| +* + OFQ Z(m) Gite.
Massive form factors ; i : Tl g ()
ar =13 cr Zem i oS 20
‘ s ) a2
No conbribution to the axial currenkt A(M) has an IR divergence

i ot
Defining Ly = 10%( Qmﬁ) we find {vector current)

g 5 2 — din? 212 3@ 2
B :Cpa——ﬁ{(l— = L[g)[— 7: +4m2log<@> i g : ) + 4riv* log ()
!

D <5t of regularisation

non-trivial check: when adding real contribution should vanish



3-particle phase space
Differential in 2 angles and 2 enerqgies (harder than usual)
We choose 1 & 2 for ¢ and ¢ (massive) and 3 for (massless) gluon

dPs 4t C) (2% — 4m?) (23 — 4m?)]=0[sin®(6;5)]0(h12)

= )/dazld:vgdcos(ﬁi)dcos(ﬁj)

2Q2  2(4m)4-2T(1 — 2 pL/2+e

©J

1 # J can be either 1, 2 or 3 and E; = %xz



3-particle phase space
Differential in 2 angles and 2 energies (harder than usual)

We choose 1 & 2 for ¢ and ¢ (massive) a\v\d’.‘?: ?for" (masstess) gluon

— 4m?)] “0[sin? (9 )10(h12)

1/24¢

d(I)g 45@ 4e /d i
e r1dx
202  YAmy=Els 2 iE

i;é]cahbeeuﬁkerl,zor;%ah& Ez—g )




3-particle phase space
Differential in 2 angles and 2 enerqgies (harder than usual)

We choose 1 & 2 for ¢ and ¢ (massive) and 3 for (massless) gluon

d(I)g i 48@—4&3
502 = D @r) 2T (1 26)/dazldx2dcos(¢9@)dcos(Hj)

[(f — 4?) (23 — 4m?)]*6[sin®(6;;))0(ha2)

1/24¢

( 75 7 can be either 1, 2 or 3 and F; = %azz

0; and 0; measured wrt. the beam: event orientation

mom " '
omehtum cohservation \/m% — 4m?2 cos(61) + \/:13% — 4m? cos(02) + w3 cos(f3) = 0
in beam direction

useful to write 03 in terms of 0 ,



3-particle phase space
Differential i 2 angles and 2 enerqgies (harder than usual)

We choose 1 & 2 for ¢ and ¢ (massive) and 3 for (massless) gluon

dds 4°Q—* (23 — 4m®) (23 — 4m?)]“0[sin® (6;)]0(h12)
207 ~ 3(@m) (1 26)/d331d:c2dcos(¢97,)dcos(HJ) J1/ore

©J

( 75 7 can be either 1, 2 or 3 and F; = %azz

0; and 0; measured w.rt. the beam: event orientation

momentum conservation \/m% — 4m? cos(61) + \/:13% — 4m? cos(62) + x3 cos(03) =0
ih beam direction

relative angles éz j

0. ) _ 4[(1 = le1)(1 — 5132)(1 — ;133) _ m2x§]
independent of orienkation =

- 2
st (2 — 4m2) (22 — 4m?)




3-particle phase space
Differential i 2 angles and 2 enerqgies (harder than usual)

We choose 1 & 2 for ¢ and ¢ (massive) and 3 for (massless) gluon

dds 4°Q—* (23 — 4m®) (23 — 4m?)]—“0[sin®(6;;)]0(h12)
207 ~ 3(@m) (1 26)/d331d:c2dcos(97,)dcos(HJ) P1/2+e

]

( 75 7 can be either 1, 2 or 3 and F; = %xz

0; and 0; measured wrt. the beam: event orientation

momenbum conservation

x? — 412 cos(01) + /x5 — 4m2 cos(f3) + x3 cos(f3) = 0
in beam direction \/ 1 \/ ;

relative angles 6;. coes AT ERTEEL — x5) — ]
, g sin”(6;;) = i TR
independent of orientation (o e A

L

e depends on
w208 ) — eac2(0.) — end(h. - . . I
hij = sin“(0;;) — cos“(6;) — cos”(0,) + 2cos(0;;)cos(8;)cos(b;) b ol czemi.v




Real radiakion

Differential cross section

. 0 . 4%0,Cr (3 — 2)(1 — 2¢) (4@2 ) " (23 — 4m?) (23 — 4m?)]E
S

oo dr1dxad cos(6;)d cos(6;) 1672 (1—¢)I'(2—¢) pl/2+e

]

x [A 4+ BB% cos®(01) + C 35 cos?(02) + D512 cos(01) cos(6)]

with 3; = \/xf —4m? and A, B, C and D depending on T2



Real radiakion

Differential cross section

1 d*o _ 4°a,Cp (3—2e)(1 — 2¢) (4np?\" (2% — 4m?)(z5 — 4m2)]®
oo dr1dxad cos(6;)d cos(6;) 1672 (1—e)'(2—¢) h;j/2+s

x [A + B3 cos?(6,) + CB3 cos?(03) + DB1 B cos(6:) cos(6s)]

S

with §; = \/ z; —4m? and A, B, C and D depending on 712

For 3 particles, thrust axis coincides with 3-momentum of particle
with largest Di|, therefore 0 = 0,

S%T’&&Q’S’j! prajea& oubt anqular sktructure right away

g/dcos(ﬁl)dcos(é’g){ﬁ(an — 22)0(|p1| — E3)[2 — 5 cos®(61)]

+ 0z — x1)0(|P2] — 23)[2 — 5 cos®(62)] + 0(Es — |p1])0(Es — |p2])[2 — 5 cos®(63)]}

Need. integrals of the sort / dcos(61)dcos(03) cos™(6;) cos™(6,)
neE



After Frojec&ing out we find

1 d20.ang BOKSOF y1—2s 47_‘_’&2 € ot
3 1 Y 1 . s
oo dzdy 04 (1 = g)F(Q At 5) ( s ) [( y)( Z)Z m }

laf(zi — 2o)0( B = za) -+0B(a %1082~ @l COlZs — Br)ofas (o)}

a, b and ¢ d@.pami on previous A, B, C, D

with 1 =1—y(1—2), 2 =1—yz (soft Limik:y — 0)




Real radiabtion resulks

After projecting out anqgular distribution we find

1 da - 3a,CF e 4t 12
oo dedy s 564w, (1% 12 & ( S
laf(z1 — 2)0(B1 nz3) + 0022 —%1)0(B2 — @3k cO(Z3 — B1)0(xs (]}

a, b and ¢ depend on previous A, B, C, D

with 1 =1—y(1—2), 2 =1—yz (soft Limik:y — 0)

Aqreement with VM & Rodrigo for m = ©

Coefficient ¢ does not “see” soft sector of phase space

2

Vector current: a,b ocy~ 4 signals IR divergence

Axial current: no IR divergence



Final resulks
Axtal current: only real-radiation contributes. Pure non-singular
Vector current: real and virtual conbribute. Sinqular and non-singular
Following [Lepenile & Mateu] one can single out Dirac delta and

Ptu,s function coefficients:

| do ‘a/nc% SQSCF ang ; » an 1 arn
vV e {Ae,\é(m)é(e emm) e Bplugs( )|:6 o :| T FNSg(e)}
min |

O a6 7



Funal resulks

Axtal current: only real-radiation contributes. Pure non-singular
Vector current: real and virtual cowntribute. Si,hgulm and non-singular
Following [Lepenik & Mateu] one can single out Dirac delta ow\ci

plus function Coeffw;ev\&s

1d%_m%
0(‘)/ de




Funal resulks

Axtal current: only real-radiation contributes. Pure non-singular
Vector current: real and virtual cowntribute. Si,hgula\r and non-singular

Following [Lepenik & Mateu] one can single out Dirac delta ow\ci
plus function coefficients:

1. da ?}ng 300 g S b i ¥
0(‘)/ T {Aejv(m)é(e €mm)+Bp1us( m) o iy ++FNS (e)}

defining é(z,9) = emin + yfe(2) + O(y?) we obtain for the vector current

BILE () =4m?[2(1 — 2m°)Lg — B], umiversal

AT () = {(1 4 /32)[7r2 — 2L% — 3Liy (i%) + Lis (52_51) — 4 Lg[log(mh) — 1]]
o] 2-}




Filal resulks
Axtal current: only real-radiation contributes. Pure non-singular

Vector current: real and virtual conbribute, Sinqular and non-singular

Following [Lepenik & Mateu] one can single out Dirac delta thi
plus function coefficients:

1. da ?}rlg 300 g S e i ¥
O_(‘,)/ de = 87T {A€7V(m)5(e emln) 7 Bplus( )[6 & i -+ FNS (6)}

defining é(z,9) = emin + yfe(2) + O(y?) we obtain for the vector current

B s (1) 2(1 - 2im?)Lg — B,
Ag v () (1+ /32)[7r2 = 2L <Ol (ff B) + Lis ( 52_5 1) — 4 Lg[log () — 1]]

T ) — 1/Z+dz (1(1 i)j)ngl log|fe(2)]




O(a?) vector total cross section | O(a) cross section - &h‘réShO i,d
v enhancement’

vector
massless

E:C)F»' qu.m% MAQSS
deberminakion
fyom threshold

scans

Plus coefficient Dirac delta coefficient




Lm[zzor%&v\% checles

angular differential cross section: m = 0.1 Vector differential cross section

m=0.1
m=0.2
ang s -
— axial
massless

-8 -6
log 10 (TJ - 7-min)

Z(7-J) o B;f:i(m)log(TJ - Tlllill)

Cumulative thrust

vector

— axial

m=0.1
m=0.2
AME(m)

(TJ — Tmin ) E(TJ)

10g10(T7 — Tinin)



Cownclusions
Determined the NLO oriented distribution for massive guarks
Vector current starts at LO and develops singular structure

Analytic results for delta and plus function coefficients

Analytic or numeric results for non-singqular and total cross section



Cownclusions
Determined the NLO oriented distribution for massive guarks
Vector current starts at LO and develops singular structure

Analytic results for delta and plus function coefficients

Analytic or numeric results for non-singqular and total cross section

Cutlook

Work out factorisation theorem for massive quarks
Include effects of top-quark decay products

Carry out fits to the strong coupling



