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Outline

The goal of this study is to locate the critical
point of the strongly interacting matter

- - - - - - by - - - - - -
measuring scaled factorial moments of multiplicity

distribution from a selection of
Pb+Pb at 13A GeV/c (

√
sNN ≈ 5.1 GeV)

Pb+Pb at 30A GeV/c (
√
sNN ≈ 7.5 GeV)

Ar+Sc at 150A GeV/c (
√
sNN ≈ 17 GeV)

using statistically independent data points and
cumulative variables

• Introduction

• Critical point of strongly interacting matter

• Experimental measures to search QCD critical point

• Fluctuations in large momentum bins

• Multiplicity fluctuations
• Multiplicity-transverse momentum fluctuations

• Fluctuation as a function of momentum bin size

• Proton intermittency anlysis
• h− intermittency analysis

• Exclusion plot and intermittency analysis result

• Summary
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NA61/SHINE at CERN SPS

NA61/SHINE (SPS Heavy Ion and Neutrino Experiment) is a particle physics fixed-target experiment at CERN SPS
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NA61/SHINE detector

• TPC system: track reconstruction and particle identification based on specific energy loss

• VTPC-1, VTPC-2 are placed in the magnetic field: used for tracks momentum reconstruction

• Projectile Spectator Detector (PSD): hadronic calorimeter, measures projectile spectators energy

N. Abgrall et al., [NA61/SHINE Collab.] arXiv:1401.4699 [physics.ins-det]
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NA61/SHINE Physics programNA61/SHINE performed the 2D scan in collision energy and
system size to study the phase diagram of strongly interacting matter

NA61/SHINE 2-dimensional scan

2

NA61/SHINE performs scan in beam momenta

(13A - 150A GeV/c) and mass of colliding nuclei

(p+p, p+Pb, Be+Be, Ar+Sc, Xe+La, Pb+Pb)

• One of the main goals of NA61/SHINE is to

search for the QCD critical point

• Study of the properties of the onset of

deconfinement

Talk by Oleksandra Panova: System size and energy dependence of proton production

from NA61/SHINE at the CERN SPS

• Heavy quarks: direct measurement of open charm

at SPS energies

• Measurements for the J-PARC and Fermilab

neutrino programs

• Measurements of nuclear fragmentation cross

sections for cosmic rays physics

Tobiasz Czopowicz, arXiv:1201.5829 [hep-ex]
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Critical point of strongly interacting matter

Talk: Diagram of high-energy nuclear collisions from

NA61/SHINE by Prof. Marek Gazdzicki on Friday

• Critical Point (CP): a hypothetical end point of first order

phase transition line (QGP-HM) that has properties of

second order phase transition

• Second order phase transition→the correlation length

diverges → scale invariance → power-law form of correlation

function

• These expectations are for fluctuations and correlations in the

configuration space

• They are expected to be projected to the momentum space

via quantum effect and/or collective flow

• However predictions on the CP existence, its location and

what and how should fluctuate are model-dependent

Asakawa, Yazaki NPA 504 (1989) 668

Barducci, Casalbuoni, De Curtis, Gatto, Pettini, PLB 231 (1989) 463
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Scaled factorial moments of order r
In NA61/SHINE , intermittency analysis is performed at mid-rapidity and particle fluctuations are studied in
transverse momentum plane to locate the QCD critical point by measuring scaled factorial moments of
multiplicity distribution

Fr (δ) =

〈
1

M2

M2∑
i=1

ni (ni − 1)...(ni − r + 1)

〉
〈

1
M2

M2∑
i=1

ni

〉r

δ: size of each of the M sub-division intervals of ∆
ni : number of particles in i-th bin

px

py
∆

δ = ∆/M

ni = 5

When the system is a simple fractal and Fr (δ) follows a power law dependences:

Fr (δ) = Fr (∆) · (∆
δ
)D·φr

where D is the embedding dimension (for transverse plane, D = 2) and exponent, φr obeys the relation:

D · φr = (r − 1) · dr
Where the anomalous fractal dimension dr is independent of r

Wosiek, APPB 19 (1988) 863

Bialas, Hwa, PLB 253 (1991) 436

Bialas,Peschanski, NPB 273(1986) 703

Antoniou, Diakonos, Kapoyannis, Kousouris, PRL 97 (2006) 0320027 / 15



Cumulative variables

Instead of using px and py , one can use cumulative quantities:

Qx =

x∫
xmin

ρ(x)dx

/ xmax∫
xmin

ρ(x)dx

Qy =

y∫
xmin

ρ(x)dx

/ xmax∫
xmin

ρ(x , y)dy

• transform any distribution into uniform distribution (0,1)

• remove the dependence of Fr on the shape of the
single-particle distribution

• intermittency index of an ideal power-law correlation function
system described in two dimensions in momentum space was
proven to remain approximately invariant after the
transformation

Cumulative variables

Instead of using px and py, one can use cumulative quantities:

Qx =

x
∫

min

ρ(x)dx/

max
∫

min

ρ(x)dx Qy(x) =

y
∫

ymin

P(x, y)dy/P(x)

• transform any distribution into uniform one (0,1)

• remove the dependence of F2 on the shape of the
single-particle distribution

• intermittency index of an ideal power-law correlation
function system described in two dimensions in momentum
space was proven to remain approximately invariant after
the transformation

1− 0 1
)c/x (GeV

1−

0

1

)
c/

y
 (

G
e
V

0.0

0.2

0.4

0.6

3−

10×

P(x, y)

⇓

0.0 0.5 1.0

xQ

0.0

0.5

1.0

y
Q

0.0

0.1

0.2

0.3

3−

10×

)
y

, Q
x

P(Q

(example for 0-5% Ar+Sc at 150A GeV/c)

CPOD2021, 19.03.2020 4 / 13 T. Czopowicz (UJK, WUT)

Bialas, Gazdzicki, PLB 252 (1990) 483
Antoniou, Diakonos, https://indico.cern.ch/event/818624/

Bialas, Gazdzicki, PLB 252 (1990) 483

Antoniou, Diakonos, https://indico.cern.ch/event/818624/
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Preliminary results on intermittency analysis

Pb+Pb at 13A GeV/c (
√
sNN ≈ 5.1 GeV)

Pb+Pb at 30A GeV/c (
√
sNN ≈ 7.5 GeV)

Ar+Sc at 150A GeV/c (
√
sNN ≈ 17 GeV)

Cumulative variables
Independent sub-sample for each M points
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Proton intermittency analysis result
( Experimental result on fluctuations as a function of momentum bin size )
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CPOD 2021: https://indico.cern.ch/event/985460

ICNFP 2021: https://indico.cern.ch/event/1025480/

ISNP ERICE 2021: http://crunch.ikp.physik.tu-darmstadt.de/erice/2021

Quark Matter 2022 https://indico.cern.ch/event/895086/contributions/4555252/

No indication for power-law increase with bin size
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Simple power-law model
A simple model that generates momentum of particles for a given
number of events with a given multiplicity and transverse
momentum distributions from data

It has two main parameters:

• ratio of correlated to uncorrelated particles

• power-law exponent

Correlated pairs (signal)

ρ(| ⃗∆pT |) = (|∆⃗pT |)−φ

Lots of model data sets are generated:

• correlated-to-all ratio: vary from 0.0 to 4.0% (with 0.2 steps)

• power-law-exponent: vary from 0.0 to 1.0 (with 0.05 steps)

and compared with the experimental data

For the construction of exclusion plots, statistical
uncertainties were calculated using model with statistics
corresponding to the data.

Example of F2(M) results
Comparison with simple power-law model

Lots of model data sets
generated:
• correlated-to-all ratio: vary
from 0.0 to 4.0%
(with 0.2 step)
• power-law exponent: vary
from 0.00 to 1.00
(with 0.05 step)

and compared with the
experimental data

For the construction of exclusion
plots, statistical uncertainties
were calculated using model with
statistics corresponding to the
data.
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Exclusion plot
central Pb+Pb at 13A GeV/c
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Search for critical point via intermittency analysis in NA61/SHINE
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Figure 4: Example of the comparison of the simple power-law model data with experimental Ar+Sc at 150A

GeV/c. No correlated particles (left) and 1% particles correlated with a power φ2 = 0.65 (right). Obtained

χ2 and p-value are used to construct the exclusion plot.
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Figure 5: Exclusion plots: p-values for comparisons of F2(M) for Ar+Sc at 150A GeV/c (left) and Pb+Pb

at 30A GeV/c (right) data with simple power-law model data sets with various values of two parameters

(fraction of correlated particles and power-law exponent). White areas correspond to p-vale less than 1%.

Theoretical prediction for the power value for a system freezing out at the QCD critical point is marked with

the red line.
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exclusion plots for parameters of simple power-law model

The intermittency index φ2 for a system freezing out at the critical endpoint is expected to be φ2=5/6

assuming that belongs to the 3-D Ising universality class
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Negatively charged hadron intermittency analysis
( Higher order moments in Pb+Pb at 30A GeV/c data)
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2M
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 (
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F

 (M)4F
 (M)3F
 (M)2F

Preliminary NA61/SHINE
c GeV/A0 -10% Pb+Pb at 30

Higher order scaled factorial moments

Fr (M) =
r !(M2)r−1

<N>r

〈
M2∑
m=1

(
nm
r

)〉

F2(M) = 2M2

⟨N⟩2
⟨N2⟩

F3(M) = 2M4

⟨N⟩4
⟨N3⟩

F4(M) = 2M2

⟨N⟩6
⟨N4⟩

M: number of bins in px and py

N: event multiplicity

nm : numbers of particles in ith bin

< .... >: averaging over events

N2(M): number of pairs of particles

N3(M): number of triplets of particles

N4(M): number of quadruplets of particles

Expected relationship between intermittency indices for higher order moments:

φ2 =
φ3

2
=

φ4

3

No indication for power-law increase with bin size
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Summary

• Results on the dependence of scaled factorial moments of multiplicity distribution on cumulative

momentum bin size, analyzed using independent data points for:

• protons in Pb+Pb at 13A GeV/c (
√
sNN ≈ 5.1 GeV)

• protons in Pb+Pb at 30A GeV/c (
√
sNN ≈ 7.5 GeV)

• protons in Ar+Sc at 150A GeV/c (
√
sNN ≈ 17 GeV)

• negatively charged hadrons in Pb+Pb at 30A GeV/c (
√
sNN ≈ 7.5 GeV)

show no indication of a power-law increase

• Exclusion plots for parameters of a simple model (ratio of correlated to background particles and
power-law exponent) are shown

• We are continuing negatively charged hadron intermittency analysis for Pb+Pb at 13A GeV/c and proton
intermittency analysis for Ar+Sc at 13A - 75A GeV/c data
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QCD critical point
critical point search strategies

The main signal of the CP is anomaly in fluctuations in a narrow domain of the phase diagram.8 Tobiasz Czopowicz
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Fig. 8. Compilation of theoretical predictions [3] and experimental hints on the critical
point location.
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However predictions on the CP existence, its location and what and how should fluctuate are model-dependent.
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Exploring the phase diagram with heavy-ion collisions
critical point search strategiesExploring the phase diagram with heavy-ion collisions
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in the parameters controlled in laboratory
(collision energy and nuclear mass number,
centrality).
By changing them, we change freeze-out
conditions (T, µB).
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Search for the critical point in heavy-ion collisions is performed by scan
in the parameters controlled in laboratory (collision energy and nuclear
mass number).

By changing them, we change freeze-out parameters (T,µB)
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Sketch of the critical hill expected in the search for the critical point in
the two dimensional plane of system size and collision energy.
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Extensive quantities
Fluctuations in large momentum bins

Extensive quantities
Experimental measures

A quantity proportional to W (WNM) or V in (IB-GCE) is called an extensive
quantity. The most popular are particle number (multiplicity) distribution P(N)
cumulants:

• κ1 = 〈N〉
• κ2 =

〈

(δN)2
〉

= σ2

• κ3 =
〈

(δN)3
〉

= Sσ3

• κ4 =
〈

(δN)4
〉

− 3
〈

(δN)2
〉2

= κσ4

These multiplicity cumulants characterize the shape of multiplicity distribution
and quantify fluctuations.

WNM – Wounded Nucleon Model (〈NA+B〉 = 〈WA+B〉 /2 · 〈NN+N〉)

IB-GCE – Ideal Boltzmann Grand Canonical Ensamble

Strangeness in Quark Matter, 14.06.2019 7 / 30 T. Czopowicz (WUT)

Bialas, Bleszynski Czyz, NPB 111 461 (1976)

Bialas, Bleszynski Czyz, NPB 111 461 (1976)
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Intensive quantities
Fluctuations in large momentum bins

Intensive quantities
Experimental measures

Ratio of any two extensive quantities is independent of W (WNM) or
V (IB-GCE). It is an intensive quantity.
For example:

〈A〉 / 〈B〉 = W · 〈a〉 /W · 〈b〉 = 〈a〉 / 〈b〉
where A and B are any extensive event quantities, i.e. 〈A〉 ∼ W, 〈B〉 ∼ W and
〈a〉 = 〈A〉 and 〈b〉 = 〈B〉 for W = 1.

Popular examples:

• κ2

κ1
= ω[N] =

σ2[N]

〈N〉 =
W · σ2[n]

W · 〈n〉 = ω[n] (scaled variance)

• κ3

κ2
= Sσ

• κ4

κ2
= κσ2

Strangeness in Quark Matter, 14.06.2019 8 / 30 T. Czopowicz (WUT)
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Strongly intensive quantities
Fluctuations in large momentum bins

For an event sample with varying W, cumulants are not extensive quantities anymore. For example:

κ2 = σ2[N] = σ2[n] ⟨W ⟩+ ⟨n⟩2 σ2[W ]

But having two extensive event quantities, one can construct quantities that are independent of P(W)!

Popular example:

Σ[N,PT ] =
1

C
(ω[N] ⟨PT ⟩+ ω[B] ⟨N⟩ − 2(⟨NPT ⟩ − ⟨PT ⟩ ⟨N⟩))

Where PT =
N∑
i=1

pT ,i and C is any extensive quantity (e.g. ⟨N⟩)

Gazdzicki, Gorenstein, PRC 84(2011) 014904

Gazdzicki, Gorenstein, Mackowiak-Pawlowska PRC 88(2013) 024907
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Multiplicity fluctuations
Experimental results on Fluctuations in large momentum bins
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Critical fluctuations in models with van der Waals interactions
Outlook

• Incorporate the effect of critical point
• can be achieved by using baryon number susceptibilities from equation of state with a 

critical point

• Proton fluctuations at 𝑠𝑠𝑁𝑁𝑁𝑁 ≤ 7.7 GeV (STAR FXT and HADES)

• Needs hydrodynamic input

• Electric charge conservation becomes as important as baryon conservation

• Impact of light nuclei

• Nuclear liquid-gas transition

15Thanks for your attention!

Multiplicity-transverse momentum fluctuations
Experimental results: Fluctuations in large momentum bins
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No prominent structures that could be related to the critical point are observed so far...

Strangeness in Quark Matter, 14.06.2019 16 / 30 T. Czopowicz (WUT)

NA61/SHINE: Acta Phys.Polon.Supp. 10 (2017) 449
Vovchenko, Anchishkin, Gorenstein, Poberezhnyuk, Stoecker, Acta Phys.Polon.Supp. 10 (2017) 753

NA61/SHINE: PoS CPOD2017 (2018) 012

V. Vovchenko, D. V. Anchishkin, and M. I. Gorenstein, J. Phys. A48,305001 (2015)
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Multiplicity-transverse momentum fluctuations
Experimental results on Fluctuations in large momentum bins

Multiplicity-transverse momentum fluctuations
Experimental results: Fluctuations in large momentum bins
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Multiplicity-transverse momentum fluctuations
Experimental results: Fluctuations in large momentum bins
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Multiplicity-transverse momentum fluctuations
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NA61/SHINE: Acta Phys.Polon.Supp. 10 (2017) 449
Vovchenko, Anchishkin, Gorenstein, Poberezhnyuk, Stoecker, Acta Phys.Polon.Supp. 10 (2017) 753

NA61/SHINE: Acta Phys.Polon.Supp. 10(2017) 449
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Particle identification
Example: proton candidates selection
( Pb+Pb at 30A GeV/c )
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- - - - - : theoretical BB function for protons
- - - - - : theoretical BB function for kaons
- - - - - : theoretical BB function for pions

selection of protons is based on dEdx measurements in TPCs

• 0.60 < log10(p/GeV/c) < 2.10

• 0.5 ≤ dEdx ≤ BBproton + 0.15( BBkaon - BBproton)

around 60% protons are selected with few percent
kaon contamination

BB: theoretical Bethe-Bloch function
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!9

STAR vs NA61/SHINE preliminary results on ΔFq(M)

STAR Au+Au Preliminary

calculated for cumulative variables 
h- 

**This seems to be in tension with corresponding results by the STAR Collaboration**
ISMD2021: https://indico.cern.ch/event/848680/

ISMD2021 proceeding: arXiv:2110:09794v1[nucl-ex] 19 Oct 2021
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Intermittency analysis

In NA61/SHINE , intermittency analysis is performed at mid-rapidity and particle fluctuations are studied in transverse
momentum plane to locate the critical point of the strongly interacting matter measuring scaled factorial moments of
multiplicity distribution

modified equivalent formula

Fr (M) =
r !(M2)r−1

< N >r

〈
M2∑
m=1

(nm
r

)〉

for r =2

F2(M) =
2M2

⟨N⟩2
⟨Npp⟩

M: number of bins in px and py

N: event multiplicity

ni : numbers of particles in ith bin

< .... >: averaging over events

Npp : total number of pairs in M2 bins in an event

Error propagation:

σFr

|Fr |
=

√
Var(Nr )

⟨Nr ⟩2
+ r2

Var(N)

⟨N⟩2
− 2r

Cov(Nr ,N)

⟨N⟩ ⟨Nr ⟩
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Scaled factorial moments in WNM

In WNM: N =
W∑
i=1

ni ; W: constant number of wounded nucleon

⟨N⟩ = W · ⟨n⟩ and ω[N] = ω[n]

Second scaled factorial moments in WNM:

F2[N] =
1

W
F2[n] + 1−

1

W

F2[N] is neither extensive (≈ W), nor intensive (const(W))

For F2[n] >> 1, W >> 1 limit,

F2[N] =
1

W
F2[n]

Scaled factorial moments is inversely extensive quantities

27 / 15



Analysis acceptanceAnalyses acceptance

|px| < 1.5 GeV/c
|py| < 1.5 GeV/c
Ar+Sc: -0.75 < rapidity < 0.75
Pb+Pb: 0.00 < rapidity < 0.75
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mTTD cut
• Time Projection Chambers (TPCs) do not allow to reconstruct tracks too close to each other

• To reject those close tracks momentum-based two-track distance cut introduced for Pb+Pb at 30A GeV/c and Ar+Sc at 150A GeV/c data
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Momentum based two-tracks distance cut

Coordinates of momentum will be used:

sx = px
pxz

= cos(Ψ)

sy =
py
pxz

= sin(λ)

ρ = 1
pxz

For pairs:
∆sx = sx2 − sx1
∆sy = sy2 − sy1
∆ρ = ρ2 − ρ1

Effect of mTTD cut:
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Link: momentum based two track distance cut note 30 / 15

https://indico.cern.ch/event/1027939/contributions/4316090/attachments/2238534/3794914/mTTD_cut_note%281%29.pdf


Intermittency analysis in high energy physics

• Analysis of particle number fluctuations as a function of momentum bin size

• Optimized for detection of scale invariant properties of particle production

• Introduced by Bialas and Peschanski in 1985

*Intermittency basically means random deviations from smooth or regular behavior, concept of intermittency originally developed in the study of turbulent flow
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Why intermittency analysis to search for the QCD critical point?

Nuclear Physics B326 (1989) 613-618 
North-Holland, Amsterdam 

INTERMITTENCY AND CRITICAL BEHAVIOUR 

Helmut SATZ 

Theory Division, CERN, CH-1211 Geneva 23, Switzerland 
and 

Fakuhiit f(ir Physik, Unwersitiit Bielefeld, D-48 Bielefeld, FRG 

Received 9 March 1989 

Following a brief introduction to intermittent behaviour, we show that the Ising model leads 
to intermittency at the critical point. The intermittency indices are given in terms of the critical 
exponents. This result is expected to hold for second-order phase transitions in general; for finite 
temperature SU(2) gauge theory, it follows from universality. 

The concept of intermittency, originally developed in the study of turbulent flow 
(see e.g. [1]), has recently become of considerable interest in statistical particle 
physics [2], in particular as a tool to investigate fluctuations. In a short numerical 
study, Wosiek [3] has found hints for intermittent behaviour in the critical region of 
the two-dimensional Ising model. This suggests the general question: what, if any, 
relation is there between intermittency and critical behaviour? The answer is of 
interest also for the study of high-energy nuclear collisions, in which one hopes to 
find evidence for the transition from hadronic matter to a quark-gluon plasma. In 
such reactions, there are indications of intermittency [4]. 

In this note, we first illustrate in very simple terms the idea of intermittency; we 
then show that the critical behaviour of the Ising model indeed leads to intermit- 
tency, with indices determined by the critical exponents. Finally, we briefly mention 
the extension of the argument to second-order phase transitions in general. 

Intermittency basically means random deviations from smooth or regular be- 
haviour. To illustrate this, we imagine putting N balls into a box of size R, which is 
subdivided into n cells of size L (n = R/L). Let k m denote the number of balls put 
into the mth cell, so that Zk~ = N. We want to see what happens when we vary n at 
fixed R and N, i.e. when the balls are partitioned among an increasing number of 
cells. T h e / t h  moment for a given configuration (a given distribution of the balls) is 
defined as 

f , ( . )  = ( 1 / .  k k., 
= 1  ~ ' l=1 

(a) 

0550-3213/89/$03.50©Elsevier Science Publishers B.V. 
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• J. Wosiek has found a hints for intermittent behaviour in the critical region of the two-dimentional
Ising model

• This suggested the general question: what, if any, relation is there between intermittency and
critical behaviour?

• The answer is of the interest also for the study of high energy nuclear collisions, in which one
hopes to find evidence for the transition from HM to QGP
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Why proton intermittency analysis to search for QCD critical

point?

Proton-Number Fluctuation as a Signal of the QCD Critical End Point

Y. Hatta
Department of Physics, Kyoto University, Kyoto 606-8502, Japan

and The Institute of Physical and Chemical Research (RIKEN), Wako, Saitama 351-0198, Japan

M. A. Stephanov
Department of Physics, University of Illinois, Chicago, Illinois 60607-7059, USA

and RIKEN-BNL Research Center, Brookhaven National Laboratory, Upton, New York 11973, USA
(Received 11 February 2003; published 4 September 2003; publisher error corrected 8 September 2003)

We argue that the event-by-event fluctuation of the proton number is a meaningful and promising
observable for the purpose of detecting the QCD critical end point in heavy-ion collision experiments.
The long range fluctuation of the order parameter induces a characteristic correlation between protons
which can be measured. The proton fluctuation also manifests itself as anomalous enhancement of
charge fluctuations near the end point, which might be already seen in existing data.

DOI: 10.1103/PhysRevLett.91.102003 PACS numbers: 12.38.–t, 11.10.Wx, 25.75.–q

The event-by-event fluctuations in heavy-ion collisions
carry information about the degrees of freedom of the
created system and their correlations [1]. In particular,
thermodynamic properties of QCD can be inferred from
event-by-event fluctuation measurements [2–7].

Of particular interest are fluctuations originating from
the QCD critical end point [3,4,8–12]. Since the fluctua-
tion of the order parameter induces characteristic correla-
tions among particles, in particular, pions, it is expected
that the end point affects the event-by-event fluctuations
of certain observables in a nontrivial way [3,4,13].

Here we discuss a new observable which may serve as a
signal of the end point; the event-by-event fluctuation of
the net proton number, i.e., the number of the protons
minus the number of antiprotons observed [14].

Our starting point is the fact that the baryon number
susceptibility �B [15–20] diverges at the critical end
point [3,9,12,21]. �B is related to the average magnitude
of the fluctuation �B of the baryon number:

�B �
1

VT
h��B�2i; (1)

where V and T are the volume and the temperature. The
divergence of �B is a consequence of the fact that the
critical point is the end point of a line of first order phase
transitions, which are characterized, in particular, by a
jump in the baryon number density B=V [22]..

If, in a heavy-ion collision experiment, we could mea-
sure all the baryons, the enhancement of the event-by-
event fluctuation of the baryon number in a given sub-
volume would be a signature of the end point. However,
about one half of the emitted baryons are undetected
neutrons which certainly contribute to the fluctuation of
the baryon number. To what extent does the proton num-
ber fluctuation alone reflect the divergence of �B?

This Letter is devoted to clarifying where, in the
observed quantities, the divergence occurs and advocat-
ing the proton number fluctuation as a sensible and prom-

ising observable for the search of the critical point in the
heavy-ion experiments.

In this work, we confine ourselves to equilibrium ther-
modynamic fluctuations.Various important issues such as
the nonequilibrium evolution of the fluctuations will be
(and some already have been) studied separately.

For simplicity and clarity we shall work in QCD with
exact isospin invariance. The relevant corrections due to
isospin breaking are small as we discuss below. Let us
first show that in this case the isospin number suscepti-
bility, �I, is finite at the end point. The proof is based on
the fact that the singular behavior of thermodynamic
quantities near the critical point is due to the divergence
of a certain correlation length. It is the correlation length
in the 	 channel, the channel with quantum numbers of
the chiral condensate h �   i [3,9]. A density-density cor-
relator, such as �I � �1=T�

R
d3xhV0�x�V0�0�i can diverge

only if the density can mix with the 	 field. For the
isospin density this mixing is strictly forbidden by the
SU�2�V (isospin) symmetry. The isospin density, V0�x�,
transforms as a triplet, 3. On the other hand,	 is a singlet.
The mixing is forbidden and there is no singular contri-
bution in �I [23].

Small explicit breaking of the SU�2�V symmetry by the
quark mass difference mu �md or the isospin chemical
potential �I will induce singularity in �I, since mu �md
and �I are SU�2�V triplets [25], and can produce V0	
mixing. In the context of heavy-ion collisions corre-
sponding singular contributions are negligible.

We summarize by writing the singular parts of the
baryon and isospin number susceptibilities:

�B � ��=�; �I � 0 �singular parts only�; (2)

where � is the divergent correlation length of the sigma
field: � � 1=m	. The zero in Eq. (2) neglects small iso-
spin breaking terms as well as finite terms. The universal
values of the exponents are given by � � 1:2, � � 0:63,
� � 0:12 	 �. Note that �=� � 2� �, where � � 0:04.

P H Y S I C A L R E V I E W L E T T E R S week ending
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• Protons are carry both the baryon and electric charges. They are sensitive to the fluctuation of the
order parameter

• At the critical end-point, the singularity of the baryon number susceptibility is completely reflected
in the proton numbers fluctuation

33 / 15



Why intermittency analysis in transverse momentum space

Critical Opalescence in Baryonic QCD Matter
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We show that critical opalescence, a clear signature of second-order phase transition in conventional
matter, manifests itself as critical intermittency in QCD matter produced in experiments with nuclei. This
behavior is revealed in transverse momentum spectra as a pattern of power laws in factorial moments, to
all orders, associated with baryon production. This phenomenon together with a similar effect in the
isoscalar sector of pions (sigma mode) provide us with a set of observables associated with the search for
the QCD critical point in experiments with nuclei at high energies.

DOI: 10.1103/PhysRevLett.97.032002 PACS numbers: 12.38.Mh, 05.70.Jk

It has been suggested recently that the baryon-number
fluctuations, in event-by-event studies of multiparticle pro-
duction, may lead to new observables, in experiments with
nuclei, associated with the existence and location of the
critical point in the QCD phase diagram [1]. Theoretically,
the significance of the baryon-number density nB� ~x� near
the critical point comes from the fact that its fluctuations,
expressed in terms of the density-density correlator
hnB� ~x�nB�0�i, follow the same power law as the sigma field
correlator h�� ~x���0�i associated with the chiral order pa-
rameter �� ~x� � ��� [1,2]. As a result, the critical thermo-
dynamics of QCD matter in equilibrium can be formulated
in terms of the baryon-number density nB� ~x�, an alternative
but equivalent order parameter related to the final state of
nuclear collisions when they freeze out close to the critical
point. The corresponding theory of critical power laws in
the baryon sector, the observability of which we explore in
this Letter, is based on the effective action belonging to 3D
Ising universality class:

 �c�nB��T�5
c g2

Z
d3 ~x

�
1

2
jrnBj2�Gg��1T8

c jT�3
c nBj��1

�
;

(1)

where � ’ 5 is the isotherm critical exponent and G a
universal, dimensionless coupling in the effective poten-
tial, with a value in the range G ’ 1:5–2 [3]. In writing
Eq. (1) we have considered, following the above discus-
sion, the order parameter m� ~x� � gT�2

c nB� ~x�, associated
with the fluctuations of baryon-number density at the
critical point; the factor T�2

c guarantees dimensional con-
sistency and g is a nonuniversal dimensionless constant.

The free energy (1) in order to describe a critical system
of QCD matter produced in nuclear collisions must be
adapted to the relativistic geometry of the collision. To
this end, the longitudinal coordinate xk is replaced by the
space-time rapidity y, and the corresponding measure of
integration in (1) takes the form dxk � �c coshydy, where
�c is the formation time of the critical point. In the central

region of size �y the configurations nB�y; ~x?� contributing
to the partition function are boost invariant quantities
defining at the same time two-dimensional baryon-number
density configurations �B� ~x?� in the transverse plane:
nB� ~x?� � �B� ~x?��2�c sinh��y=2���1. Integrating now in
rapidity and rescaling the basic variables, ~x? ! Tc ~x?,
�B ! T�2

c �B, Eq. (1) is simplified as follows:
 

�c��B� � Cg2
Z
d2 ~x?

�
1

2
jr?�Bj2 �G�gC���1���1

B

�
;

C 	 �Tc�eff�
�1; �eff 	 2�c sinh��y=2�: (2)

The critical fluctuations of systems belonging to the class
(2) of a 2D effective action can be consistently described in
a scheme where the saturation of the partition function is
obtained considering the contribution of the singular solu-
tions ��s�B of the Euler-Lagrange equation [4]:

 Z ’
X
s

e��c��
�s�
B �; r2

?�
�s�
B ���� 1�G�gC���1���s�B �

�� 0:

(3)

The description of the critical system in this scheme is
optimal if Cg2 
 1.

The main characteristics of critical QCD matter (� ’ 5,
G ’ 2) produced in nuclear collisions and described by
Eq. (3) are summarized as follows [4]: (a) The system is
organized within critical domains (clusters) of a maximal
size (correlation length): �? ’

��c
8 sinh��y=2�. (b) For

typical nuclear collisions (�c ’ 10 fm, �y � 2) the trans-
verse correlation length becomes sufficiently large (�? �
6 fm) allowing for critical fluctuations to develop in full
strength when the system freezes out near the critical
point. (c) Within a critical domain (j�~x?j � �?) the cor-
relator obeys a power law corresponding to a fractal di-
mension dF �

2�
��1 (dF ’

5
3 ): h�B� ~x?��B�0�i � j ~x?jdF�2.

This power law is the origin of critical opalescence [5] in
baryonic QCD matter produced in high-energy nuclear
collisions.

PRL 97, 032002 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
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• Intermittency attempts to detect a geometrical fractal structure in the fireball created by the
collision; evolution of the system in time degrades this structure, and the deformation is much
more severe in the longitudinal direction than in the transverse one

• In case of intermittency analysis in rapidity distribution, in the longitudinal direction, there is
possibility of string branching, which can gives possible power-law signal
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Abstract: We performed an intermittency analysis of the proton density fluctuations in transverse momentum space
for the collisions Si+A (A=Al,Si,P) and C+A (A=C,N) at maximum SPS energy (√sNN ≈ 17 GeV). In our
analysis we used exclusively proton tracks in the midrapidity region (|yCM | ≤ 0.75). For the Si+A system we
find signature of power-law distributed density fluctuations quantified by the intermittency index φ2 which
approaches in size the predictions of critical QCD [Phys. Rev. Lett. 97, 032002 (2006)]. This result
supports further the recent findings of power-law fluctuations in the density of (π+, π−) pairs with invariant
mass close to their production threshold for the Si+Si at the same energy, reported in [Phys. Rev. C 81,
064907 (2010)].
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1. Introduction

The detection of the chiral critical point of QCD in ex-periments with colliding nuclei requires the employmentof suitable observables [1? –9]. To achieve such a taskit is necessary to investigate the fluctuations of the chi-ral condensate 〈q̄(x)q(x)〉 which is the order parameter ofthe chiral transition (q(x) is the quark field). The quantumstate which carries the critical properties of the chiral con-densate is the sigma-field σ (x). In a heavy ion collisionthe chiral condensate is likely to be formed, however it
∗E-mail: nantonio@phys.uoa.gr
†E-mail: ndavis@phys.uoa.gr
‡E-mail: fdiakono@phys.uoa.gr (Corresponding author)

will be unstable, decaying mainly into pions at time scalescharacteristic for the strong interaction. The critical prop-erties of the condensate are transferred to (π+, π−) pairswith invariant mass just above their production thresholdwhich are experimentally observable [9]. If the baryochem-ical potential is different from zero then we expect that thesigma-field will induce critical density fluctuations also inthe baryonic sector [10–15]. In particular, as pointed outin [7], the critical fluctuations are transferred directly tothe net proton density which is easily experimentally ac-cessible [16].
In the present work we calculate the second factorial mo-ment of the proton density in transverse momentum spaceusing data of Si+A (A=Al,Si,P) and C+A (A=C,N) col-lisions as recorded in the NA49 experiment at maximumenergy (√sNN ≈ 17GeV ) of the SPS (CERN). We will

1330

The critical intermittency index is determined from the first principle (universality class arguments) and
it is valid for protons produced in the mid-rapidity region which necessary for avoiding spectators in the
considered data-sets
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