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Stages of relativistic heavy-ion collisions

CGC &
Glasma Non-eq. QGP Eq. QGP Hadron gas

τ ≲ 0.2 fm
c

0.2 fm
c

≲ τ ≲ 1 fm
c

1 fm
c

≲ τ ≲ 10 fm
c

10 fm
c

≲ τ

Classical
Yang-Mills

Kinetic Theory Rel. Viscous
Hydrodynamics

Kinetic Theory

[image credits on last slide]



D. I. Müller, Quark Confinement 2022 3 / 12

Color glass condensate

Color glass condensate (CGC): effective theory for high energy QCD

Separation of scales
• Hard partons: classical color currents J µ drawn from probability functional W [J ]
• Soft partons: classical color fields Aµ ∝ 1/g (large occupation number)

x+x− t

z

J −
A (x+,x⊥)

• Yang-Mills eqs. DµFµν
A = J ν

A with ∂µAµ
A = 0

• Poisson equation

−∆⊥A−
A(x+, x⊥) = J −

A (x+, x⊥), A+
A = Ai

A = 0

• Solution with infrared regulator m

A−
A(x+, x⊥) =

∫
d2k⊥

(2π)2
J̃ −

A (x+, k⊥)
k2

⊥ + m2 e−ik⊥·x⊥

(analogous for “B” with x+ → x−)
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The Glasma

Glasma: color fields produced in the collision of two CGCs

DµF µν(x+, x−, x⊥) = J µ
A (x+, x⊥) + J µ

B (x−, x⊥)

Problem: no general analytic solution to Yang-Mills equations
for the collision problem

2+1D (boost-invariant) Glasma

J −
A (x+, x⊥) = δ(x+)ρA(x⊥)

• Initial conditions on the future light cone [1]
• 2+1D classical lattice simulations, e.g. [2, 3]
• Small τ expansion, e.g. [4]
• Weak field approximation, e.g. [5]

3+1D Glasma
• 3+1D classical lattice simulations [6, 7]
• Weak field approximation [8] (this talk)

x+x−
t

z

J +
B (x−,x⊥)J −

A (x+,x⊥)
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Weak field approximation

Simple idea: linearize Yang-Mills equations and solve order by order

DµF µν = Jν DµJµ = 0 ∂µAµ = 0

• Background + perturbation split

Aµ(x) = Aµ
A(x) + Aµ

B(x) + aµ(x)
Jµ(x) = J µ

A (x) + J µ
B(x)︸ ︷︷ ︸

background

+ jµ(x)︸ ︷︷ ︸
perturbation

• Expand in powers of JA and JB

• Solve for aµ and jµ at each order O(J n
A J m

B )
• Leading order = dilute limit O(JAJB)

∂ν∂νaµ(x) = Sµ[JA, JB ]

x+x−
t

z

A+
B(x−,x⊥)A−

A(x+,x⊥)

aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)aµ(x+, x−,x⊥)



D. I. Müller, Quark Confinement 2022 6 / 12

Glasma field strength tensor

Perturbative field strength tensor at leading order O(JAJB)

with

V = fabctc ∂iAa,−
A (x+ − |x⊥ − u⊥|√

2
e+ηz , u⊥) ∂iAb,+

B (x− − |x⊥ − u⊥|√
2

e−ηz , u⊥)

V ij = fabctc
(
∂iAa,−

A (. . . ) ∂jAb,+
B (. . . ) − ∂jAa,−

A (. . . ) ∂iAb,+
B (. . . )

)
Perturbative energy-momentum tensor tµν = 2Tr

[
fµρfρ

ν + 1
4 gµνfρσfρσ

]

x+x−
t

z

fµν(x)
f+− = − g

2π

∫
u⊥

+∞∫
−∞

dηz V

f±i = + g

2π

∫
u⊥

+∞∫
−∞

dηz

(
V ij ∓ δijV

) wj

√
2

e±ηz

f ij = − g

2π

∫
u⊥

+∞∫
−∞

dηz V ij
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Nuclear model with longitudinal structure

Simple generalization of McLerran-Venugopalan (MV) model with non-trivial longitudinal structure〈
J a,−

A (x+, x⊥)
〉

= 0〈
J a,−

A (x+, x⊥)J b,−
A (x′+, x′

⊥)
〉

= g2µ2︸︷︷︸ δab TR(x+ + x′+

2 )︸ ︷︷ ︸ Uξ(x+ − x′+)︸ ︷︷ ︸ δ(2)(x⊥ − x′
⊥)︸ ︷︷ ︸

Transverse momentum modes are suppressed below infrared regulator m

strength of
color charges
Qs ∝ g2µ

longitudinal profile
Gaussian of width R

long. correlations
Gaussian of width ξ

transverse
correlations

ξ ≪ RMV R

x±

J

ξ

ξ ≲ Rintermediate R

x±

J
ξ = 2Rcoherent R

x±

J
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tractable with lattice simulations
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Comparison to 3+1D lattice simulations for coherent nuclei (ξ = 2R)
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weak fields strong(er) fields

(realistic value g2µ/m ∼ 10)

• Transverse pressure pT (τ, η) = ⟨txx⟩ = ⟨tyy⟩
• Non-linearity parameter g2µ/m

• Dilute approximation overestimates at higher g2µ/m, rapidity profile less affected
• Fast numerical evaluation: hours (desktop) vs. days or weeks (cluster)



D. I. Müller, Quark Confinement 2022 8 / 12

Comparison to 3+1D lattice simulations for coherent nuclei (ξ = 2R)

0

1

2

3

4

5

τ
p T

(τ
,η

)
/(
g

2
µ

)3

×10−3 g2µ/m = 0.5

0.0

0.2

0.4

0.6

0.8

1.0
×10−2 g2µ/m = 1.0

0.0

0.5

1.0

1.5

2.0
×10−2 g2µ/m = 2.0

−2 −1 0 1 2
Space-time rapidity η

0.8

0.9

1.0

1.1

1.2

ra
ti

o

Dilute 3+1D CPIC 3+1D CYM

−2 −1 0 1 2
Space-time rapidity η

0.8

0.9

1.0

1.1

1.2

g2µR = 1/8 g2µR = 1/4 g2µR = 1/2 g2µR = 1

−2 −1 0 1 2
Space-time rapidity η

0.8

0.9

1.0

1.1

1.2

• Transverse pressure pT (τ, η) = ⟨txx⟩ = ⟨tyy⟩
• Non-linearity parameter g2µ/m

• Dilute approximation overestimates at higher g2µ/m, rapidity profile less affected
• Fast numerical evaluation: hours (desktop) vs. days or weeks (cluster)



D. I. Müller, Quark Confinement 2022 9 / 12

What determines the width of the rapidity profile?

What is the role of longitudinal scales R, ξ and the infrared scale m?

• Consider late times τ ≫ R: free-streaming

• Width is almost purely determined by mξ for ξ ≲ R

• Longitudinal correlations within nucleus
determine the width in rapidity

ξ

ξ ≲ Rintermediate R

x±

J

−8 −6 −4 −2 0 2 4 6 8

Space-time rapidity η

0.0

0.2

0.4

0.6

0.8

1.0

p T
(τ
,η

)
/
p T

(τ
,0

)

mτ = 60

mξ = 1/16

mξ = 1/32

mξ = 1/64

mξ = 1/128

mR = 1/2

mR = 1/4

mR = 1/8

mR = 1/16



D. I. Müller, Quark Confinement 2022 9 / 12

What determines the width of the rapidity profile?

What is the role of longitudinal scales R, ξ and the infrared scale m?

• Consider late times τ ≫ R: free-streaming

• Width is almost purely determined by mξ for ξ ≲ R

• Longitudinal correlations within nucleus
determine the width in rapidity

ξ

ξ ≲ Rintermediate R

x±

J

−8 −6 −4 −2 0 2 4 6 8

Space-time rapidity η

0.0

0.2

0.4

0.6

0.8

1.0

p T
(τ
,η

)
/
p T

(τ
,0

)

mτ = 60

mξ = 1/16

mξ = 1/32

mξ = 1/64

mξ = 1/128

mR = 1/2

mR = 1/4

mR = 1/8

mR = 1/16



D. I. Müller, Quark Confinement 2022 9 / 12

What determines the width of the rapidity profile?

What is the role of longitudinal scales R, ξ and the infrared scale m?

• Consider late times τ ≫ R: free-streaming

• Width is almost purely determined by mξ for ξ ≲ R

• Longitudinal correlations within nucleus
determine the width in rapidity

ξ

ξ ≲ Rintermediate R

x±

J

−8 −6 −4 −2 0 2 4 6 8

Space-time rapidity η

0.0

0.2

0.4

0.6

0.8

1.0

p T
(τ
,η

)
/
p T

(τ
,0

)

mτ = 60

mξ = 1/16

mξ = 1/32

mξ = 1/64

mξ = 1/128

mR = 1/2

mR = 1/4

mR = 1/8

mR = 1/16



D. I. Müller, Quark Confinement 2022 9 / 12

What determines the width of the rapidity profile?

What is the role of longitudinal scales R, ξ and the infrared scale m?

• Consider late times τ ≫ R: free-streaming

• Width is almost purely determined by mξ for ξ ≲ R

• Longitudinal correlations within nucleus
determine the width in rapidity

ξ

ξ ≲ Rintermediate R

x±

J

−8 −6 −4 −2 0 2 4 6 8

Space-time rapidity η

0.0

0.2

0.4

0.6

0.8

1.0

p T
(τ
,η

)
/
p T

(τ
,0

)

mτ = 60

mξ = 1/16

mξ = 1/32

mξ = 1/64

mξ = 1/128

mR = 1/2

mR = 1/4

mR = 1/8

mR = 1/16



D. I. Müller, Quark Confinement 2022 10 / 12

Conclusions and outlook

What we have so far

• Field strength tensor of the Glasma 3+1D in the dilute limit
• Rapidity profile determined by longitudinal color correlations
• Substantial speedup vs. lattice simulations

What we are working on

• More sophisticated nuclear models (realistic geometry, hot spots, PDFs)
• Monte Carlo integration on GPUs
• Angular momentum of the Glasma
• Coupling to effective kinetic theory and hydrodynamics

T ττ (τ, η,x⊥)

y

η
x
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