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Introduction



Thrust axis and event shapes
Event shapes: study jets without jet algorithms (global variables)

With momenta of final-state particles one 
builds kinematic variables encoding 
information on geometry of the event

Designed to be small for dijet configurations 
and O(1) for multijets
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Thrust: most common event shape

Thrust axis, essential to measure the event’s orientation globally

Only relevant parameter: angle between thrust and beam axes

With momenta of final-state particles one 
builds kinematic variables encoding 
information on geometry of the event



State of the art: massless oriented distributions
[VM & G. Rodrigo: JHEP 11 (2013) 030]

There are only two 
angular structures
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orientation starts at
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O(↵s)

oriented distribution is non-singular
For massless quarks
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(regular at event-shape threshold)
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There are only two 
angular structures

[VM & G. Rodrigo: JHEP 11 (2013) 030]
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[Hagiwara & Kirilin: JHEP 10 (2010) 093]

Stablished factorisation theorem for oriented distribution



State of the art: massless oriented distributions
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[Lampe: Phys. Lett. B 301 (1993) 435-439]

Computation of       up to       : disagreement with VM & Rodrigo 
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Motivation

for massless quarks. Measured with good precision
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Rang / ↵s
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Might offer good opportunity to measure top quark mass

Tiny hadronization corrections

boosted tops or threshold scan



Computations



General strategy
Project out angular distribution right-away in d-dimensions
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for 2-particle final states need the following integral:

Expanding in ε first generates “fake” angular structures

Artefact of regularisation procedure, disappear when adding real 
radiation (we will encounter others)

Another strategy: expand in ε and identify angular structures

(used as a cross check)

Project out angular distribution right-away in d-dimensions
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Lowest order

d-dimensional differential phase space
<latexit sha1_base64="LJC3UJh4JZVf0fvCRykgXRTMpnA="></latexit>

�B =
(4⇡)1+"(1� ")�(2� ")↵2

em

(3� 2")s1+"�(2� 2")d-dimensional Born normalisation

IR divergences @ NLO         use dim-reg:

(useful to have nicer intermediate expressions)
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Lowest order

At this order thrust axis coincides with quark direction
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Lowest order

• Presence of IR singularities

Important implications for vector current at      :
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• Contribution from virtual diagram

• Singular structures at event-shape threshold

At this order thrust axis coincides with quark direction
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vanishes for m=0 but 
non-zero otherwise

IR divergences @ NLO         use dim-reg:

d-dimensional differential phase space
<latexit sha1_base64="LJC3UJh4JZVf0fvCRykgXRTMpnA="></latexit>
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(3� 2")s1+"�(2� 2")d-dimensional Born normalisation

same as massless
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Virtual radiation

No contribution to the axial current

<latexit sha1_base64="aXLBOrgYnAY/J956uaBRkYWC1bA="></latexit>
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Massive form factors



Virtual radiation

No contribution to the axial current

<latexit sha1_base64="aXLBOrgYnAY/J956uaBRkYWC1bA="></latexit>
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<latexit sha1_base64="kl65S7/QNh2TZLdjPl9k4tKjyF4=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiDEyzBjYtRb1IvHCGaRZAg9nZ6kSffM0N0jhCFf4cWDIl79HG/+jZ1FcH1Q8Hiviqp6fsyZ0o7zbmUWFpeWV7KrubX1jc2t/PZOQ0WJJLROIh7Jlo8V5Sykdc00p61YUix8Tpv+8HLiN++oVCwKb/Qopp7A/ZAFjGBtpNvzYmeANRKH3XzBsc+OS26pgn4T13amKMActW7+rdOLSCJoqAnHSrVdJ9ZeiqVmhNNxrpMoGmMyxH3aNjTEgiovnR48RgdG6aEgkqZCjabq14kUC6VGwjedAuuB+ulNxL+8dqKDUy9lYZxoGpLZoiDhSEdo8j3qMUmJ5iNDMJHM3IrIAEtMtMkoZ0L4/BT9TxpHtluxy9flQvViHkcW9mAfiuDCCVThCmpQBwIC7uERnixpPVjP1susNWPNZ3bhG6zXD/oEj+Y=</latexit>

A(m̂) has an IR divergence

Massive form factors



Virtual radiation
<latexit sha1_base64="aXLBOrgYnAY/J956uaBRkYWC1bA="></latexit>
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<latexit sha1_base64="kl65S7/QNh2TZLdjPl9k4tKjyF4=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiDEyzBjYtRb1IvHCGaRZAg9nZ6kSffM0N0jhCFf4cWDIl79HG/+jZ1FcH1Q8Hiviqp6fsyZ0o7zbmUWFpeWV7KrubX1jc2t/PZOQ0WJJLROIh7Jlo8V5Sykdc00p61YUix8Tpv+8HLiN++oVCwKb/Qopp7A/ZAFjGBtpNvzYmeANRKH3XzBsc+OS26pgn4T13amKMActW7+rdOLSCJoqAnHSrVdJ9ZeiqVmhNNxrpMoGmMyxH3aNjTEgiovnR48RgdG6aEgkqZCjabq14kUC6VGwjedAuuB+ulNxL+8dqKDUy9lYZxoGpLZoiDhSEdo8j3qMUmJ5iNDMJHM3IrIAEtMtMkoZ0L4/BT9TxpHtluxy9flQvViHkcW9mAfiuDCCVThCmpQBwIC7uERnixpPVjP1susNWPNZ3bhG6zXD/oEj+Y=</latexit>

A(m̂) has an IR divergence

Massive form factors

<latexit sha1_base64="I9SY1K9U2F8ntS9rZW8Z3yJiccY="></latexit>
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Defining we find (vector current)

<latexit sha1_base64="+R5T/oKm0eJoh+iNkqaMQ8D3Was="></latexit>
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No contribution to the axial current



Virtual radiation
<latexit sha1_base64="aXLBOrgYnAY/J956uaBRkYWC1bA="></latexit>
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A(m̂) has an IR divergence

Massive form factors

<latexit sha1_base64="I9SY1K9U2F8ntS9rZW8Z3yJiccY="></latexit>
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does not vanish for m=0! Artefact of regularisation

non-trivial check: when adding real contribution should vanish

No contribution to the axial current

Defining we find (vector current)

<latexit sha1_base64="+R5T/oKm0eJoh+iNkqaMQ8D3Was="></latexit>
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3-particle phase space
Differential in 2 angles and 2 energies (harder than usual)

<latexit sha1_base64="tz1vKaAKyazuxUvXtOTMLXrVWlA=">AAADYnicdZJNb9NAEIY3DoVioE3oEQ4TIiRbqCE2gZIDUgUHOKYSaStlbWuz3tTb+kvedZVo5T/ </latexit>
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We choose 1 & 2 for   and   (massive) and 3 for (massless) gluon
<latexit sha1_base64="JS4uMvgW6vj2vOa/DMw+mw0K2yc=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxglkgGUJPpydp09M9dvcIIeQfvHhQxKv/482/sbMIrg8KHu9VUVUvTDjTxvPenczS8srqWnY9t7G5tb2T391raJkqQutEcqlaIdaUM0HrhhlOW4miOA45bYbDi6nfvKNKMymuzSihQYz7gkWMYGOlRifECt128wXPrZwUy5UK+k1815uhAAvUuvm3Tk+SNKbCEI61bvteYoIxVoYRTie5TqppgskQ92nbUoFjqoPx7NoJOrJKD0VS2RIGzdSvE2Mcaz2KQ9sZYzPQP72p+JfXTk10FoyZSFJDBZkvilKOjETT11GPKUoMH1mCiWL2VkQGWGFibEA5G8Lnp+h/0ii6/qlbuioVqueLOLJwAIdwDD6UoQqXUIM6ELiBe3iEJ0c6D86z8zJvzTiLmX34Buf1A974j1w=</latexit>

q̄
<latexit sha1_base64="WZB2rtI4NziiUcE65wN33c3baw8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxARMDyRB6OjVJm57F7h4hhHyBFw+KePWTvPk3dhbB9UHB470qqur5ieBKO867lVlaXlldy67nNja3tnfyu3tNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT+8mPrXdygVj6MrPUrQC2k/4gFnVBupftvNFxy7clIsVyrkN3FtZ4YCLFDr5t86vZilIUaaCapU23US7Y2p1JwJnOQ6qcKEsiHtY9vQiIaovPHs0Ak5MkqPBLE0FWkyU79OjGmo1Cj0TWdI9UD99KbiX1471cGZN+ZRkmqM2HxRkAqiYzL9mvS4RKbFyBDKJDe3EjagkjJtssmZED4/Jf+TZtF2T+1SvVSoni/iyMIBHMIxuFCGKlxCDRrAAOEeHuHJurEerGfrZd6asRYz+/AN1usHkISNeQ==</latexit>q

 can be either 1, 2 or 3 and
<latexit sha1_base64="PayCivRyu4ZQwuNEmqKmkqTxeXg=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiSlWrsQiiK4bME+oA1hMp20QyeTMDORlpBfceNCEbf+iDv/xulD8HngwuGce7n3Hj9mVCrbfjdyK6tr6xv5zcLW9s7unrlfbMsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH1/N/M4dEZJG/FZNY+KGaMhpQDFSWvLM4rVHL/qBQDhtZmk5m3jUM0u2VTstV2s1+Js4lj1HCSzR8My3/iDCSUi4wgxJ2XPsWLkpEopiRrJCP5EkRniMhqSnKUchkW46vz2Dx1oZwCASuriCc/XrRIpCKaehrztDpEbypzcT//J6iQrO3ZTyOFGE48WiIGFQRXAWBBxQQbBiU00QFlTfCvEI6SCUjqugQ/j8FP5P2mXLObMqzUqpfrmMIw8OwRE4AQ6ogjq4AQ3QAhhMwD14BE9GZjwYz8bLojVnLGcOwDcYrx+WMJTY</latexit>
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<latexit sha1_base64="QJocmlKSrTygsfkXUrrRe0gOLC0=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4CpMQjbkFvXiMYBZIhtDTqSRtenrG7h4hDPkILx4U8er3ePNv7CyC64OCx3tVVNXzI8G1cd13J7W0vLK6ll7PbGxube9kd/caOowVwzoLRahaPtUouMS64UZgK1JIA19g0x9dTP3mHSrNQ3ltxhF6AR1I3ueMGis1eUfiLbnpZnNuvnJSLFcq5Dcp5N0ZcrBArZt96/RCFgcoDRNU63bBjYyXUGU4EzjJdGKNEWUjOsC2pZIGqL1kdu6EHFmlR/qhsiUNmalfJxIaaD0OfNsZUDPUP72p+JfXjk3/zEu4jGKDks0X9WNBTEimv5MeV8iMGFtCmeL2VsKGVFFmbEIZG8Lnp+R/0ijmC6f50lUpVz1fxJGGAziEYyhAGapwCTWoA4MR3MMjPDmR8+A8Oy/z1pSzmNmHb3BePwCx6Y/X</latexit>

i 6= j



3-particle phase space
Differential in 2 angles and 2 energies (harder than usual)

<latexit sha1_base64="tz1vKaAKyazuxUvXtOTMLXrVWlA=">AAADYnicdZJNb9NAEIY3DoVioE3oEQ4TIiRbqCE2gZIDUgUHOKYSaStlbWuz3tTb+kvedZVo5T/ </latexit>
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We choose 1 & 2 for   and   (massive) and 3 for (massless) gluon
<latexit sha1_base64="JS4uMvgW6vj2vOa/DMw+mw0K2yc=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxglkgGUJPpydp09M9dvcIIeQfvHhQxKv/482/sbMIrg8KHu9VUVUvTDjTxvPenczS8srqWnY9t7G5tb2T391raJkqQutEcqlaIdaUM0HrhhlOW4miOA45bYbDi6nfvKNKMymuzSihQYz7gkWMYGOlRifECt128wXPrZwUy5UK+k1815uhAAvUuvm3Tk+SNKbCEI61bvteYoIxVoYRTie5TqppgskQ92nbUoFjqoPx7NoJOrJKD0VS2RIGzdSvE2Mcaz2KQ9sZYzPQP72p+JfXTk10FoyZSFJDBZkvilKOjETT11GPKUoMH1mCiWL2VkQGWGFibEA5G8Lnp+h/0ii6/qlbuioVqueLOLJwAIdwDD6UoQqXUIM6ELiBe3iEJ0c6D86z8zJvzTiLmX34Buf1A974j1w=</latexit>

q̄
<latexit sha1_base64="WZB2rtI4NziiUcE65wN33c3baw8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxARMDyRB6OjVJm57F7h4hhHyBFw+KePWTvPk3dhbB9UHB470qqur5ieBKO867lVlaXlldy67nNja3tnfyu3tNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT+8mPrXdygVj6MrPUrQC2k/4gFnVBupftvNFxy7clIsVyrkN3FtZ4YCLFDr5t86vZilIUaaCapU23US7Y2p1JwJnOQ6qcKEsiHtY9vQiIaovPHs0Ak5MkqPBLE0FWkyU79OjGmo1Cj0TWdI9UD99KbiX1471cGZN+ZRkmqM2HxRkAqiYzL9mvS4RKbFyBDKJDe3EjagkjJtssmZED4/Jf+TZtF2T+1SvVSoni/iyMIBHMIxuFCGKlxCDRrAAOEeHuHJurEerGfrZd6asRYz+/AN1usHkISNeQ==</latexit>q

<latexit sha1_base64="Qd2dG5nkYJ4baWDc/Ktjqo6ndpE=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxgomBZAg9nZ6kSc9id40QhvyEFw+KePV3vPk3dhbB9UHB470qqur5iRQaHefdyi0tr6yu5dcLG5tb2zvF3b2WjlPFeJPFMlZtn2ouRcSbKFDydqI4DX3Jb/zRxdS/ueNKizi6xnHCvZAOIhEIRtFI7S4OOdKe6BVLjl07KVdrNfKbuLYzQwkWaPSKb91+zNKQR8gk1brjOgl6GVUomOSTQjfVPKFsRAe8Y2hEQ669bHbvhBwZpU+CWJmKkMzUrxMZDbUeh77pDCkO9U9vKv7ldVIMzrxMREmKPGLzRUEqCcZk+jzpC8UZyrEhlClhbiVsSBVlaCIqmBA+PyX/k1bZdk/tylWlVD9fxJGHAziEY3ChCnW4hAY0gYGEe3iEJ+vWerCerZd5a85azOzDN1ivH9cukIg=</latexit>

✓i
<latexit sha1_base64="zRBy38+lyhGB1Tdl65sZ22oz+JU=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxglkgGUJPpydp07PYXSOEkJ/w4kERr/6ON//GziK4Pih4vFdFVT0/kUKj47xbmaXlldW17HpuY3Nreye/u9fQcaoYr7NYxqrlU82liHgdBUreShSnoS950x9eTP3mHVdaxNE1jhLuhbQfiUAwikZqdXDAkXZvuvmCY1dOiuVKhfwmru3MUIAFat38W6cXszTkETJJtW67ToLemCoUTPJJrpNqnlA2pH3eNjSiIdfeeHbvhBwZpUeCWJmKkMzUrxNjGmo9Cn3TGVIc6J/eVPzLa6cYnHljESUp8ojNFwWpJBiT6fOkJxRnKEeGUKaEuZWwAVWUoYkoZ0L4/JT8TxpF2z21S1elQvV8EUcWDuAQjsGFMlThEmpQBwYS7uERnqxb68F6tl7mrRlrMbMP32C9fgDYspCJ</latexit>

✓jand    measured w.r.t. the beam: event orientation

 can be either 1, 2 or 3 and
<latexit sha1_base64="PayCivRyu4ZQwuNEmqKmkqTxeXg=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiSlWrsQiiK4bME+oA1hMp20QyeTMDORlpBfceNCEbf+iDv/xulD8HngwuGce7n3Hj9mVCrbfjdyK6tr6xv5zcLW9s7unrlfbMsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH1/N/M4dEZJG/FZNY+KGaMhpQDFSWvLM4rVHL/qBQDhtZmk5m3jUM0u2VTstV2s1+Js4lj1HCSzR8My3/iDCSUi4wgxJ2XPsWLkpEopiRrJCP5EkRniMhqSnKUchkW46vz2Dx1oZwCASuriCc/XrRIpCKaehrztDpEbypzcT//J6iQrO3ZTyOFGE48WiIGFQRXAWBBxQQbBiU00QFlTfCvEI6SCUjqugQ/j8FP5P2mXLObMqzUqpfrmMIw8OwRE4AQ6ogjq4AQ3QAhhMwD14BE9GZjwYz8bLojVnLGcOwDcYrx+WMJTY</latexit>

Ei =
Q

2
xi

<latexit sha1_base64="QJocmlKSrTygsfkXUrrRe0gOLC0=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4CpMQjbkFvXiMYBZIhtDTqSRtenrG7h4hDPkILx4U8er3ePNv7CyC64OCx3tVVNXzI8G1cd13J7W0vLK6ll7PbGxube9kd/caOowVwzoLRahaPtUouMS64UZgK1JIA19g0x9dTP3mHSrNQ3ltxhF6AR1I3ueMGis1eUfiLbnpZnNuvnJSLFcq5Dcp5N0ZcrBArZt96/RCFgcoDRNU63bBjYyXUGU4EzjJdGKNEWUjOsC2pZIGqL1kdu6EHFmlR/qhsiUNmalfJxIaaD0OfNsZUDPUP72p+JfXjk3/zEu4jGKDks0X9WNBTEimv5MeV8iMGFtCmeL2VsKGVFFmbEIZG8Lnp+R/0ijmC6f50lUpVz1fxJGGAziEYyhAGapwCTWoA4MR3MMjPDmR8+A8Oy/z1pSzmNmHb3BePwCx6Y/X</latexit>

i 6= j



3-particle phase space

<latexit sha1_base64="tz1vKaAKyazuxUvXtOTMLXrVWlA=">AAADYnicdZJNb9NAEIY3DoVioE3oEQ4TIiRbqCE2gZIDUgUHOKYSaStlbWuz3tTb+kvedZVo5T/ </latexit>
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We choose 1 & 2 for   and   (massive) and 3 for (massless) gluon
<latexit sha1_base64="JS4uMvgW6vj2vOa/DMw+mw0K2yc=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxglkgGUJPpydp09M9dvcIIeQfvHhQxKv/482/sbMIrg8KHu9VUVUvTDjTxvPenczS8srqWnY9t7G5tb2T391raJkqQutEcqlaIdaUM0HrhhlOW4miOA45bYbDi6nfvKNKMymuzSihQYz7gkWMYGOlRifECt128wXPrZwUy5UK+k1815uhAAvUuvm3Tk+SNKbCEI61bvteYoIxVoYRTie5TqppgskQ92nbUoFjqoPx7NoJOrJKD0VS2RIGzdSvE2Mcaz2KQ9sZYzPQP72p+JfXTk10FoyZSFJDBZkvilKOjETT11GPKUoMH1mCiWL2VkQGWGFibEA5G8Lnp+h/0ii6/qlbuioVqueLOLJwAIdwDD6UoQqXUIM6ELiBe3iEJ0c6D86z8zJvzTiLmX34Buf1A974j1w=</latexit>

q̄
<latexit sha1_base64="WZB2rtI4NziiUcE65wN33c3baw8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxARMDyRB6OjVJm57F7h4hhHyBFw+KePWTvPk3dhbB9UHB470qqur5ieBKO867lVlaXlldy67nNja3tnfyu3tNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT+8mPrXdygVj6MrPUrQC2k/4gFnVBupftvNFxy7clIsVyrkN3FtZ4YCLFDr5t86vZilIUaaCapU23US7Y2p1JwJnOQ6qcKEsiHtY9vQiIaovPHs0Ak5MkqPBLE0FWkyU79OjGmo1Cj0TWdI9UD99KbiX1471cGZN+ZRkmqM2HxRkAqiYzL9mvS4RKbFyBDKJDe3EjagkjJtssmZED4/Jf+TZtF2T+1SvVSoni/iyMIBHMIxuFCGKlxCDRrAAOEeHuHJurEerGfrZd6asRYz+/AN1usHkISNeQ==</latexit>q

<latexit sha1_base64="Qd2dG5nkYJ4baWDc/Ktjqo6ndpE=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxgomBZAg9nZ6kSc9id40QhvyEFw+KePV3vPk3dhbB9UHB470qqur5iRQaHefdyi0tr6yu5dcLG5tb2zvF3b2WjlPFeJPFMlZtn2ouRcSbKFDydqI4DX3Jb/zRxdS/ueNKizi6xnHCvZAOIhEIRtFI7S4OOdKe6BVLjl07KVdrNfKbuLYzQwkWaPSKb91+zNKQR8gk1brjOgl6GVUomOSTQjfVPKFsRAe8Y2hEQ669bHbvhBwZpU+CWJmKkMzUrxMZDbUeh77pDCkO9U9vKv7ldVIMzrxMREmKPGLzRUEqCcZk+jzpC8UZyrEhlClhbiVsSBVlaCIqmBA+PyX/k1bZdk/tylWlVD9fxJGHAziEY3ChCnW4hAY0gYGEe3iEJ+vWerCerZd5a85azOzDN1ivH9cukIg=</latexit>

✓i
<latexit sha1_base64="zRBy38+lyhGB1Tdl65sZ22oz+JU=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxglkgGUJPpydp07PYXSOEkJ/w4kERr/6ON//GziK4Pih4vFdFVT0/kUKj47xbmaXlldW17HpuY3Nreye/u9fQcaoYr7NYxqrlU82liHgdBUreShSnoS950x9eTP3mHVdaxNE1jhLuhbQfiUAwikZqdXDAkXZvuvmCY1dOiuVKhfwmru3MUIAFat38W6cXszTkETJJtW67ToLemCoUTPJJrpNqnlA2pH3eNjSiIdfeeHbvhBwZpUeCWJmKkMzUrxNjGmo9Cn3TGVIc6J/eVPzLa6cYnHljESUp8ojNFwWpJBiT6fOkJxRnKEeGUKaEuZWwAVWUoYkoZ0L4/JT8TxpF2z21S1elQvV8EUcWDuAQjsGFMlThEmpQBwYS7uERnqxb68F6tl7mrRlrMbMP32C9fgDYspCJ</latexit>

✓jand    measured w.r.t. the beam: event orientation

 can be either 1, 2 or 3 and
<latexit sha1_base64="PayCivRyu4ZQwuNEmqKmkqTxeXg=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiSlWrsQiiK4bME+oA1hMp20QyeTMDORlpBfceNCEbf+iDv/xulD8HngwuGce7n3Hj9mVCrbfjdyK6tr6xv5zcLW9s7unrlfbMsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH1/N/M4dEZJG/FZNY+KGaMhpQDFSWvLM4rVHL/qBQDhtZmk5m3jUM0u2VTstV2s1+Js4lj1HCSzR8My3/iDCSUi4wgxJ2XPsWLkpEopiRrJCP5EkRniMhqSnKUchkW46vz2Dx1oZwCASuriCc/XrRIpCKaehrztDpEbypzcT//J6iQrO3ZTyOFGE48WiIGFQRXAWBBxQQbBiU00QFlTfCvEI6SCUjqugQ/j8FP5P2mXLObMqzUqpfrmMIw8OwRE4AQ6ogjq4AQ3QAhhMwD14BE9GZjwYz8bLojVnLGcOwDcYrx+WMJTY</latexit>

Ei =
Q

2
xi

<latexit sha1_base64="QJocmlKSrTygsfkXUrrRe0gOLC0=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4CpMQjbkFvXiMYBZIhtDTqSRtenrG7h4hDPkILx4U8er3ePNv7CyC64OCx3tVVNXzI8G1cd13J7W0vLK6ll7PbGxube9kd/caOowVwzoLRahaPtUouMS64UZgK1JIA19g0x9dTP3mHSrNQ3ltxhF6AR1I3ueMGis1eUfiLbnpZnNuvnJSLFcq5Dcp5N0ZcrBArZt96/RCFgcoDRNU63bBjYyXUGU4EzjJdGKNEWUjOsC2pZIGqL1kdu6EHFmlR/qhsiUNmalfJxIaaD0OfNsZUDPUP72p+JfXjk3/zEu4jGKDks0X9WNBTEimv5MeV8iMGFtCmeL2VsKGVFFmbEIZG8Lnp+R/0ijmC6f50lUpVz1fxJGGAziEYyhAGapwCTWoA4MR3MMjPDmR8+A8Oy/z1pSzmNmHb3BePwCx6Y/X</latexit>

i 6= j

Differential in 2 angles and 2 energies (harder than usual)

<latexit sha1_base64="bK9wwHBU9EG1PhGPTlUFqrPRuwI="></latexit>q
x2
1 � 4m̂2 cos(✓1) +

q
x2
2 � 4m̂2 cos(✓2) + x3 cos(✓3) = 0

momentum conservation 
in beam direction

useful to write    in terms of 
<latexit sha1_base64="dcRlrpXHtQJd3pg2EKIzSx6Sj9U=">AAAB73icdVDJSgNBEO2JW4xb1KOXxiB4GmZiNOYW9OIxglkgGUJPpyZp0rPYXSOEkJ/w4kERr/6ON//GziK4Pih4vFdFVT0/kUKj47xbmaXlldW17HpuY3Nreye/u9fQcao41HksY9XymQYpIqijQAmtRAELfQlNf3g59Zt3oLSIoxscJeCFrB+JQHCGRmp1cADIuifdfMGxK6fFcqVCfxPXdmYokAVq3fxbpxfzNIQIuWRat10nQW/MFAouYZLrpBoSxoesD21DIxaC9sazeyf0yCg9GsTKVIR0pn6dGLNQ61Hom86Q4UD/9KbiX147xeDcG4soSREiPl8UpJJiTKfP055QwFGODGFcCXMr5QOmGEcTUc6E8Pkp/Z80irZ7ZpeuS4XqxSKOLDkgh+SYuKRMquSK1EidcCLJPXkkT9at9WA9Wy/z1oy1mNkn32C9fgCFVpBS</latexit>

✓3
<latexit sha1_base64="7mU844TRictnYmNxxjpAOthmFLk=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4kGEmRGNuQS8eI5hEyAyhp1NJmvQsdNcIYchvePGgiFd/xpt/Y2cRXB8UPN6roqpekEih0XHerdzS8srqWn69sLG5tb1T3N1r6ThVHJo8lrG6DZgGKSJookAJt4kCFgYS2sHocuq370BpEUc3OE7AD9kgEn3BGRrJ83AIyLqZe1KedIslx66dlqu1Gv1NXNuZoUQWaHSLb14v5mkIEXLJtO64ToJ+xhQKLmFS8FINCeMjNoCOoRELQfvZ7OYJPTJKj/ZjZSpCOlO/TmQs1HocBqYzZDjUP72p+JfXSbF/7mciSlKEiM8X9VNJMabTAGhPKOAox4YwroS5lfIhU4yjialgQvj8lP5PWmXbPbMr15VS/WIRR54ckENyTFxSJXVyRRqkSThJyD15JE9Waj1Yz9bLvDVnLWb2yTdYrx8q9JHO</latexit>

✓1,2



3-particle phase space

<latexit sha1_base64="tz1vKaAKyazuxUvXtOTMLXrVWlA=">AAADYnicdZJNb9NAEIY3DoVioE3oEQ4TIiRbqCE2gZIDUgUHOKYSaStlbWuz3tTb+kvedZVo5T/ </latexit>

d�3

2Q2
=

4"Q�4"

2(4⇡)4�2"�(1� 2")

Z
dx1dx2dcos(✓i)dcos(✓j)

[(x2
1 � 4m̂2)(x2

2 � 4m̂2)]�"✓[sin2(✓̃ij)]✓(h12)

h1/2+"
ij

We choose 1 & 2 for   and   (massive) and 3 for (massless) gluon
<latexit sha1_base64="JS4uMvgW6vj2vOa/DMw+mw0K2yc=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxglkgGUJPpydp09M9dvcIIeQfvHhQxKv/482/sbMIrg8KHu9VUVUvTDjTxvPenczS8srqWnY9t7G5tb2T391raJkqQutEcqlaIdaUM0HrhhlOW4miOA45bYbDi6nfvKNKMymuzSihQYz7gkWMYGOlRifECt128wXPrZwUy5UK+k1815uhAAvUuvm3Tk+SNKbCEI61bvteYoIxVoYRTie5TqppgskQ92nbUoFjqoPx7NoJOrJKD0VS2RIGzdSvE2Mcaz2KQ9sZYzPQP72p+JfXTk10FoyZSFJDBZkvilKOjETT11GPKUoMH1mCiWL2VkQGWGFibEA5G8Lnp+h/0ii6/qlbuioVqueLOLJwAIdwDD6UoQqXUIM6ELiBe3iEJ0c6D86z8zJvzTiLmX34Buf1A974j1w=</latexit>

q̄
<latexit sha1_base64="WZB2rtI4NziiUcE65wN33c3baw8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxARMDyRB6OjVJm57F7h4hhHyBFw+KePWTvPk3dhbB9UHB470qqur5ieBKO867lVlaXlldy67nNja3tnfyu3tNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT+8mPrXdygVj6MrPUrQC2k/4gFnVBupftvNFxy7clIsVyrkN3FtZ4YCLFDr5t86vZilIUaaCapU23US7Y2p1JwJnOQ6qcKEsiHtY9vQiIaovPHs0Ak5MkqPBLE0FWkyU79OjGmo1Cj0TWdI9UD99KbiX1471cGZN+ZRkmqM2HxRkAqiYzL9mvS4RKbFyBDKJDe3EjagkjJtssmZED4/Jf+TZtF2T+1SvVSoni/iyMIBHMIxuFCGKlxCDRrAAOEeHuHJurEerGfrZd6asRYz+/AN1usHkISNeQ==</latexit>q

<latexit sha1_base64="Qd2dG5nkYJ4baWDc/Ktjqo6ndpE=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxgomBZAg9nZ6kSc9id40QhvyEFw+KePV3vPk3dhbB9UHB470qqur5iRQaHefdyi0tr6yu5dcLG5tb2zvF3b2WjlPFeJPFMlZtn2ouRcSbKFDydqI4DX3Jb/zRxdS/ueNKizi6xnHCvZAOIhEIRtFI7S4OOdKe6BVLjl07KVdrNfKbuLYzQwkWaPSKb91+zNKQR8gk1brjOgl6GVUomOSTQjfVPKFsRAe8Y2hEQ669bHbvhBwZpU+CWJmKkMzUrxMZDbUeh77pDCkO9U9vKv7ldVIMzrxMREmKPGLzRUEqCcZk+jzpC8UZyrEhlClhbiVsSBVlaCIqmBA+PyX/k1bZdk/tylWlVD9fxJGHAziEY3ChCnW4hAY0gYGEe3iEJ+vWerCerZd5a85azOzDN1ivH9cukIg=</latexit>

✓i
<latexit sha1_base64="zRBy38+lyhGB1Tdl65sZ22oz+JU=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxglkgGUJPpydp07PYXSOEkJ/w4kERr/6ON//GziK4Pih4vFdFVT0/kUKj47xbmaXlldW17HpuY3Nreye/u9fQcaoYr7NYxqrlU82liHgdBUreShSnoS950x9eTP3mHVdaxNE1jhLuhbQfiUAwikZqdXDAkXZvuvmCY1dOiuVKhfwmru3MUIAFat38W6cXszTkETJJtW67ToLemCoUTPJJrpNqnlA2pH3eNjSiIdfeeHbvhBwZpUeCWJmKkMzUrxNjGmo9Cn3TGVIc6J/eVPzLa6cYnHljESUp8ojNFwWpJBiT6fOkJxRnKEeGUKaEuZWwAVWUoYkoZ0L4/JT8TxpF2z21S1elQvV8EUcWDuAQjsGFMlThEmpQBwYS7uERnqxb68F6tl7mrRlrMbMP32C9fgDYspCJ</latexit>

✓jand    measured w.r.t. the beam: event orientation

<latexit sha1_base64="rtyTiijwRlgi2DwzjvLJTgYOLY0="></latexit>

sin2(✓̃ij) =
4[(1� x1)(1� x2)(1� x3)� m̂2x2

3]

(x2
i � 4m̂2

i )(x
2
j � 4m̂2

j )
relative angles    
independent of orientation

<latexit sha1_base64="NfVS7Ib2s5rOVNajyfxe72CcH6s=">AAAB+nicdVDJSgNBEO2JW4xbokcvjUHwNExCNOYW9OIxglkgCaGnU5O06VnorlHCmE/x4kERr36JN//GziK4Pih4vFdFVT03kkKj47xbqaXlldW19HpmY3Nreyeb223oMFYc6jyUoWq5TIMUAdRRoIRWpID5roSmOzqf+s0bUFqEwRWOI+j6bBAIT3CGRuplcx0Usg8dHAKyXiKuJ71s3rErx8VypUJ/k4LtzJAnC9R62bdOP+SxDwFyybRuF5wIuwlTKLiESaYTa4gYH7EBtA0NmA+6m8xOn9BDo/SpFypTAdKZ+nUiYb7WY981nT7Dof7pTcW/vHaM3mk3EUEUIwR8vsiLJcWQTnOgfaGAoxwbwrgS5lbKh0wxjiatjAnh81P6P2kU7cKJXbos5atnizjSZJ8ckCNSIGVSJRekRuqEk1tyTx7Jk3VnPVjP1su8NWUtZvbIN1ivH4+QlOM=</latexit>

✓̃ij

<latexit sha1_base64="bK9wwHBU9EG1PhGPTlUFqrPRuwI="></latexit>q
x2
1 � 4m̂2 cos(✓1) +

q
x2
2 � 4m̂2 cos(✓2) + x3 cos(✓3) = 0

momentum conservation 
in beam direction

 can be either 1, 2 or 3 and
<latexit sha1_base64="PayCivRyu4ZQwuNEmqKmkqTxeXg=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiSlWrsQiiK4bME+oA1hMp20QyeTMDORlpBfceNCEbf+iDv/xulD8HngwuGce7n3Hj9mVCrbfjdyK6tr6xv5zcLW9s7unrlfbMsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH1/N/M4dEZJG/FZNY+KGaMhpQDFSWvLM4rVHL/qBQDhtZmk5m3jUM0u2VTstV2s1+Js4lj1HCSzR8My3/iDCSUi4wgxJ2XPsWLkpEopiRrJCP5EkRniMhqSnKUchkW46vz2Dx1oZwCASuriCc/XrRIpCKaehrztDpEbypzcT//J6iQrO3ZTyOFGE48WiIGFQRXAWBBxQQbBiU00QFlTfCvEI6SCUjqugQ/j8FP5P2mXLObMqzUqpfrmMIw8OwRE4AQ6ogjq4AQ3QAhhMwD14BE9GZjwYz8bLojVnLGcOwDcYrx+WMJTY</latexit>

Ei =
Q

2
xi

<latexit sha1_base64="QJocmlKSrTygsfkXUrrRe0gOLC0=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4CpMQjbkFvXiMYBZIhtDTqSRtenrG7h4hDPkILx4U8er3ePNv7CyC64OCx3tVVNXzI8G1cd13J7W0vLK6ll7PbGxube9kd/caOowVwzoLRahaPtUouMS64UZgK1JIA19g0x9dTP3mHSrNQ3ltxhF6AR1I3ueMGis1eUfiLbnpZnNuvnJSLFcq5Dcp5N0ZcrBArZt96/RCFgcoDRNU63bBjYyXUGU4EzjJdGKNEWUjOsC2pZIGqL1kdu6EHFmlR/qhsiUNmalfJxIaaD0OfNsZUDPUP72p+JfXjk3/zEu4jGKDks0X9WNBTEimv5MeV8iMGFtCmeL2VsKGVFFmbEIZG8Lnp+R/0ijmC6f50lUpVz1fxJGGAziEYyhAGapwCTWoA4MR3MMjPDmR8+A8Oy/z1pSzmNmHb3BePwCx6Y/X</latexit>

i 6= j

Differential in 2 angles and 2 energies (harder than usual)



3-particle phase space

<latexit sha1_base64="tz1vKaAKyazuxUvXtOTMLXrVWlA=">AAADYnicdZJNb9NAEIY3DoVioE3oEQ4TIiRbqCE2gZIDUgUHOKYSaStlbWuz3tTb+kvedZVo5T/ </latexit>

d�3

2Q2
=

4"Q�4"

2(4⇡)4�2"�(1� 2")

Z
dx1dx2dcos(✓i)dcos(✓j)

[(x2
1 � 4m̂2)(x2

2 � 4m̂2)]�"✓[sin2(✓̃ij)]✓(h12)

h1/2+"
ij

We choose 1 & 2 for   and   (massive) and 3 for (massless) gluon
<latexit sha1_base64="JS4uMvgW6vj2vOa/DMw+mw0K2yc=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxglkgGUJPpydp09M9dvcIIeQfvHhQxKv/482/sbMIrg8KHu9VUVUvTDjTxvPenczS8srqWnY9t7G5tb2T391raJkqQutEcqlaIdaUM0HrhhlOW4miOA45bYbDi6nfvKNKMymuzSihQYz7gkWMYGOlRifECt128wXPrZwUy5UK+k1815uhAAvUuvm3Tk+SNKbCEI61bvteYoIxVoYRTie5TqppgskQ92nbUoFjqoPx7NoJOrJKD0VS2RIGzdSvE2Mcaz2KQ9sZYzPQP72p+JfXTk10FoyZSFJDBZkvilKOjETT11GPKUoMH1mCiWL2VkQGWGFibEA5G8Lnp+h/0ii6/qlbuioVqueLOLJwAIdwDD6UoQqXUIM6ELiBe3iEJ0c6D86z8zJvzTiLmX34Buf1A974j1w=</latexit>

q̄
<latexit sha1_base64="WZB2rtI4NziiUcE65wN33c3baw8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxARMDyRB6OjVJm57F7h4hhHyBFw+KePWTvPk3dhbB9UHB470qqur5ieBKO867lVlaXlldy67nNja3tnfyu3tNFaeSYYPFIpYtnyoUPMKG5lpgK5FIQ1/gtT+8mPrXdygVj6MrPUrQC2k/4gFnVBupftvNFxy7clIsVyrkN3FtZ4YCLFDr5t86vZilIUaaCapU23US7Y2p1JwJnOQ6qcKEsiHtY9vQiIaovPHs0Ak5MkqPBLE0FWkyU79OjGmo1Cj0TWdI9UD99KbiX1471cGZN+ZRkmqM2HxRkAqiYzL9mvS4RKbFyBDKJDe3EjagkjJtssmZED4/Jf+TZtF2T+1SvVSoni/iyMIBHMIxuFCGKlxCDRrAAOEeHuHJurEerGfrZd6asRYz+/AN1usHkISNeQ==</latexit>q

<latexit sha1_base64="Qd2dG5nkYJ4baWDc/Ktjqo6ndpE=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxgomBZAg9nZ6kSc9id40QhvyEFw+KePV3vPk3dhbB9UHB470qqur5iRQaHefdyi0tr6yu5dcLG5tb2zvF3b2WjlPFeJPFMlZtn2ouRcSbKFDydqI4DX3Jb/zRxdS/ueNKizi6xnHCvZAOIhEIRtFI7S4OOdKe6BVLjl07KVdrNfKbuLYzQwkWaPSKb91+zNKQR8gk1brjOgl6GVUomOSTQjfVPKFsRAe8Y2hEQ669bHbvhBwZpU+CWJmKkMzUrxMZDbUeh77pDCkO9U9vKv7ldVIMzrxMREmKPGLzRUEqCcZk+jzpC8UZyrEhlClhbiVsSBVlaCIqmBA+PyX/k1bZdk/tylWlVD9fxJGHAziEY3ChCnW4hAY0gYGEe3iEJ+vWerCerZd5a85azOzDN1ivH9cukIg=</latexit>

✓i
<latexit sha1_base64="zRBy38+lyhGB1Tdl65sZ22oz+JU=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4GmZCNOYW9OIxglkgGUJPpydp07PYXSOEkJ/w4kERr/6ON//GziK4Pih4vFdFVT0/kUKj47xbmaXlldW17HpuY3Nreye/u9fQcaoYr7NYxqrlU82liHgdBUreShSnoS950x9eTP3mHVdaxNE1jhLuhbQfiUAwikZqdXDAkXZvuvmCY1dOiuVKhfwmru3MUIAFat38W6cXszTkETJJtW67ToLemCoUTPJJrpNqnlA2pH3eNjSiIdfeeHbvhBwZpUeCWJmKkMzUrxNjGmo9Cn3TGVIc6J/eVPzLa6cYnHljESUp8ojNFwWpJBiT6fOkJxRnKEeGUKaEuZWwAVWUoYkoZ0L4/JT8TxpF2z21S1elQvV8EUcWDuAQjsGFMlThEmpQBwYS7uERnqxb68F6tl7mrRlrMbMP32C9fgDYspCJ</latexit>

✓jand    measured w.r.t. the beam: event orientation

<latexit sha1_base64="rtyTiijwRlgi2DwzjvLJTgYOLY0="></latexit>

sin2(✓̃ij) =
4[(1� x1)(1� x2)(1� x3)� m̂2x2

3]

(x2
i � 4m̂2

i )(x
2
j � 4m̂2

j )
relative angles    
independent of orientation

<latexit sha1_base64="NfVS7Ib2s5rOVNajyfxe72CcH6s=">AAAB+nicdVDJSgNBEO2JW4xbokcvjUHwNExCNOYW9OIxglkgCaGnU5O06VnorlHCmE/x4kERr36JN//GziK4Pih4vFdFVT03kkKj47xbqaXlldW19HpmY3Nreyeb223oMFYc6jyUoWq5TIMUAdRRoIRWpID5roSmOzqf+s0bUFqEwRWOI+j6bBAIT3CGRuplcx0Usg8dHAKyXiKuJ71s3rErx8VypUJ/k4LtzJAnC9R62bdOP+SxDwFyybRuF5wIuwlTKLiESaYTa4gYH7EBtA0NmA+6m8xOn9BDo/SpFypTAdKZ+nUiYb7WY981nT7Dof7pTcW/vHaM3mk3EUEUIwR8vsiLJcWQTnOgfaGAoxwbwrgS5lbKh0wxjiatjAnh81P6P2kU7cKJXbos5atnizjSZJ8ckCNSIGVSJRekRuqEk1tyTx7Jk3VnPVjP1su8NWUtZvbIN1ivH4+QlOM=</latexit>

✓̃ij

<latexit sha1_base64="oJKG71vuna/ny2cm7vPtWnocaLE="></latexit>

hij = sin2(✓̃ij)� cos2(✓i)� cos2(✓j) + 2cos(✓̃ij)cos(✓i)cos(✓j)
depends on 
angles only

 can be either 1, 2 or 3 and
<latexit sha1_base64="PayCivRyu4ZQwuNEmqKmkqTxeXg=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiSlWrsQiiK4bME+oA1hMp20QyeTMDORlpBfceNCEbf+iDv/xulD8HngwuGce7n3Hj9mVCrbfjdyK6tr6xv5zcLW9s7unrlfbMsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH1/N/M4dEZJG/FZNY+KGaMhpQDFSWvLM4rVHL/qBQDhtZmk5m3jUM0u2VTstV2s1+Js4lj1HCSzR8My3/iDCSUi4wgxJ2XPsWLkpEopiRrJCP5EkRniMhqSnKUchkW46vz2Dx1oZwCASuriCc/XrRIpCKaehrztDpEbypzcT//J6iQrO3ZTyOFGE48WiIGFQRXAWBBxQQbBiU00QFlTfCvEI6SCUjqugQ/j8FP5P2mXLObMqzUqpfrmMIw8OwRE4AQ6ogjq4AQ3QAhhMwD14BE9GZjwYz8bLojVnLGcOwDcYrx+WMJTY</latexit>

Ei =
Q

2
xi

<latexit sha1_base64="QJocmlKSrTygsfkXUrrRe0gOLC0=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4CpMQjbkFvXiMYBZIhtDTqSRtenrG7h4hDPkILx4U8er3ePNv7CyC64OCx3tVVNXzI8G1cd13J7W0vLK6ll7PbGxube9kd/caOowVwzoLRahaPtUouMS64UZgK1JIA19g0x9dTP3mHSrNQ3ltxhF6AR1I3ueMGis1eUfiLbnpZnNuvnJSLFcq5Dcp5N0ZcrBArZt96/RCFgcoDRNU63bBjYyXUGU4EzjJdGKNEWUjOsC2pZIGqL1kdu6EHFmlR/qhsiUNmalfJxIaaD0OfNsZUDPUP72p+JfXjk3/zEu4jGKDks0X9WNBTEimv5MeV8iMGFtCmeL2VsKGVFFmbEIZG8Lnp+R/0ijmC6f50lUpVz1fxJGGAziEYyhAGapwCTWoA4MR3MMjPDmR8+A8Oy/z1pSzmNmHb3BePwCx6Y/X</latexit>

i 6= j

Differential in 2 angles and 2 energies (harder than usual)

<latexit sha1_base64="bK9wwHBU9EG1PhGPTlUFqrPRuwI="></latexit>q
x2
1 � 4m̂2 cos(✓1) +

q
x2
2 � 4m̂2 cos(✓2) + x3 cos(✓3) = 0

momentum conservation 
in beam direction



Real radiation
Differential cross section

<latexit sha1_base64="BgyfjsSukB+PHuXWB+Sa8S6WsWg="></latexit>

1

�0

d4�

dx1dx2d cos(✓i)d cos(✓j)
=

4"↵sCF

16⇡2

(3� 2")(1� 2")

(1� ")�(2� ")

✓
4⇡µ̃2

s

◆"
[(x2

1 � 4m̂2)(x2
2 � 4m̂2)]�"

h1/2+"
ij

⇥ [A+B�2
1 cos

2(✓1) + C�2
2 cos

2(✓2) +D�1�2 cos(✓1) cos(✓2)]

with                  and A, B, C and D depending on 
<latexit sha1_base64="sXV1X0RSyMElNjKxgSDviWkL8GA=">AAACDXicdVDJSgNBEO1xjXGLevTSGAUvhskQjTkIQS8eI5gFMpOhp9NJmvQsdteIYcgPePFXvHhQxKt3b/6NnUVwfVDweK+KqnpeJLgC03w3Zmbn5hcWU0vp5ZXVtfXMxmZNhbGkrEpDEcqGRxQTPGBV4CBYI5KM+J5gda9/NvLr10wqHgaXMIiY45NuwDucEtCSm9m1PQbE5fgE2+pKQnLj8paFD3AB2z0CiT9sWUM3kzVzpUOrWCrh3ySfM8fIoikqbubNboc09lkAVBClmnkzAichEjgVbJi2Y8UiQvuky5qaBsRnyknG3wzxnlbauBNKXQHgsfp1IiG+UgPf050+gZ766Y3Ev7xmDJ1jJ+FBFAML6GRRJxYYQjyKBre5ZBTEQBNCJde3YtojklDQAaZ1CJ+f4v9Jzcrlj3KFi0K2fDqNI4W20Q7aR3lURGV0jiqoiii6RffoET0Zd8aD8Wy8TFpnjOnMFvoG4/UDNFebEQ==</latexit>

�i =
q

x2
i � 4m̂2 <latexit sha1_base64="DUuvfSyXHxA/a35iiaCN9BWJK6I=">AAAB7nicdVDLSsNAFL2pr1pfUZduBovgQkJSqrW7ohuXFewD2lAm00k7dDIJMxOxhH6EGxeKuPV73Pk3Th+CzwMXDufcy733BAlnSrvuu5VbWl5ZXcuvFzY2t7Z37N29popTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUb91SqVgsbvQ4oX6EB4KFjGBtpNZdL/NOSpOeXXSd6mmpUq2i38Rz3BmKsEC9Z791+zFJIyo04Vipjucm2s+w1IxwOil0U0UTTEZ4QDuGChxR5WezcyfoyCh9FMbSlNBopn6dyHCk1DgKTGeE9VD99KbiX14n1eG5nzGRpJoKMl8UphzpGE1/R30mKdF8bAgmkplbERliiYk2CRVMCJ+fov9Js+R4Z075ulysXSziyMMBHMIxeFCBGlxBHRpAYAT38AhPVmI9WM/Wy7w1Zy1m9uEbrNcPYR6Pog==</latexit>x1,2



Real radiation

<latexit sha1_base64="BgyfjsSukB+PHuXWB+Sa8S6WsWg="></latexit>

1

�0

d4�

dx1dx2d cos(✓i)d cos(✓j)
=

4"↵sCF

16⇡2

(3� 2")(1� 2")

(1� ")�(2� ")

✓
4⇡µ̃2

s

◆"
[(x2

1 � 4m̂2)(x2
2 � 4m̂2)]�"

h1/2+"
ij

⇥ [A+B�2
1 cos

2(✓1) + C�2
2 cos

2(✓2) +D�1�2 cos(✓1) cos(✓2)]

For 3 particles, thrust axis coincides with 3-momentum of particle 
with largest    , therefore 

<latexit sha1_base64="Q5r7I9VJ5OjGgjEq8WhzBuiWBCY=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgKiSlWrsrunFZwdZCE8pkOmmHTpJhZlIoaX/DjQtF3Poz7vwbpw/B54ELh3Pu5d57AsGZ0o7zbuVWVtfWN/Kbha3tnd294v5BSyWpJLRJEp7IdoAV5SymTc00p20hKY4CTu+C4dXMvxtRqVgS3+qxoH6E+zELGcHaSN4k80aUIDHtskm3WHLs2lm5Wquh38S1nTlKsESjW3zzeglJIxprwrFSHdcR2s+w1IxwOi14qaICkyHu046hMY6o8rP5zVN0YpQeChNpKtZorn6dyHCk1DgKTGeE9UD99GbiX14n1eGFn7FYpJrGZLEoTDnSCZoFgHpMUqL52BBMJDO3IjLAEhNtYiqYED4/Rf+TVtl2z+3KTaVUv1zGkYcjOIZTcKEKdbiGBjSBgIB7eIQnK7UerGfrZdGas5Yzh/AN1usH/ZuSWA==</latexit>

|~pi|
<latexit sha1_base64="TydguvjrhyULg1POmk3Fz0F+v6Y=">AAAB+nicdVDJSgNBEO1xjXGb6NFLYxA8DTMhGnMQgl48RsgGyTD0dDpJk56F7holjPkULx4U8eqXePNv7CQjuD4oeLxXRVU9PxZcgW2/G0vLK6tr67mN/ObW9s6uWdhrqSiRlDVpJCLZ8YligoesCRwE68SSkcAXrO2PL2d++4ZJxaOwAZOYuQEZhnzAKQEteWahByMGxGucZ4R7ZtG2qielSrWKfxPHsucoogx1z3zr9SOaBCwEKohSXceOwU2JBE4Fm+Z7iWIxoWMyZF1NQxIw5abz06f4SCt9PIikrhDwXP06kZJAqUng686AwEj99GbiX143gcGZm/IwToCFdLFokAgMEZ7lgPtcMgpiogmhkutbMR0RSSjotPI6hM9P8f+kVbKcU6t8XS7WLrI4cugAHaJj5KAKqqErVEdNRNEtukeP6Mm4Mx6MZ+Nl0bpkZDP76BuM1w/mZpR1</latexit>

✓T = ✓i

Strategy: project out angular structure right away

Need integrals of the sort
<latexit sha1_base64="VrL9U1rB4a4SAxg7IOX+CIm6Dqs="></latexit>Z

dcos(✓1)dcos(✓2) cosn(✓i) cosm(✓j)

h1/2+"
12

<latexit sha1_base64="R9bojc4wKm3yE3h/DgdMm3jtpgM="></latexit>

3

8

Z
dcos(✓1)dcos(✓2){✓(x1 � x2)✓(|~p1|� E3)[2� 5 cos2(✓1)]

+ ✓(x2 � x1)✓(|~p2|� x3)[2� 5 cos2(✓2)] + ✓(E3 � |~p1|)✓(E3 � |~p2|)[2� 5 cos2(✓3)]}

Differential cross section

with                  and A, B, C and D depending on 
<latexit sha1_base64="sXV1X0RSyMElNjKxgSDviWkL8GA=">AAACDXicdVDJSgNBEO1xjXGLevTSGAUvhskQjTkIQS8eI5gFMpOhp9NJmvQsdteIYcgPePFXvHhQxKt3b/6NnUVwfVDweK+KqnpeJLgC03w3Zmbn5hcWU0vp5ZXVtfXMxmZNhbGkrEpDEcqGRxQTPGBV4CBYI5KM+J5gda9/NvLr10wqHgaXMIiY45NuwDucEtCSm9m1PQbE5fgE2+pKQnLj8paFD3AB2z0CiT9sWUM3kzVzpUOrWCrh3ySfM8fIoikqbubNboc09lkAVBClmnkzAichEjgVbJi2Y8UiQvuky5qaBsRnyknG3wzxnlbauBNKXQHgsfp1IiG+UgPf050+gZ766Y3Ev7xmDJ1jJ+FBFAML6GRRJxYYQjyKBre5ZBTEQBNCJde3YtojklDQAaZ1CJ+f4v9Jzcrlj3KFi0K2fDqNI4W20Q7aR3lURGV0jiqoiii6RffoET0Zd8aD8Wy8TFpnjOnMFvoG4/UDNFebEQ==</latexit>

�i =
q

x2
i � 4m̂2 <latexit sha1_base64="DUuvfSyXHxA/a35iiaCN9BWJK6I=">AAAB7nicdVDLSsNAFL2pr1pfUZduBovgQkJSqrW7ohuXFewD2lAm00k7dDIJMxOxhH6EGxeKuPV73Pk3Th+CzwMXDufcy733BAlnSrvuu5VbWl5ZXcuvFzY2t7Z37N29popTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUb91SqVgsbvQ4oX6EB4KFjGBtpNZdL/NOSpOeXXSd6mmpUq2i38Rz3BmKsEC9Z791+zFJIyo04Vipjucm2s+w1IxwOil0U0UTTEZ4QDuGChxR5WezcyfoyCh9FMbSlNBopn6dyHCk1DgKTGeE9VD99KbiX14n1eG5nzGRpJoKMl8UphzpGE1/R30mKdF8bAgmkplbERliiYk2CRVMCJ+fov9Js+R4Z075ulysXSziyMMBHMIxeFCBGlxBHRpAYAT38AhPVmI9WM/Wy7w1Zy1m9uEbrNcPYR6Pog==</latexit>x1,2



Real radiation results

<latexit sha1_base64="Qbes31IB/4EMQqTBpvUGksWSa7Q="></latexit>

1

�0

d2�ang

dzdy
=

3↵sCF

64⇡

y1�2"

(1� ")�(2� ")

✓
4⇡µ̃2

s

◆" ⇥
(1� y)(1� z)z � m̂2

⇤�"

{a ✓(x1 � x2)✓(�1 � x3) + b ✓(x2 � x1)✓(�2 � x3) + c ✓(x3 � �1)✓(x3 � �2)}

After projecting out angular distribution we find

with
<latexit sha1_base64="gc6YU8Ia/+72jp6H0G7e62rWNp8=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARKtgyU6q1C6HoxmUF+4C2DJk004ZmHiQZaTtW8FfcuFDErb/hzr8x01bweeDCyTn3knuPHTAqpGG8a4m5+YXFpeRyamV1bX1D39yqCT/kmFSxz3zesJEgjHqkKqlkpBFwglybkbrdP4/9+jXhgvrelRwGpO2irkcdipFUkqXvDCzz1MwOM2Z2dHB4O7Dy8Wtk6WkjVzrKF0sl+JuYOWOCNJihYulvrY6PQ5d4EjMkRNM0AtmOEJcUMzJOtUJBAoT7qEuainrIJaIdTfYfw32ldKDjc1WehBP160SEXCGGrq06XSR74qcXi395zVA6J+2IekEoiYenHzkhg9KHcRiwQznBkg0VQZhTtSvEPcQRliqylArh81L4P6nlc+ZxrnBZSJfPZnEkwS7YAxlggiIogwtQAVWAwQ24B4/gSbvTHrRn7WXamtBmM9vgG7TXD4xNlJE=</latexit>

x1 = 1� y(1� z), x2 = 1� yz (soft limit:       )
<latexit sha1_base64="51NAHyUBkiO8DPoJEyOB8crnNe8=">AAAB7XicdVDLSgMxFL1TX7W+qi7dBIvgapgpau2u6MZlBfuAdiiZNNPGZpIhyQhl6D+4caGIW//HnX9j+hB8HggczrmX3HPChDNtPO/dyS0tr6yu5dcLG5tb2zvF3b2mlqkitEEkl6odYk05E7RhmOG0nSiK45DTVji6nPqtO6o0k+LGjBMaxHggWMQINlZqjrtGIq9XLHlu9bRcqVbRb+K73gwlWKDeK751+5KkMRWGcKx1x/cSE2RYGUY4nRS6qaYJJiM8oB1LBY6pDrLZtRN0ZJU+iqSyTxg0U79uZDjWehyHdjLGZqh/elPxL6+Tmug8yJhIUkMFmX8UpRzZiNPoqM8UJYaPLcFEMXsrIkOsMDG2oIIt4TMp+p80y65/5p5cn5RqF4s68nAAh3AMPlSgBldQhwYQuIV7eIQnRzoPzrPzMh/NOYudffgG5/UDuDyPQg==</latexit>

y ! 0

a, b and c depend on previous A, B, C, D



Real radiation results

<latexit sha1_base64="Qbes31IB/4EMQqTBpvUGksWSa7Q="></latexit>

1

�0

d2�ang

dzdy
=

3↵sCF

64⇡

y1�2"

(1� ")�(2� ")

✓
4⇡µ̃2

s

◆" ⇥
(1� y)(1� z)z � m̂2

⇤�"

{a ✓(x1 � x2)✓(�1 � x3) + b ✓(x2 � x1)✓(�2 � x3) + c ✓(x3 � �1)✓(x3 � �2)}

After projecting out angular distribution we find

Agreement with VM & Rodrigo for m = 0

Coefficient c does not “see” soft sector of phase space

Vector current:                        signals IR divergence
<latexit sha1_base64="RDYzr5SB/6jJVZKndhxaTykrMDY=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIvgQodpqdbuim5cVrAPaMeSSTNtaGYSkowyjP0UNy4UceuXuPNvTB+CzwMXDufcy733+IJRpV333cosLC4tr2RXc2vrG5tbdn67qXgsMWlgzrhs+0gRRiPS0FQz0haSoNBnpOWPzid+64ZIRXl0pRNBvBANIhpQjLSRenYeHfpdIbnQHCbX6VFp3LMLrlM9LlWqVfibFB13igKYo96z37p9juOQRBozpFSn6ArtpUhqihkZ57qxIgLhERqQjqERCony0unpY7hvlD4MuDQVaThVv06kKFQqCX3TGSI9VD+9ifiX14l1cOqlNBKxJhGeLQpiBs2fkxxgn0qCNUsMQVhScyvEQyQR1iatnAnh81P4P2mWnOKJU74sF2pn8ziyYBfsgQNQBBVQAxegDhoAg1twDx7Bk3VnPVjP1susNWPNZ3bAN1ivH1PelBY=</latexit>

a, b / y�2

Axial current: no IR divergence

a, b and c depend on previous A, B, C, D

with
<latexit sha1_base64="gc6YU8Ia/+72jp6H0G7e62rWNp8=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARKtgyU6q1C6HoxmUF+4C2DJk004ZmHiQZaTtW8FfcuFDErb/hzr8x01bweeDCyTn3knuPHTAqpGG8a4m5+YXFpeRyamV1bX1D39yqCT/kmFSxz3zesJEgjHqkKqlkpBFwglybkbrdP4/9+jXhgvrelRwGpO2irkcdipFUkqXvDCzz1MwOM2Z2dHB4O7Dy8Wtk6WkjVzrKF0sl+JuYOWOCNJihYulvrY6PQ5d4EjMkRNM0AtmOEJcUMzJOtUJBAoT7qEuainrIJaIdTfYfw32ldKDjc1WehBP160SEXCGGrq06XSR74qcXi395zVA6J+2IekEoiYenHzkhg9KHcRiwQznBkg0VQZhTtSvEPcQRliqylArh81L4P6nlc+ZxrnBZSJfPZnEkwS7YAxlggiIogwtQAVWAwQ24B4/gSbvTHrRn7WXamtBmM9vgG7TXD4xNlJE=</latexit>

x1 = 1� y(1� z), x2 = 1� yz (soft limit:       )
<latexit sha1_base64="51NAHyUBkiO8DPoJEyOB8crnNe8=">AAAB7XicdVDLSgMxFL1TX7W+qi7dBIvgapgpau2u6MZlBfuAdiiZNNPGZpIhyQhl6D+4caGIW//HnX9j+hB8HggczrmX3HPChDNtPO/dyS0tr6yu5dcLG5tb2zvF3b2mlqkitEEkl6odYk05E7RhmOG0nSiK45DTVji6nPqtO6o0k+LGjBMaxHggWMQINlZqjrtGIq9XLHlu9bRcqVbRb+K73gwlWKDeK751+5KkMRWGcKx1x/cSE2RYGUY4nRS6qaYJJiM8oB1LBY6pDrLZtRN0ZJU+iqSyTxg0U79uZDjWehyHdjLGZqh/elPxL6+Tmug8yJhIUkMFmX8UpRzZiNPoqM8UJYaPLcFEMXsrIkOsMDG2oIIt4TMp+p80y65/5p5cn5RqF4s68nAAh3AMPlSgBldQhwYQuIV7eIQnRzoPzrPzMh/NOYudffgG5/UDuDyPQg==</latexit>

y ! 0



Final results
Axial current: only real-radiation contributes. Pure non-singular

Vector current: real and virtual contribute. Singular and non-singular

Following [Lepenik & Mateu] one can single out Dirac delta and 
plus function coefficients:

<latexit sha1_base64="ydr7JNPyH7SFno/7OGb3qDCZQk8="></latexit>
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Final results
Axial current: only real-radiation contributes. Pure non-singular

Vector current: real and virtual contribute. Singular and non-singular

Following [Lepenik & Mateu] one can single out Dirac delta and 
plus function coefficients:

<latexit sha1_base64="ydr7JNPyH7SFno/7OGb3qDCZQk8="></latexit>
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Final results
Axial current: only real-radiation contributes. Pure non-singular

Vector current: real and virtual contribute. Singular and non-singular

Following [Lepenik & Mateu] one can single out Dirac delta and 
plus function coefficients:

universal
<latexit sha1_base64="9K8a3waINMxQZDOIhnoAZ+NZYyU="></latexit>
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(1� z)2z2
log[fe(z)] depends on the event shape

<latexit sha1_base64="ydr7JNPyH7SFno/7OGb3qDCZQk8="></latexit>
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<latexit sha1_base64="9IQGqfqeoj7h75MzYZQ5rrCZE4U="></latexit>

ê(z, y) = emin + yfe(z) +O(y2)defining                                   we obtain for the vector current



Final results
Axial current: only real-radiation contributes. Pure non-singular

Vector current: real and virtual contribute. Singular and non-singular

Following [Lepenik & Mateu] one can single out Dirac delta and 
plus function coefficients:

<latexit sha1_base64="9IQGqfqeoj7h75MzYZQ5rrCZE4U="></latexit>

ê(z, y) = emin + yfe(z) +O(y2)

<latexit sha1_base64="9K8a3waINMxQZDOIhnoAZ+NZYyU="></latexit>
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<latexit sha1_base64="ydr7JNPyH7SFno/7OGb3qDCZQk8="></latexit>
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defining                                   we obtain for the vector current
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Outlook
Work out factorisation theorem for massive quarks


Include effects of top-quark decay products


Carry out fits to the strong coupling


