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QCD: Basic Facts

» Confinement and the EHM are tightly connected with QCD’s running coupling.

‘Effective Charge’ (figure: D. Binosi’s courtesy!)
1,[}- IIIIIIIII . . I:f] J::.EE EG:}(EG?E} ] Lgep = Zl. il + mylg; + ﬁl.’r“,{’l 2
! I:I JLab E97110 (2022 R
/ fi) JLab EG1dvcs Dy =0, +igz\" 4,
0.8L ® Hall AICLAS Go, = 8,40+ 3,48 - ,f-"*.-njj.-t;,.
No Landau Pole [ @ JLab CLAS (2008)
Enhancement [ & JLab CLAS (2014) )
E 06F o DESYHERMES O
o . w CERN COMPASS |
Q 4] ¢ CERNSMC }
"I  CERNOPAL |
[ @ SLAC E142/E143 :
0.2} ® SLAC E154/E155 |
[ X JLabRSS :
L ¥ Fermilab | A7 g T
L0 . il I,
EI 0.05 041 1
. . q [GeV] _
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express all hadron’s properties

Combined continuum + QCD lattice analysis




Why bother about pions?

» Pions and kaons emerge as (pseudo)-Goldstone bosons of DCSB.

(besides being ‘simple’ bound states)
@ @ > Their study is crucial to understand the EHM
and the hadron structure:

@ @/ :> * Dominated by QCD dynamics

my = 0.940 GeV

Simultaneously explains the
mass of the proton and the

my 7 0.140 GeV masslessness of the pion
,.-’f%\.l
Higgs’ masses '&@f i> * Interplay between Higgs and
Musa ~ 0.004 GeV strong mass generating

e e <o mechanisms.
ms = 0.095 GeV my = 0.490 GeV




Parton distributions: energy scales

CH > CH

@ Q Resolution Scale

* Fully-dressed valence  Unveiling of glue and
quarks sea d.o.f.

(quasiparticles) (partons)




Parton distributions: energy scales

(M, = M,)

* Fully-dressed valence
quarks

~ At this scale, all properties of the hadron are
contained within their valence quarks.

> QCD constraints are defined from here
(e.g. large-x behavior of the PDF)
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Parton distributions: energy scales

CH

@

(M, = M)

* Fully-dressed valence
quarks

~ At this scale, all properties of the hadron are
contained within their valence quarks.

> QCD constraints are defined from here
(e.g. large-x behavior of the PDF)

U™ (z; C) 0~ (1-z)P =2

* CSM results produce:

> EHM-induced dilated distributions

> Soft end-point behavior

Cui:2020tdf




Parton distributions: energy scales

C > CH

PLE000. g
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* Unveiling of glue and
sea d.o.f.

> Experimental data is given here.

> The interpretation of parton distributions from
cross sections demands special care.

> In addition, the synergy with lattice QCD and
phenomenological approaches is welcome.



Parton distributions: energy scales
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* Unveiling of glue and
sea d.o.f.
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> Experimental data is given here.
X

> The interpretation of parton distributions from
cross sections demands special care.

r~1 B=2
uﬂ(:a::; (:) i (1 s IL')' +7(¢) > In addition, the synergy with lattice QCD and
phenomenological approaches is welcome.




Parton distributions: energy scales

CH

Resolution Scale

g

Evolution equations

* Fully-dressed valence  Unveiling of glue and
quarks sea d.o.f.

~ At this scale, all properties of the hadron are
contained within their valence quarks.

> QCD constraints are defined from here _ _ o
(e.g. large-x behavior of the PDF) > The interpretation of parton distributions from

cross sections demands special care.

- Experimental data is given here.

.y — > In addition, the synergy with lattice QCD and
uﬂ(:ii:; C) ;ral (] — ;,[;)-d =2+7(¢) phenomenological approaches is welcome.



Parton distributions: energy scales

CH

Resolution Scale

g

Evolution equations

* Fully-dressed valence  Unveiling of glue and
quarks sea d.o.f.

~ At this scale, all properties of the hadron are
contained within their valence quarks.

> QCD constraints are defined from here _ _ o
(e.g. large-x behavior of the PDF) > The interpretation of parton distributions from
cross sections demands special care.

- Experimental data is given here.

.y — > In addition, the synergy with lattice QCD and
uﬂ(:ii:; C) ;ral (] — ;{;)-‘i =2+7(¢) phenomenological approaches is welcome.



EVOLUTION




DGLAP: All orders evolution
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DGLAP: All orders evolution

Assumption: define an effective charge such that

Raya:202lzrz Starting from fully-dressed Sea and Gluon content unveils,
L ozotdt quasiparticles, at (y ) as prescribed by QCD
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DGLAP leasiag=aigias cvolution\equations

> Not the LO QCD coupling but an effective one.

> Making this equation exact.

> Connecting with the hadron scale, at which the fully-
dressed valence-quarks express all of the hadron’s
properties.

(thus carrying all the momentum)




DGLAP: All orders evolution

Assumption: define an effective charge such that

Raya:202lzrz Starting from fully-dressed Sea and Gluon content unveils,
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Not the LO QCD coupling but an effective one.

> Making this equation exact.

> Connecting with the hadron scale, at which the fully-
dressed valence-quarks express all of the hadron’s
properties.

(thus carrying all the momentum)




DGLAP: All orders evolution

Cui:2020tdf

Implication 1: valence quark PDF
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DGLAP: All orders evolution

Cui:2020tdf

Implication 1: valence quark PDF
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DGLAP: All orders evolution

Cui:2020tdf

Implication 1: valence quark PDF

i) it it
(@"(Cs)q = l‘-*fP(“%:.—I{Cn-ffl){-'f-'"EEn]}ﬁ= (2"(Car))q ((22((p))g) ™00 /790

¢ St e haan) Y~ This ratio encodes the
I ) = o qc{;; a(t) information of the charge
C0.6f) = 21n(Co/ SRR and use isospin symmetry
n{o/AgeD) \ EE ¥
- - L - t=In—— (2(Ch))u=(x(Cn))g=1/2
Direct connection bridging from hadron to experimental f}rsn

scale: only one input is needed to evolve “all” the Mellin
moments up and reconstruct the PDF.




DGLAP: All orders evolution

Cui:2020tdf

Implication 1: valence quark PDF
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scale: only one input is needed to evolve “all” the Mellin
moments up and reconstruct the PDF.

Capitalizing on the Mellin moments of asymptotically large order:
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= 3. (z(Cu))
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DGLAP: All orders evolution

Cui:2020tdf

Implication 1: valence quark PDF
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moments up and reconstruct the PDF.

Capitalizing on the Mellin moments of asymptotically large order:
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= 3. (z(Cu))

Under a sensible assumption at large momentum scale:
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DGLAP: All orders evolution

Cui:2020tdf

Implication 1: valence quark PDF
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scale: only one input is needed to evolve “all” the Mellin
moments up and reconstruct the PDF.

Reconstruction after evolving a CSM PDF
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DGLAP: All orders evolution

Implication 2: glue and sea-quark distributions (n.=4)
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DGLAP: All orders evolution °

Implication 2: glue and sea-quark distributions (n.=4)
\
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DGLAP: All orders evolution

Implication 2: glue and sea-quark distributions (n.=4)

8 —\ 4 Obtained from valence-quark
(22((s))q = exp|= iH"fJ)) '- q=u,d; inputs
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= | = = £
@6 = 7( : )| 02+ () + (C1))y =

Asymptotic (massless) limit is manifestly in
agreement with textbook results: G. Altarelli,

Phys. Rep. 81, 1 (1982)



DGLAP: All orders evolution °

Implication 2: glue and sea-quark distributions (n.=4)
\
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Asymptotic (massless) limit is manifestly in
agreement with textbook results: G. Altarelli,

Phys. Rep. 81, 1 (1982)
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Ref.|55]
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[’R.S. Sufian et al., arXiv:2001.04960

0.412(36) 0.449(19) 0.138(17)
0.40(4) | 0.45(2)  0.14(2)




DGLAP: All orders evolution

Implication 2: glue and sea-quark distributions (n.=4)

8 = A 4 Obtained from valence-quark
(22(¢s))g = exp (‘ﬁﬂi!fa‘iﬂ) ; q=u,d; inputs
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Asymptotic (massless) limit is manifestly in  Compute all the moments and reconstruct:
agreement with textbook results: G. Altarelli, 3gf g

Phys. Rep. 81, 1 (1982)
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Ref.|55]
Herein

[’R.S. Sufian et al., arXiv:2001.04960
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DGLAP: All orders evolution

Implication 3: recursion of Mellin moments

5 ¢ \o2nHL 7y * Since isospin symmetry limit implies:
L] 0 1)
(s = (22),) q(z; Crr) = q(1 — z; Cnr)
e 2(n+1)
) * Odd moments can be expressed in terms
Tt

e : o of previous even moments.

¢ 30 (2D ) g aars .
' i U * Thus arriving at the recurrence relation on
the left which is satisfied if, and only if, the

source distribution is related by evolution to
a symmetric one at the initial scale .

j=0,1,... J



DGLAP: All orders evolution

Implication 3: recursion of Mellin moments
* Since isospin symmetry limit implies:

g(z; ) = g(1 — =; ()

* Odd moments can be expressed in terms
of previous even moments.

2n+1
{,F?H-{-.l},ﬁ' i {(ZI)HW} o fm
oL I~ 2{”._|_ 1}

e Thus arriving at the recurrence relation on
the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .

an _
3 (—)J(z‘”f ”)(ﬂ}ﬁ.uzmﬁ,)

(2"
Ref.[99] Eq.(17)
0.230(3)(7) 0.230
0.087(5)(8) 0.087
0.041(5)(9)
0.023(5)(6)
0.014(4)(5)
0.009(3)(3)

Reported lattice moments

=] O O e QO BN = | 3

[99] C. Alexandrou et al., PRD104(2021)054504



DGLAP: All orders evolution

Implication 3: recursion of Mellin moments
* Since isospin symmetry limit implies:
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DGLAP: All orders evolution

Implication 3: recursion of Mellin moments
* Since isospin symmetry limit implies:

g(z; ) = g(1 — =; ()

* Odd moments can be expressed in terms
of previous even moments.

2n+1
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a symmetric one at the initial scale .
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DGLAP: All orders evolution

Implication 3: recursion of Mellin moments

((22)5 )" yantljad

e T 1
£ —
{ Vi 2(n+1)
2n
| 2(n+1 A\ v I
3 (—)J( e ))w}&,ﬁuz:a&:,)
j=0,1,... J
_ {mn}iﬁ
Reported lattice moments Ha
n| Ref.[99] Eq.(17)
110.230(3)(7) 0.230
210.087(5)(8) 0.087
310.041(5)(9) 0.041
410.023(5)(6) 0.023
5/0.014(4)(5) 0.015
6(0.009(3)(3)
7

[99] C. Alexandrou et al., PRD104(2021)054504

* Since isospin symmetry limit implies:
q(z;Cu) = q(1 — z; Cu)

* Odd moments can be expressed in terms
of previous even moments.

e Thus arriving at the recurrence relation on
the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .



DGLAP: All orders evolution

Implication 3: recursion of Mellin moments

Zn+1 41
{Rr???ﬂl--l}(i _ {(21‘)5{#}?“ 1]
<F 2(n+1)
2n
x 3 (-¥ (2(”'.* 2 ) (@S, ((20)5, )7/
j=0,1,... J
Re - (2"
ported lattice moments
agree very well with the n| Ref. [99] Efl-{l?}
recursion formula 10.230(3)(7) 0.230
210.087(5)(8) 0.087
3/0.041(5)(9) 0.041
4(0.023(5)(6) 0.023
5(0.014(4)(5) 0.015
6]0.009(3)(3)
7

[99] C. Alexandrou et al., PRD104(2021)054504

Since isospin symmetry limit implies:
q(z: Cu) = q(1 — x; Cn)

Odd moments can be expressed in terms
of previous even moments.

Thus arriving at the recurrence relation on
the left which is satisfied if, and only if, the

source distribution is related by evolution to
a symmetric one at the initial scale .



DGLAP: All orders evolution

Implication 3: recursion of Mellin moments

Zn+1 41
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| L 2(n+1)
2n
x 3 (-¥ (2(”'.* 2 ) (@S, ((20)5, )7/
j=0,1,... J
Re - (2"
ported lattice moments
agree very well with the n| Ref. [99] Efl-{l?}
recursion formula 10.230(3)(7) 0.230
210.087(5)(8) 0.087
3/0.041(5)(9) 0.041
4(0.023(5)(6) 0.023
5(0.014(4)(5) 0.015
6/0.009(3)(3) 0.009
7 0.0078

[99] C. Alexandrou et al., PRD104(2021)054504

Since isospin symmetry limit implies:
q(z: Cu) = q(1 — x; Cn)

Odd moments can be expressed in terms
of previous even moments.

Thus arriving at the recurrence relation on
the left which is satisfied if, and only if, the

source distribution is related by evolution to
a symmetric one at the initial scale .



DGLAP: All orders evolution

Implication 3: recursion of Mellin moments

) ()5, (25, )"0/

2n+41
{'IT?”'{"]‘}‘: i {(ZI)HW} Y ¥ f:.[.
oL I~ 2{”._|_ 1}
2n
[ 2(n+1)
"y ( |
i=0,1,... ]

Reported lattice moments
agree very well with the
recursion formula and so
also does and estimate for
the 7-th moment from lattice
reconstruction.

(2"

Ref.[99] Eq.(17)

0.230(3)(7) 0.230
0.087(5)(8) 0.087

0.041(5)(9) 0.041

0.023(5)(6) 0.023

0.014(4)(5) 0.015

0.009(3)(3) 0.009

-l ||| = | 2

0.0065(24) 0.0078

[99] C. Alexandrou et al., PRD104(2021)054504

Since isospin symmetry limit implies:
q(z;Cu) = q(1 — z; Cu)

Odd moments can be expressed in terms
of previous even moments.

Thus arriving at the recurrence relation on
the left which is satisfied if, and only if, the

source distribution is related by evolution to
a symmetric one at the initial scale .



DGLAP: All orders evolution

Implication 3: recursion of Mellin moments

* Since isospin symmetry limit implies:

241 1
. D “ o /o
(21 = ((27)s, ) 4(z; Cur) = q(1 — z;Cx)
: 2(n+1)
5 * Odd moments can be expressed in terms
Tt :
- W] o o B3 of previous even moments.
NS U A T e e ) |
_ ] x T * Thus arriving at the recurrence relation on
j=0,1,... the left which is satisfied if, and only if, the
source distribution is related by evolution to
¢ a symmetric one at the initial scale .
. mﬂ. 5
Reported lattice moments (" i Moments computed from: P. Barry et al.,
agree very well with the n| Ref. [99] Eq. [:1?} PRL127(2021)232001
recursion formula and so —
also does and estimate for 110.230(3)(7) 0.230 4 % '
the 7-th moment from lattice 2/0.087(5)(8) 0.087 x ¥ 58
reconstruction. 310.041(5)(9) 0.041 RS 3 5 5 f g W T
| 410.023(5)(6) 0.023 b -
Moments from global fits can o vV 5l -
be also compared to the 5/0.014(4)(5) 0.015 T | # '
estimated from recursion ! 610.009(3)(3) 0.009 4l @
71 0.0065(24) 0.0078 e
[99] C. Alexandrou et al., PRD104(2021)054504 1 5 9 13 17 21 25 29



DGLAP: All orders evolution

Impllcatlon 4 phy3|cal bounds « Keeping isospin symmetry, implying:

- n .1 g(i{_‘-ff} — [.!T{]- — IQ”}
(") (2215, )



DGLAP: All orders evolution

Impllcatlon 4 phy3|cal bounds « Keeping isospin symmetry, implying:

1 L — q(z; Cu) = q(1 — z; Cx)

o < (@), (2a)S,) 6%

an — v ke W « Lower bound is imposed by considering
the limit of a strongly interacting system of

T two (then maximally correlated) partons:

q(z; ) = 0(z — 1/2)



DGLAP: All orders evolution

Implication 4: physical bounds . Keeping isospin symmetry, implying:
1 R— | a(z;Cn) = q(1 — z; ()
P (:.F”>l; ((21.[_-}{; )_T” ;HIH."” q::
an — v ke Heor = 14n « Lower bound is imposed by considering
the limit of a strongly interacting system of
T T two (then maximally correlated) partons:
q(I; CH) = IS(T = ]/2) Q(T CH) = ] * Upper bound comes out from considering

the opposite limit of a weekly interacting
system of two (then fully decorrelated)
partons:



DGLAP: All orders evolution

Impllcatlon 4 phy3|cal bounds * Keeping isospin symmetry, implying:

1 a(z;¢a) = q(1 — z; ()

+n * Lower bound is imposed by considering
the limit of a strongly interacting system of
two (then maximally correlated) partons:
both carry half of the momentum.

1

o < ("), (225, )8 < -

* Upper bound comes out from considering
the opposite limit of a weekly interacting
system of two (then fully decorrelated)
partons: all the momentum fractions are
equally probable.

J00:2019bzr Sufian:2019bol Alexandrou:2021mmi

n [61] [62] [63)]

1 0.254(03) 0.18(3) 0.23(3)(7)

2 0.094(12) 0.064(10) 0.087(05)(08)
3 0.057(04) 0.030{05) 0.041{05)(09)
| 0.023(05)(06)
5 0.014(04)(05)
6 0.009(03)(03)

n Lattice moments verifying the recurrence relation too.






Pion PDF: from CSM (DSEs) to the experiment

Symmetry-preserving DSE computation of the
valence-quark PDF:

[L. Chang et al., Phys.Lett.B737(2014)23]
[M. Ding et al., Phys.Rev.D101(2020)054014

g (x:¢) = :"'n'.at-l'/ 8 (k) I'F (ki3 €) S (k3 €)

L

LA

i 4

- S
E

o

)
i x {n- ke [I (ks Q)S (ky: 0]}

g5 (x: (i) = 213.322°(1 — a)®

L x [1 — 2.9342/2(1 — z) + 2.2911 (1 — )]

a(z:Q) ~ (1-2/O (1+0(1 - 7))

B(Cp) =2
Farrar, Jackson, Phys.Rev.Lett 35(1975)1416
Berger, Brodsky, Phys.Rev.Lett 42(1979)940

* The EHM-triggered broadening shortens the
extent of the domain of convexity lying on the
neighborhood of the endpoints, induced too by the
QCD dynamics

|t cannot however spoil the asymptotic QCD
behaviour at large-x (and, owing to isospin
symmetry, at low-x)
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hence to the EHM
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Pion PDF: from CSM (DSEs) to the experiment

Symmetry-preserving DSE computation of the 2.0f[Black] - DSE Prediction BT
valence-quark PDF: Bl g (z) = 307(1 = 2] o=y
[L. Chang et al., Phys.Lett.B737(2014)23] 1 5_ 4 k5
[M. Ding et al., Phys.Rev.D101(2020)054014 T ! b
T T CE +F ' L E
q (L) = N.tr /mﬂn{'{"r?jffurmi:ﬁ} 'E"“"JJ': C} P‘E ‘I D
J e -
i x {n- M [F { nips C)S ey ‘:} - L-"-'.,7_1'- 4 Dilation HK
: n i 0.5¢ owingto CSB and *
go(:(n) = 213.3227(1 — x) ' hence to the EHM
L % [1 —2.9342\/2(1 — z) + 2.2911 2(1 — z)] 0.0t
q{ﬂ:; {} :] {1 _ i}-’:‘l{c}l {1 o @{1 . TD ﬂ 02 ﬂ4 06 UE 1']
B(Cp) =2 LBY S —
Farrar, Jackson, Phys.Rev.Lett 35(1975)1416 12: o 1;5" CSM output
Berger, Brodsky, Phys.Rev.Lett 42(1979)940 0.8} ... pse P
* The EHM-triggered broadening shortens the s 0.6/
extent of the domain of convexity lying on the ;:-5:

neighborhood of the endpoints, induced too by the trM ASY data

QCD dynamics
|t cannot however spoil the asymptotic QCD o
behaviour at large-x (and, owing to isospin
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Pion PDF: from CSM (DSEs) to the experiment

Symmetry-preserving DSE computation of the
valence-quark PDF:

[L. Chang et al., Phys.Lett.B737(2014)23]
[M. Ding et al., Phys.Rev.D101(2020)054014
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)
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q6(x:Ch) = EI.I,.SE.:-EU — x)?

L x [1 — 2.9342/2(1 — z) + 2.2911 (1 — )]

a(z:Q) ~ (1-2/O (1+0(1 - 7))

B(Cp) =2
Farrar, Jackson, Phys.Rev.Lett 35(1975)1416
Berger, Brodsky, Phys.Rev.Lett 42(1979)940

* The EHM-triggered broadening shortens the
extent of the domain of convexity lying on the
neighborhood of the endpoints, induced too by the
QCD dynamics

|t cannot however spoil the asymptotic QCD
behaviour at large-x (and, owing to isospin
symmetry, at low-x)
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Proton PDF: from CSM (DSEs) to the experiment

An analogous symmetry-preserving DSE
computation of the valence-quark PDFs within

a proton, based on diquark-quark approach:
[L. Chang et al., Phys.Lett.B829 (2022) 137078]
[Y. Lu et al., Phys.Lett.B830 (2022) 137130]

And analogous evolution approach:

: g _ @) 1y
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Proton PDF: from CSM (DSEs) to the experiment

An analogous symmetry-preserving DSE
computation of the valence-quark PDFs within

a proton, based on diquark-quark approach:
[L. Chang et al., Phys.Lett.B829 (2022) 137078]
[Y. Lu et al., Phys.Lett.B830 (2022) 137130]

And analogous evolution approach:

ne @& ;
gz{x’} e
_ a1() | i _ ¢1C
5 gz{xﬂ}f}, T 4 _ﬁfi‘{x’ }E:L +E¢§Hﬁs{xﬂ}ﬂﬂl
’) - 3.0}
\ Ca(d g — :
¢ dgzu’ o F o )50 + af;gﬁx":erI 2|
i g % 2.{]:
Producing an isovector distribution in fair .-_,é, -
agreement with lattice results = 101
[H-W. Lin et al., arXiv:2011.14791]
0.0




Proton PDF: pion and proton in counterpoint -

ngn-xzﬂpl:{ﬂhﬂﬂ p=

B 42 L

= | <

S |

& 1%

| %504 1%

| % &
T R R R T

5 X
pion u" dr gq" S¥ 54 A S
{xh 24.0(1.1) 24.001.1) 41.0(1.2) 3.3(3) 3.3(3) 2.65(22) 1.33(5)
(2 9.5(7) 9.5(7) 3.7(1) 0.27(1) 0.27(1) 0.21(1) 0.092(2)
{xtye 4.7(4) 4.7(4) 0.92(6) 0.057(1) 0.057(1) 0.044(0) 0.018(1)
{x)% 22.1(1.0) 22.1(1.0) 42.9(1.0) 3.7(3) 3.7(3) 3.002) 1.83(6)
(x5 8.4(6) 8.4(6) 3.5(1) 0.27(1) 0.27(1) 0.22(1) 0.120(3)
(Y 4.003) 4.003) 0.82(5) 0.056(0) 0.056(0) 0.044(0) 0.022(1)
proton uF dr g° 55 35 Sq Sy

(X} 32.9(1.4) 15.000.7) 40.9(1.1) 2.9(2) 3.7(3) 2.64(22) 1.32(5)
{xty 8.7(6) 3.6(2) 2.4(1) 0.14(1) 0.21(1) 0.13(0) 0.059(2)
{x}yé 2.9(3) 1.1(1) 0.39(2) 0.019(0) 0.030(1) 0.019(0) 0.008(0)
{x} 30.4(1.3) 13.8(0.6) 42.8(1.0) 3.3(3) 4.1(3) 3.002) 1.82(6)
(2 77(5) 32(2) 2.2(1) 0.15(1) 0.21(1) 0.14(0) 0.075(2)
() 2.5(2) 0.9(1) 0.35(2) 0.019(0) 0.028(0) 0.019(0) 0.010(1)




Hadron PDF: hard-threshold model

Let us focus on the evolution equations

_an(d®)

d
‘3"2@{)’."}5;: - At ﬂ?{f:}gn
d o
¢ e = - o, 20ty
2 d ° | T i
£ = -2 D L, 4,
| 9




Hadron PDF: hard-threshold model

11

Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

i {xn}:: @) 0(¢ — Mq) | Ygq = Yuur Vg = Ygur Yag = Yug
dg“? e 99T T qg = u,d,s,c
(&) | a _ 1nd

{x”}ﬂﬂ' o .‘II-'E{{ : Z q{xu} SS <'xn }EH

é' dgr
| 4

4'2



Hadron PDF: hard-threshold model

Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

d§2

g -

C

Consider, for the sake of simplicity, three flavors and ¢ < M,

{xu}if R

{x"}

g =
E’H

{x”}ﬂﬂ o

a14(£%)
4

(&) |
4

ﬂ-’lf{{l}
dgr

Yarl Vo

E(C o Mq)

ViV + WPl |

DI Ry
| ¢

TL = T T — L T — T
Yag = Yuur Tgg = Ygur Vgg = Tug
q=1u,d,s



Hadron PDF: hard-threshold model H

Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

d x 2 N — N - — |} N o T
zd_cz‘{mn}g” = rElEr }’r’qq(ﬂin}gﬂ Tag = Tuw> Ygq = Tgur Tgg = Tug
). 17w

= ﬁ’ n C
d‘CE {I } B Aar 'T’e.m {LE } {mn}%u+d = Eq:u,d {EEH}CEL

.l = (@) (v 4\ [(@ora | e(cd) (O
ok L (fraz %) (o) -2 ()

Consider, for the sake of simplicity, three flavors and { < My, such that the singlet combinations can
be rearranged and the strange decoupled from the light flavors.
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Hadron PDF: hard-threshold model

Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

d () < T — N n — T n _ .7
zd_cz‘{mn}g” = rElEr }’*.r';‘q(ﬂ:”}gﬂ Tag = Tuw> Ygq = Tgur Tgg = Tug
q =u,d,s
CE < n}(;s = E{CE}T (:En}(:a n\¢ n\ ¢
dc? i 4w\ Ty, ()% ra = 2ag=u,afT )5

2 d_[ (=" wra | _ _a(C®) (v 47 (™ i
C d‘?( =5, )'— dr (’r;‘u Voo )( @y )

Consider, for the sake of simplicity, three flavors and { < My, such that the singlet combinations can
be rearranged and the strange decoupled from the light flavors.

In pion’s (proton’s) case



Hadron PDF: hard-threshold model

Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

d X 2 T — N n — T n _ .7
Ew‘imﬂ}gﬂ = E].-ET )'qu {‘Tn}gn T‘i’q = Tuu> Tg{;r N Tgu! qu o Tug_
q=1u,d,s
CE < n}("s = &{CE}T (:En}(:a n\ & n\ G
dc? % A Juu 4 ()% ra = 2ag=u,afT )5

2 d [ (@ 5ura \ _ _a(¢®) (1o O A
C dCE( { “?i )H m ('TFu Vg9 )( {m“?i )

Consider, for the sake of simplicity, three flavors and { < My, such that the singlet combinations can

be rearranged and the strange decoupled from the light flavors. Specializing for the averaged momentum
fraction.

In pion’s (proton’s) case (z)e8 =0
{;1:}%_; =0
3 11/8
( ()8 ) ([ waisnd
{z)s | 8 11/8
= (1- [S(¢u, 1)

H

W { d
S (¢, ) = exp (— Lo [ fa(zﬂ))



Hadron PDF: hard-threshold model H

Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

d X 2 n — T n __ .n n o AT
Ed—cg{ﬂ?ﬂ}c = (€ }”.r’;lq(i?'?n}g“ Tag = Yuur Tgg = Tgur Tgg = Tug

q=1u,d,s

qF A

e __ald®) n
¢* d{:2< }(:‘Lr A st YT }C}’{ {mn}%ﬂd = quu,d{xn}cﬂ‘}i

b d (@) (@ (ym ) (@) ) (O
- dﬁ?( @y, )"“ 4 ('r;‘u Voo )( @, ) dr (’r;"u@“}%;)

Consider, for the sake of simplicity, three flavors and { < My, such that the singlet combinations can

be rearranged and the strange decoupled from the light flavors. Specializing for the averaged momentum
fraction.

In pion’s (proton’s) case (@)§H =0 In kaon’s case (after some algebra) (Z)s" = s
(2)$s =0 (@)% = 50 S <H,<:)
' 3 11/8 3
( (@pyre ) [Erutes ( @5 ) (1t 1 8GO - i
{ﬂ:}c, B 8 11/8 {I} E s 11/8
/ 11(1—[S¢ A8 = (1 S (¢ %)

H

W { d
S (¢, ) = exp (— Lo [ fa(zﬂ))



Hadron PDF: hard-threshold model H

Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

d o 2 n o a7 n — N n — T
'Ed_cz\{ﬂ}ﬂ}g” - E];Er ),.,Ir,;tq {ﬂ:n}g“ :qu T F}'Iu.ul qu T Tgu! qu - Tug_
q = u,d,s
CE < n}("s = &{CE}T (:En}(:a n\¢ n\ ¢
dc? i 4w\ Ty, ()% ra = 2ag=u,afT )5

b d (@) (@ (ym ) (@) ) (O
- dﬁ?( @y, )"“ 4 ('r;‘u Voo )( @, ) dr (’r;"u@“}%;)

Consider, for the sake of simplicity, three flavors and { < My, such that the singlet combinations can

be rearranged and the strange decoupled from the light flavors. Specializing for the averaged momentum
fraction.

In pion’s (proton’s) case (z)e8 =0 In kaon’s case (after some algebra) (x)$2 = 59
(x)$, =0 (@) = s0 SKH:—C)
, 3.8 11/8 3 i
T 8 5 8
. m (1 - [S(cﬂ, ]”’“ ) i = (1 = iS{cH,c}l””*)

H

¢
_ _THH d_'z @ i)
Same for all hadrons! 5 (Cn,€) = exp ( 21 f 2 oz )) (@ }EH Z {‘E Ln

g=u.,d.8,c
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Hadron PDF: hard-threshold model

Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

d , . alC?) ., . Yaa = Yuuws Ygq = You Yag = Yug
Cz_z(j: }gﬂ = _T’]’rﬂq(m }EH g=ud,s,c
n ﬂ(gi}) nofomrG n f..n
dcz "y =~ T2 { (e, +6(C - M2 (a™), )
a[’gﬂ) mn n\¢ n n
dgg " =~ { Ty, + V(e )

In general, at any momentum scale { = M. and again specializing for the averaged momentum
fraction,
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Hadron PDF: hard-threshold model

Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

d a(¢?) Yaa = Yuuws Ygq = You Yag = Yug
2 e pomnid _ nofnnyG
< 2{3: Yan A Taa{Z" g=ud,s,c
mn ﬂ(gi}) nofomrG n f..n
dgz Ly = =2 Lo @y + 000~ Mo)2agy a5, )
a(g?) n fn\6 n f.n
dCE( " =~ { Ty, + V(e )

In general, at any momentum scale { = M, and again specializing for the averaged momentum
fraction, the solutions are:

< )cm = {Iﬁﬁg(gﬂ'a ¢) {:{:}HH = % _T(ME,ME] [{Zm}E:]TM

r(My, M.) = = o [(22)26e) 77 = 2% [(2) ) 1 [(2) 2‘“"“‘" - () (2ayiee] /10

Capitalizing on the universality of the effective charge, all hadrons’ momentum fraction averages can
be expressed in terms of pion’s ones.
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Hadron PDF: hard-threshold model

Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

me __a(¢®) . Yog = Yuu: Tgg = Your Yog = Tng
d(jﬂ S A7 e PGS g = u,d,s,c
mn ( ) n f..n\6 n f.n
dCz{m s, = 2o {Vaule™y, +8( - M2 (=", )
HC?) n (on
@ = = o (s, + 7ol

In general, at any momentum scale { = M, and again specializing for the averaged momentum
fraction, the solutions are:

(TVon = {I}Eﬁ}'S(‘ZH,C] (z)S,, = % — (M., M,) [{Zm}f‘:]m

r(My, M) = — o [zt 7 = 2 [(20)2) " [(20 },,, 25”6+—[{2:.-:}‘” (2z)Me] /16

] 7/4 4 ;_g [ Em}f"]ﬂﬂflﬁ

» 7(CH, M

3 (always) active flavors 1?"0



12

Hadron PDF: hard-threshold model

Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

me __a(¢®) . Yog = Yuu: Tgg = Your Yog = Tng
d(jﬂ S A7 e PGS g = u,d,s,c
mn ( ) n f..n\6 n f.n
dCz{m s, = 2o {Vaule™y, +8( - M2 (=", )
HC?) n (on
@ = = o (s, + 7ol

In general, at any momentum scale { = M, and again specializing for the averaged momentum
fraction, the solutions are:

(TVon = {I}Eﬁ}'S(‘ZH,C] (z)S,, = % — (M., M,) [{Zm}f‘:]m

r(My, M) = — o [z 7 = 2 [(20)2) " [(20 },,, 25”6+—[{2:.-:}‘” (2z)Me] /16

] 7/4 4 ;_g [ Em}f"]ﬂﬂflﬁ

» T(CH, M) =

3 (always) active flavors 1?"0

4
_ > 7(Cn,Cu) =
4 (always) active flavors

Previous result then recovered!
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Hadron PDF: hard-threshold model

Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

d a(¢?) Yaa = Yuuws Ygq = You Yag = Yug
2 e pomnid _ nofnnyG
< 2{3: Yan A Taa{Z" g=ud,s,c
mn ﬂ(gi}) nofomrG n f..n
dgz Ly = =2 Lo @y + 000~ Mo)2agy a5, )
a(g?) n fn\6 n f.n
dCE( " =~ { Ty, + V(e )

In general, at any momentum scale { = M, and again specializing for the averaged momentum
fraction, the solutions are:

@), = <m>3ﬁ:5(cm (@ = 7 — (M, M.) [(22)5, ]

(Mo, M,) = — = [(22)Me] 774 = 22 1192y M) 73/ (95 M, 25““‘+—[{2x>*‘f (2z) M]3/
1? 2?5
dz

—a(2*)(x)3, S(2, )

7/4

(@)% = @) — (@)= 00— My)5- /

M,

Any flavor sea-quark momentum fraction can be evaluated and seen to depend explicitly on the mass
threshold, The same for all hadrons in this approximated scheme!
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Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

" B ( ) n ﬁf;rlq = '-]'f;:u! T;L.:;r = T;u! T;lg = T::g_
d(jﬂ S A7 e PGS g = u,d,s,c
! ( ) n f.n\G n f.n
dCz{m s, = 2o {Vaule™y, +8( - M2 (=", )
LU - n g.n
dCE( Yo = =g {qu<m }{é‘; + gyl )gH}

In general, at any momentum scale { = M, and again specializing for the averaged momentum
fraction, the solutions are:

@5, = (@525(Cu, <) (@ = 7 — (M, M.) [(22)5, ]

r(My, M.) = = o [(22)26e) 77 = 2% [(2) ) 1 [(2) 25“""+—[::zx>“ (22)0e)
dz
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Let us focus on the evolution equations and consider a simpler but insightful model: a system of
massless partons with hard thresholds for each flavor activation, that can be analytically solved!

N B ( ) n ﬁf;rlq = '-]'f;:u! T;L.:;r = T;u! T;lg = T::g_
d(jﬂ S A7 e PGS g = u,d,s,c
7 ( ) n /. .n\G nof..n
dCz{m s, = 2o {Vaule™y, +8( - M2 (=", )
) f g g n
dG( "o = == { 1ol + 75025 |

In general, at any momentum scale { = M, and again specializing for the averaged momentum
fraction, the solutions are:

< }:,ru = {I:)giiS(QHt C] <j"}q” = _T(ﬁ’fs,ﬂﬁr{,} [{Ex}ﬁﬁlfﬂi

r(My, M) = — o [()20e] 7 = 2 [(20) 0] " [z E"“‘"+_[{zx>m (2z)Me] /16

1 g2 .0
(2)ge = (@)3e — ()5, = Q(C—Mq)g?;ﬁf — o(2%)(2)g, 5(2,€)

3

Z{ }S" = §+T{M¢1ﬂff} {EI ?JM Z{I}q”

Momentum conservation! q







Summary

- The EHM is argued to be intimately connected to a Pl effective charge which enters a conformal

regime, below a given momentum scale, where gluons acquiring a dynamical mass decouple from
interaction.

Capitalizing on the latter, two main ideas emerge: (I) the identification of that decoupling with a
hadronic scale at which the structure of hadrons can be expressed only in terms of valence
dressed partons; and (ii) the reliability of an all-orders evolution scheme to describe the splitting of
valence into more partons, generating thus the glue and sea, when the resolution scale decreases.

~ Key implications stemming from both ideas have been derived and tested for the pion PDFs.

Grounding on them, Lattice QCD and data from ASV or JAM MF analyses have been shown to
confirm CSM results.

» The robustness of the approach based on all-orders evolution from hadronic to experimental scale
has been proved with its application to the proton case. A model featuring massless evolution for

quark flavors activated after a hard momentum threshold has been solved analytically, and seen to
expose some of the main results implied by the approach.

To be continued...
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QCD effective charge

B

*

S

1.0 : - The strength of the charge defines
0.8} ' | deinput for the evolution
" Saturation i 2In ({r/Agen)
0.6 ; S(¢u,6) = | ata(t)
i J J2In (¢ /Aqep)
0.4}
. Hadron Scale UV iall
jol! - = V7] 8.
0.2 _ CH | @G = 5 €XPp (—ﬁf"{{};-i:ﬂ) =|0.20(2)
0.0L, it} : 1 [z-F. Cui et al, EPIC80(2020)11,1064]
0.01 0.1 1 10 [z-F. Cui et al, EPJA57(2021)1,5]

k/GeV

Then, the glue, valence- and sea-quark DFs can
be predicted, with no tuned parameter, on the
ground of the effective charge definition, from the
LFWF (or, equivalentely, from a symmetry-
preserving DSE/BSE computation of the valence-
guarks Mellin moments

[M. Ding et al, CPC44(2020)3,031002]
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