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Introduction
- Many body problem with QCD
- Nucleon structure study
- Parton Distributions
- The conventional studies and our works



WHAT & HOW

Nucleon has STRUCTURE

High Energy Nucleon
QUARK & GLUON pic. &

? Spin crisis ;
? Single spin asymmetry Is the properties of Nucleon

? Origin of mass interpretable in terms of
the dynamics of quark & gluon?

N N N OULOR VBN

O Magnetic moment Perturbation dose NOT work
O Mass gap
O Chiral SSB

: v
CONSTITUENT QUARK pic. Low Energy Nucleon

(Non perturbative analysis(ab initio) = lattice QCD (LQCD))

*“Energy” corresponds to the resolution when we see nucleon(g ~ 100(GeV) < resolution ~ 0.002 (fm)). 2



HOW
Parton Distributions

GTMD W(x, k 7, A) —> Wigner W(x, k , 77)
AT—0

A:Pini._Pﬁn.

Quantum phase-space distributions



HOW
Parton Distributions

Transverse Momentum Dependent Parton Distribution
A

T Generalized Parton Distribution
A -0
3D structure deT I [dsz

L GTMD W(x, k 5, A) — Wigner W(x. Tl e

AT—=0 |
[dede l & b szkT,A At ol | D structure
- ongoing projects {
(" Form Factor Parton Distribution Function )
* Elastic scattering * Deep inelastic scattering
— Nucleon’s SPATIAL dis. — Partons’ MOMENTUM/HEL
Proton radius puzzle -CITY dis. inside nucleon
Nucleon transversity Proton spin crisis, SSA,
Quark EDM e.t.c. Gluon saturation e.t.c.

N o




HOW
Parton Distributions

Transverse Momentum Dependent Parton Distribution

A
T Generalized Parton Distribution
A -0
3D structure Jdﬂ I [dsz
‘ ........ GTEMBD Wi, k- A) = Wiener We & - 7)o |
N
[ e J %, l A =Py —Pg, | D structure
v
r Form Factor Ciir worls \
* Elastic scattering e

K.-I. Ishikawa et al., Phys. Rev. D98 (2018) 074510 [1807.03974].

— Nucleon’s SPATIAL dis. * EShintani et al., Phys. Rev. D99 (2019) 014510 [1811.07292];
(Erratum; Phys. Rev. D102 (2020) 019902.)

I * N.Tsukamoto et al,, PoS Lattice2019 (2020) 132 [1912.00654].
PrOton radlus PUZZ.IG » K.-l. Ishikawa et al., arXiv:2107.07085 (2021). e.t.c.
Nucleon transversity v
Quark EDM e.t.c * R.T. et al,,“Nucleon tensor charges from lattice QCD”,

N

The 24th International Spin Symposium J




HOW

Parton Distributions

Transverse Momentum Dependent Parton Distribution

A

T Generalized Parton Distribution
A -0
3D structure Jdﬂ I [dsz

L GTMD W(x, k 5, A) — Wigner W(x. Tl e

AT—0

A=P. . —P
[dedeT l ini. fin.

" Form Factor \

* Elastic scattering

szkT, A ol | D structure

Parton Distribution Function
this talk

— Nucleon’s SPATIAL dis.

Proton radius puzzle

Nucleon transversity
Quark EDM e.t.c.

S

sovector nUC|eon matrix element\
9; = (plyl'w|n) (NME)
e y,u}/S Gluy 1

l

J; Axial Tensor Scalar J
5




(D Particle physics

Neutron and Beyond S.M.

o0 Neutron EDM
— estimate CP-violation induced from quark chromo-EDM d,
exp. bounds Lat. calculation

R e
™d = 5dd, + Sud, + 5sd,

1
59(0%) = J dxlhi(x, Q%) — hi(x, Q)] : hf = @ . @
0

Constraints on CP-violation quark chromo-EDM

0 Neutron decay
— [ decay NOT with V-A channel = Beyond S.M.
e.g.) Scalar, Tensor channel coupling

Slide from Marco Radici,“QCD with Electron-lon Collider”



Nucleon structure with lattice QCD

After 201 |, lattice can approach Parton Distributions directly.
However, can lattice overcome experimental precision/accuracy?

— v BENCHMARK calculations, indirect one, are also needed

Matrix elements Feature Experiments/Remark

v gA Nucleon axial charge g:XP'z L2756(13)

gs Direct Dark Matter detection
<N| l//h/_fl N> Both isoscalar and isovector

gr Oth it oGSl e are needed for practical use

(N|wo,w|N)
oS Neane |st moment of unp. PDF  (x),°}*H¢ = 0.155(5)

v (X)A,_Ag st moment of pol. PDF (x)BENCHMARK _ ( 199(]6)

<x>5u_5d | st moment of tra. PDF 5



Nucleon structure with lattice QCD

After 201 |, Parton Distributions can be directly computed in LQCD
Whether can LQCD overcome experimental precision/accuracy!?

— v BENCHMARK calculations, indirect one, are also needed

Matrix elements Feature Experiments/Remark

(v gA Nucleon axial charge g:XP'z L2756(13) -

gs Direct Dark Matter detection
this talk <N| l//h/_fl N> Both isoscalar and isovector

gr Oth it oGSl e are needed for practical use

o (Nlyo, w|N) 4

oS Neane |st moment of unp. PDF  (x),>;**" = 0.155(5)

v (X)A,_Ag st moment of pol. PDF (x)BENCHMARK _ ( 199(]6)

<x>5u_5d | st moment of tra. PDF 5



Conventional studies -isovector

» Continuum limit

» Continuum limit

04 0.8 1.2 1.6 @ Physical quak mass 0.9 1 1.1 1.2 @Physical quark mass
- — 1 T 1 T T T T T T [T T T 1T T 1T T T T
F O @ ETMC 2020 R By @ ETMC 2020
N HH » PNDME 2018 N o » PNDME 2018
% 0 » PNDME 2016 é_ —— » PNDME 2016

s mEEEEEEEEE gy EEEEEE=- | I e P T E R R R E R R Y TN e
- ? PACS ! ? PACS _,
—| =" =" "m™ """ " " 5" NNME2021 | ey m T »"NINIE 2021
+ 4 »» yQCD 2021A + —— o ESS/DU.;((%%D 2019
c;l 0 @ LHPG 2019 (coarce) (?: HH @ LHPC 2019 (coarce)
> @ LHPC 2019 (fine) > Mg @ LHPC 2019 (fine)
1 » Maintz 2018 | n | » Maintz 2018
HH JLQCD 2018 | 1 | JLQCD 2018
o —— @ ETMC 2020 (small) |« 1 @ ETMC 2020 (small)
" | u I @ ETMC 2020 (large) | "_ T @ ETMC 2020 (large)
< 00— » RQCD 2014 HHH » RQCD 2014
e Gonzalez-Alonso g o :
) @ o) More than 50% uncertainty
< 2013 <
- | | | | | 1L | | | |
0.4 0.8 12 16 0.9 1 1.1 12

Isovector scalar charge

Isovector tensor charge

High-precision & High-accuracy = Purpose of PACS(this work)



Lattice QCD & Assessment of errors

- Monte Carlo simulation (statistical error)
- Major systematic uncertainties by lattice set-up
- Systematic uncertainties induced by calculation methods



Calculation strategy
Our targets :

* Non-perturbative information of nucleon

— Calculate NMEs in Lattice QCD
e Observables need to be renormalized

— The renormalization constants are additionally required

Therefore:

= (Renormalized value)
= (Bare matrix element) X (Renormalization constant)

— Evaluate both the bare matrix elements and the renorm
& -alization constants with high accuracy in Lattice QCD )

High accuracy in Lattice QCD(ab initio cal.)?

MS (Modified Minimal subtraction) scheme at 2 GeV for the subtraction point is widely used now. |10



Lattice QCD and its accuracy

Path integration of QCD = High-dimensional integrals
1 ety
(0) = 5[9 (U192 || 2 |w] O |U, 7.y e~Jaco V- 7. ¥/

— Estimate stochastically = Monte Carlo integration
(Importance sampling)

High accuracy in Lattice QCD means

|. Higher statistics for statistical improvement
[l :
— All-mode-averagmg
2. Fewer syzstematic uncertainties

— Patly eliminated by lattice set-ups, but NOT enough

(Needs assessment of the residual systematic uncertaintieg

[I]T.Blum et al., Phys.Rev. D 88, 094503(2013). [2] One stem from finite spatial volume and heavy pion mass | |



Residual systematic uncertainties

(D : (Bare matrix element) X (@ : (Renormalization constant)

Both have systematic uncertainties, and we mainly focus on

Parts Source of systematic uncertainty Origin

. il * Nucleon’s excited states
(D  Excited state contamination g
(NON©)) = ) a; 75

e Chiral S.S.B
* Gluon condensation

3 %
myy (qq)? (A
Do L PR e

Perturbative truncation
@  Non-perturbative effects «—
Fitting functions/range M52 GeV) >

Problem : How can we reduce systematic uncertainties!?

12



(1 Excited state contaminatio

n o5
snk tsrc
Nucleon matrix elements obtained from

the ratio of 3pt. function to 2pt. function P

tsep = | Lok — Lore |

(Nt )0, NGty 2y (OINO) [ 1)(i1O(0) 1) (| N | 0)eEit

Src

<N(tsnk)N(tsrc)T> zi <O |N(O) | l> |2€_Eitsep

- (N|O@O)|N)

g L)

13



(1 Excited state contaminatio

n o5
snk tsrc
Nucleon matrix elements obtained from

the ratio of 3pt. function to 2pt. function P

tsep = | Lok — Lore |

(NG ) O INGT) Dy (OINO) )1 OO) Lj)(j INT | 0ye e
<N(tsnk)N(tsrc)T> 5 zi (0| NQ) | i) |26_Eitsep
—  (N|O(0)|N) _|_;"A;El:?;}\%-v3t;;p-:|:-.—
Actually, Fz>>t>>6- e ’

All excited states appearing in the ratio depend on Lo

— Calculate the ratio for several choice of £,,, and examine 7,

independence = confirm no excited states contamination
— Average over f,, where the ground state saturation is achieved

13



Preliminary

(2 Non-perturbative effect

NS 7M5(2 Gev) ZMS
752 Gev) = 2= oD Z_W [ 7mg,
ZMS(’M)Z(IM) Lattice

Perturbative matching

— ldeally, ZM_S(2 GeV) is independent of matching scale: u

However,

L6 g
the residual dependence appears ~ °% ™

{

Remove such scale dependence by FIT)
ansatz and then extract p-independent
_renormalization constant o)

I IIIIIIIIIIIIIIIIL

Skip how we can calculate the renormalization constants on lattice for saving time here.




Numerical results

- Nucleon matrix elements
- Renormalization constants
- Renormalized axial, scalar and tensor charges

|5



Simulation details -pacs configuration

128 lattice 64* lattice
Lattice size 1284 [1] 644 [2]
Lattice spacing ~ 0.086 fm
Pion mass 135 MeV 159 M@Vm
Spatial vol. ~ (10.9 fm)’ ~ (5.5 fm)’
G : : 29
Eliminate two major systematic errors  ,q4
—FEinitesizocffoct gA = 1'273(24)sta.(5)sys.(9)ren.
—Chiral extranelation exp.
- — Highest precision of gA[I] 4 1.2756(13) S

[1] E. Shintani et al., Phys. Rev. D 99, 014510(2019) [2] K.-I. Ishikawa et al., Phys. Rev. D 99, 014504(2019)

The stout-smeared O(a) improved Wilson fermions and Iwasaki gauge action.
[3] Finite volume-size effect

16



Preliminary

Nucleon axial charge ga

1514+-——77"+—r—+7—+—7—+—7—"+—
— Expt. tep > 1.2 (fm) seems
O 64” |attice (Exp.) enough for g.s. saturation
= 1.4 O 128% |attice (Exp.) ga = 1.288 £0.014 -
N & 128" lattice (Gauss) T
©
=
5 13 T UL 5 P -
o L/
2 4 : i
= ®
1.2 % _
1.1— | | | | | |

08 09 1 11 12 13 14
t [fm]

sep

|7



Preliminary Scalar and tensor channels

Renormalization and systematic error

1.2 _l|||||| ||El||||||||||||||||||||||||||||l—
11 = ] Systematic uncertainties of
i .£.) Scalar ch |7
%‘ 11— eg:) Scalar channel - [i] Perturbative truncation
O] =R .
NO09 — Ty — [ii] Non-perturbative effects
2 7
N 8 B . IR-pole ansatz - lil  Fitting function/range
: Pole-subtracted : :
0717 IRregion | |R-truncated | — Three major systematic
0.6 cbcn bbb b b b b uncertainties are examined
5 0 5 10 15 20 25 30 35
uw (GeV?) High-precision & High-accuracy
Contribution to error Sta. [i] [ii] [ii] Total
Zs = 0.91003)5 (1D (1)1 Dy 0.34% 1.49% 1.40% 1.50%  2.6%
Zr = LON(Dgu(19) (i3 0.12% 1.84% 0.36% 0.32%  1.9%

|18



1.2 Frrrpreet IIIIIIIIIIIIIIIIIlIlIIlIIIIIIIIII
11— —
<[ o S(Z,, MOM)
- —
& b 4
NO09 — -
g -
N0.8 -
0.7
0.6 llllllllll lllIllllIllllIllllllllllllllllllll
0 -5 0 5 10 15 20 25 30 35
u(GeVs)
12 lIII|IIII III|IIII|IIII|IIII|IlII|IIII|IIII|
11— —
S 1 S(Z,, SMOM) —
& b _ 4
NOY — T —
E - —
Nos “”====¢_irqﬁai
0.7 —
0.6 lllllllllllllllllllllllllllllllllllllllllllll_
L1 -5 0 5 10 15, 20 25 30 35

Preliminary

RI/MOM and RI/SMOM

Scalar operator =

suffer from chiral symmetry breaking strongly

= Z¢ depends on how we treat IR strongly

u’ (GeV?)

0 -5 0 5 10 15 20
u” (GeV?)

0.6

10 -5 05 10 15 20

o b v b b e b b |
25 30 35

oo b b b b b |
25 30 35

u’ (GeV)

Extract constant with

* Pole + quadratic
including IR data

e Quadratic
truncating IR data

The discrepancy are

~6 % for MOM
~2 % for SMOM

Systematic error is

better under control
in SMOM scheme

RI/SMOM:C. Sturm,Y.Aoki, N. H. Christ, T. Izubuchi, C.T. C. Sachrajda and A, Soni, Phys. Rev. D 80, 014501(2009). | 9



Preliminary

Renormalized

2.5 . |
[ O 64" lattice (Exp.) :
21 gS O 128" lattice (Exp.) _
- _ © 128" lattice (Gauss) T |
1.5 |
I i o _
. % O |
<P
0 l 1 l | | | | . l | | |- |
08 09 1 11 12 13 14
t, [fm]
p

Lep > 1 (fm) seems large
enough for g.s. saturation

gs = 0.927(71)g, (22) s

[FLAG2019] Aoki. S et al., Eur. Phys. J. C. 80, 113 (2020).
[PNDME2018] R. Guputa et al., Phys. Rev. D98 (2018) 034503.
[PNDME2016] T. Bhattacharya et al., Phys. Rev. D94 (2016) 054508.

sta.

[ETMC2020] C. Alexandrou et al., Phys. Rev. D102 (2020) 054517.

[LHPC2019] N. Hasan et al., Phys. Rev. D99 (2019) 114505.

04

0.8

1.2

scalar couplings

1.6

Scalar channel

» Continuum limit
@ Physical quak mass

2+1+1

N, =

| [
——

I | I | I
@ ETMC 2020

» PNDME 2018

» PNDME 2016

Nf=2+1

HHH
0
e
o

i

Eﬁ

PACS (128" + 64%
» NME2021
» xQCD 2021A
@ LHPC 2019 (coarce)
@ LHPC 2019 (fine)
» Maintz 2018

JLQCD 2018

f

@ ETMC 2020 (small)
@ ETMC 2020 (large)
» RQCD 2014

Gonzalez-Alonso

2013
1 | 1 | 1

o Pheno.

1.2

1.6

Isovector scalar charge

[Mainz2018] K. Ottnad et al., in Proceedings, Lattice2018.
[JLQCD2018] N. Yamanaka et al., Phys. Rev. D98 (2018) 054516.
[RQCD2014] G.S. Bali et al., Phys. Rev. D91 (2015) 054501.
[NME2021] S. Park et al., Phys. Rev D105 (2021) 054505.
[Pheno,] M. Gonzalez-Alonso et al., Phys. Lett 112 (2014) 04501.

20



Preliminary Tensor channel

Renormalized tensor couplings

1.3 — T — T » Continuum limit
0.9 1 1.1 1.2 @ Physical quark mass
_ O 64° lattice (Exp.) | _+——T———F 11—
Y O 128" lattice (Exp.) o @ ETMC 2020
: & 128" lattice (Gauss) N [ - » PNDME 2018
i i 7 ;._ —0— » PNDME 2016
1.1+ % ] HoH ‘64
I @ | _ | —o— » NME 2051 T0*)
& _________________________ + — RBC/UKQCD 2019
g ] @ »QCD 2020
1 a0 1 @ LHPC 2019 (coarce)
gT > -0 @ LHPC 2019 (fine)
_ . | . I » Maintz 2018
| A | JLQCD 2018
0.9 | 1 | 1 | 1 | 1 | 1 | 1 |
0.8 0.9 1 , 1.‘[Ifm] 1.2 1.3 1.4 ~ —— @ ETMC 2020 (small)
sep ;,_ 1 @ ETMC 2020 (large)
HTHAH » RQCD 2014
l.,, > 1 (Im) seems large
12 S
° cC o .
enough fOI" g.s. saturation g More than 50% uncertainty
o
IR I IR IR BN

gT — 1.036(6) (20) 0.9 1 1.1 1.2

sta. SYS. Isovector tensor charge
[FLAG2019] Aoki. S et al., Eur. Phys. J. C. 80, 113 (2020). [LHPC2019] N. Hasan et al., Phys. Rev. D99 (2019) 114505.
[yQCD2020] D. Horkel et al., arXiv:2002.06699v1 (2020). [Mainz2018] K. Ottnad et al., in Proceedings, Lattice2018.
[PNDME201 8] R. Guputa et al., PhyS. Rev. D98 (201 8) 034503. [JLQCD2018] N. Yamanaka et aI., PhyS. Rev. D98 (2018) 054516.
[PNDME2016] T. Bhattacharya et al., Phys. Rev. D94 (2016) 054508. [NME2021] S. Park et al., Phys. Rev D105 (2021) 054505. 21
[ETMC2020] C. Alexandrou et al., Phys. Rev. D102 (2020) 054517. [RQCD2014] G.S. Bali et al., Phys. Rev. D91 (2015) 054501.



Summary and perspectives

- Conclusion of this talk
- Future works

22



Preliminary

Summary and Perspectives
High-precision and high-accuracy determination:
ge= 092707y @2 and gy =1 036(6)
NEXT

Towards continuum limit keeping with high precision/accuracy

A A

(= N )
Another cut-off -Preliminary | | * High-precision calculation

0l ———— T T T

sta. SyS. sta.(zo)sys.

o | " a All-mode-averaging techniques
LT ] can reduce the statistical noise.
P[] ([T || High-accuracy calculation
Boosf- L% oo, 17009] | epmmenspren, 07787 | RI/SMOM scheme enables us to
L goe * Hog keep the systematic error under
R R control.

1 1.1 12 1.3 14 05 06 07 08 09 1 1.1

Fig. from RT at LATTICE2021 | (__How about other operators!?

J

In future — High-precision and high-accuracy Parton physics

*We can also use these for searching the BSM such as quark chromo-EDM or beta decay (Intensity frontier). 23
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(D Particle physics

Neutron and Beyond S.M.

o0 Neutron EDM
— estimate CPV induced from quark chromo-EDM d,
exp. bounds Lat. calculation

B e
™d, = 5ud, + 5dd, + 5sd,

1
59(0%) = J dxlhi(x, Q%) — hi(x, Q)] : hf = @ . @
0

Constraints on CPV quark chromo-EDM

0 Neutron decay
— [ decay NOT with V-A channel = Beyond S.M.
e.g.) Scalar, Tensor channel coupling

Slide from Marco Radici,“QCD with Electron-lon Collider”



WHAT & WHY

Nucleon = Transdisciplinary target

(D Particle physics (Intensity frontier)

5 < o)
Theory

L(S.M. of particle ph)’SICS)J

-
New physics
L(Beyond S.M.)J

= Experiment -

— Some ambiguities stem from QCD

High-precision calculation of nucleon structure with QCD
can give constraints on New physics

@ Nuclear physics based on QCD

~
Solve many body

§ £ roblems
‘% ---------- > (2] P =

§ Conventionally Neglected Y

Nucleon structure in QCD is the first step towards
the nuclear physics based on QCD




Chiral S.S.B. at low energy QCD

MS “running” quark mass at renormalization scale of 2 GeV:

m, = 2.32(10) MeV), m, = 4.71(9) (MeV), m, = 92.9(7) (MeV)
< Agep ~ 300 (MeV) or My ~ 940 (MeV)

— u,d,s-quak masses are essentially negligible

At low energy QCD, gg condensation occurs = Chiral S.S.B.

[ m\ ; %\ Oire b
i

K J ;7 ] Zin. D 899)99
R

g
B

This “mass” is called as constituent quark mass:

m, ~ 400 (MeV), m, ~ 400 (MeV), m, ~ 500 (MeV)



Nuclear physics (Quantum many body problem)

Proton spin crisis “SPIN ORIGIN”

Quarks’ spin are NOT enough to describe the proton spin
Gluon TAM

il

Quark SPIN and OAM

Experiment — A2 carries 20-30 %

s 1 High-precise calculation o?
A2 = Z dxAq(x) : pol. PDF Ag(x) can deter-
L q 0 mine Quark SPIN -

Other contributions can be proved with other distributions, such as GPDs



Mott scattering

Relativistic scattering between the electron and fixed target
is formulated as the Mott scattering.

electron Ejectron and fixed target have
vector-type interaction

electron [

@ :the lab scattering angle

Fixed target E :incident electron’s energy

In Lab frame, where the fixed target is rest, the scattering cross section:

i 20
do i a“cos” -
dQ Pk,

s o lagin .

This reproduces the Rutherford scattering in non-relativistic limit.



Wigner distribution

e.g.) Harmonic Oscillator Classical Orbit

(q.p) : P(q,p) = 8(H(q,p) — E)

< / >
q
Quantum effect /

Wave func. of H.O.is y (q) = s i) s S
e e T

i ’ e —ip&lh, 3
Then,Wigner dis.: W(q, p) = —e w*lg—=|ylg+=
S P %

(=D)" _owen (4H(q,p)>
EET T
zh

e O Yy

h—0,n>0

= Wn(qa p) o5

& Quantum Mechanism Classical Mechanism x

éA(q,p»Q = qu.[de(q,p)A(q,p) > (A(g.P))c = JdCJ[dpP(q,p)A(q,pL




Quark momentum fraction

Gluons reduce relative contribution from quarks

A
b
.
&~

> X > X

1/3 1/3 I
@Quark momentum fraction

: 5 Silesmesm ] =
dxxFy(x, Q%) = (x), = (P, S| g ;/4D4—§Z;/ka |p,S)
0 k



Quark helicity fraction

Quarks’ spin are NOT enough to describe the proton spin

R SRR B S p o |

R N P o e R A,

— Nucleon has spin 1/2 ~ Quarks’ contribution

. =9
Nucleon’s spin

@Quark helicity fraction

1 . ; . <> <>
dxxgl(xaQ ) e <x>Aq = l<p95|q}/5 [}/3D4 + }/4D3] |p9 S>
0

https://www.bnl.gov/eic/



Nuclear physics (Quantum many body problem)

SSA and lattice contributions

TMD PDF is essential but difficult to obtain with experiments.
One of TMD-Collins func. h;:

Z @
.................... i
® ( hq 27 o
@ Use Lattice to constrain Exp.

NOT exactly correct, just for intuitive

fig. from H.-W. Lin @QCD Evolution Workshop 2021

mm S|DIS + Lat. (b)
- — SIDIS

@)

\ experiments

d -
hl

lattice

normalized yield
l:J ERN

\ experiments

I
o
I
I
I
!
|
i
i
-

VR e el s B o : 97,

)



Iso-vector quantities : O = ul'd
under the iso-spin symmetry

(N|O(t)|N) : composed of two contributions.

v 0

e

Disconnected contribution

Gonnected contributionj

= High computational costs

Iso-vector does NOT suffer from disconnected contribution.



Lattice QCD -Monte Carlo integration

Path integration of QCD = High-dimensional integrals
1 )
<0> — EJ@ [U] D [l/_/] D [W] O [U, Y, 1//] e_JQCD[Ua‘//’V/]

— Estimate stochastically = Monte Carlo integration

@ Importance sampling --- Generate points only in important regions

e.g.)
Suppose the integration : [ = J dfin) J dox% %) gt
v v g(x)
|. Generate points {x;, -*+,x,} in V with probability : g(x)
J(x) :
2. Compute h; = fori=1,---,n

g(x;)
. J I
3. Monte Carlo theory gives : [ = | d“xh(x)g(x) = — Z h;
% AN



Error reduction techniques
@ All-Mode-Averaging (AMA)

For original operator O°"®, improved one O™ is defined as

s 1ok
Oumpl i Z (0(0rg)f des O(apPI’OX)f) T Z (O (approx)g
N(’rg feG G oeG

where G is the lattice symmetry. (e.g. translation symmetry)
O@PPIX) s relaxed CG solution.

P, () is polynomial

Neig Nei

1 g
Oy = O PR G Z' vi—v + P,(W)|1 - z' vy
Ai ! || approximation of 1/4

i=1 g i=1

Low computational cost
Improved error : err'™® ~ err/4/Ng

T. Blum et al.,, Phys.Rev. D 88, 094503(2013)

—



Interpolating operator of Nucleon

The interpolating operator of Nucleon used here are following:

Ny, D)= ), e Te, [ul(t, 5)Crsdy(t, 5)] u(t, %)

—_——

X X[ X5 X3

X px(x] — X)py(X; — X )px(x3 — X))
where

¢ (x; — X)) =6(x; — X) :Local type
¢X(7; =0 ={

gdx— x)— Acxp(—Bl% — 0 |) -exp. smeared

and the parameters described here are (A, B) = (1.2,0.16)



2pt. and 3pt. function
@ 2pt. function

(NON'(0)) = )’ 10| NO) |i) |*e* Q

> [(O|N(O)|N) |Pe ™M tank=t s

t >0

@ 3pt. function
(NOOENT) = Y (0| N(O)|i){i| O0) | /)(j | NT| 0)eE

I
: — [{O| N(O) | N) |*(N| O(0) | N)e~ !

>t >0
Nucleon matrix eIementJ




Extracting matrix elements and Ratio method

Nucleon matrix elements can be extracted from
the ratio of 3pt. function to 2pt. function

N(H)O(t)N(0)"
( : (N>O<T>> S
< Dix )> r>1>0 »
N.B. Excited state contamination ey
Interpolating operator also creates excited states.
N(H)O(t)N(0)" ,
ol Sl o (N| O) | N) + Ae B¢ 4 ...
(N(ONO0)T) ,

— Gaze |tsink-tsrc| independence = confirm no contamination



Preliminary

Bare matrix elements -128* lattice
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Preliminary

Bare matrix elements -64¢ lattice
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Renormalization on Lattice

Composite operator ~ New interaction vertex = Renormalization
B

)

/

d(y) :
O Lattice perturbation theory px $x)
Bad convergence of the perturbation >
™

@ Regularization Independent MOmentum Subtraction scheme
(R/MOM)
Calculation cost --- LOW
Non-perturbative calculation
¢ P =,

@ISchrédinger Functional scheme (SF)

Calculation cost ---*HIGH
Non-perturbative calculation

Matrix elements Vertex functions

|.We use this for input calculation. 2. Necessary to calculate operator-dependently. |



RI/MOM scheme

quantum correction tree

q Pive

)& pi=p;=—p

P1=D»q9=0

* Impose the condition on amputated Green function
* Introduce the scale by external momentum

CNon-perturbative determination of renormalization)

G. Martinelli et al., Nucl. Phys. B 316, 355-372 (1989).
Instead of getting the wave function renormalization factor, we often normalize it by another current.



Discretization error

Discretized time-space brings error = Discretization error

e.g.) Dispersion relation
Continuum : EZ = m? + p?

4 1
Lattice :E? = m? + — sin’ e DA e L R L
a? 2 al

Renormalization scale is determined by the quarks’ external momenta
in RI/MOM scheme

= Vertex function, renormalization constant, has (ay)-dependence

Z¥5(2 GeV) D ci(ap)’ + cy(ap)* + -

|.Odds power don’t appear, since vertex functions don’t change their sign under p - —p
conversion.By the way, there are several types of discretization error, however the one stems
from the dispersion relation is especially called as ordinary lattice artifacts and it is often that
they are fitted by polynomials. 15



Y.Aoki et al., Phys. Rev. D78, 054510 (2008).

Window problems and p-dependence

. e
— Condition Ayp K p K a~! is imposed on the scale

B .
e A < 4 :suppress unnecessary non-perturbative effects
OCh PP Y P

e.g.) Easy to have low momentum by

ylyw(qg = 0)

just one gluon exchange.

— suffer from non-perturbative

effects due to S.Chiral Sym. B.
Large Systematic error

mi {4d) <A5>J

Vertex func. has pole: [pz e

S ™ m m Emm =™

€]
(ap)?

— Z¥5(2 GeV) D

- Agcp is so-called QCD scale where non-perturbative IR divergence is NOT negligible.Therefore,
Apcp < p also has a role to make perturbative matching to other scheme work.
- u < a~!is the condition for decreasing the discretization effect.



Y.Aoki et al., Phys. Rev. D78, 054510 (2008).

Non-perturbative effects

@ Exceptional momenta = momentum transfer is ZERO (g = 0)
invalidate naive power counting

Superficial d.o.d. is given by:

e : agd ) . 4 0
o ——n AP Lot N
& Pl 2

e il -6

< . : .
1 D) =% e
: My qq) Effects on <QCI>2
SN e . p?  p? | Vertex po

Vertex function has pole structure

|. Non-exceptional momentum configuration is available in RI/SMOM scheme 2. d; for 3 flavor case

|5



Preliminary

Scalar channel

Renormalization constants

e.g.) [1:5] Quadratic ansatz
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Preliminary

Renormalization constants
e.g.) [1:5] Quadratic ansatz
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Tensor channel
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Scalar & Tensor channel

Preliminary
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Future perspectives : PDFs on

PDFs are defined as non-local correlation on Iig

Lattice

Nt-cone

— By definition, naively forbidden

Power correction
However , G
we cah access it

via Lorentz boost & Matching

light-cone

e.g) Unpolarized Quark DF

Accessible

Q(xa /’l’PZ) S quasi-PDF

A

(Lattice QCD)

Xiangdong Xi, arXiv:1305.01539 (2013)




Root-mean-square error
Problem: Model comparison / Model selection

Step3. Evaluate RMS error with trai-
ning and test data(-R 101 pts)

— Gauge conf. 1#k (1 = I~101)

Stepl. Prepare training data(-N 47 pts) Fix FIT
iX range

— Gauge conf. k (k= 1~101)

Fix FIT range Eig) A5 < 3532 pesy = N ve =157
Eg)l<u<3: l4pts — N, = 14 L <p<4: 47pts — Ny = 47
1<ﬂ<4:20pts_>]vtrain=20 1<,u<5:6|pts _>]vtest_61
»l <pu<5:26pts > N, =26 S \/ZE( *A]Zlixk
RMS 0 N
Step2. FIT with various ansatz for conf. k ‘

Al :
2 _21 4 Z ck(u)? Step4. Compare RMS error

€1
flgse == e e ishe
H E.g.) Sample for fixed range

— test
— train

: : M.k :
— Obtain trained fit parameter ¢* .. for certain FIT range
and FIT ansatz for conf. k.

RMSE
02 03 04 05 06 07 08 09
1 | !
o _o
///
//
o o~
w"’
(o]
(
|
©

N.B. Assuming that gauge configurations are independent,
we can consider different | # k carries different ran-
dom noises.

|
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{color, u,.,,data} = {black, 3, test}, {red, 3, training}, {green, 4, test},
{blue, 4, training}, {violet, 5, test}, {orange, 5, training}

Candidates suggested by RMS error analysis are
(1) (2) (3) (4) (5)

Hmax (GEV) 4 5 5 3 4
Polynomial 2 2 3 0 I




