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Naive pQCD thermodynamics

* QCD free energy at finite T known up to 30
three loops (g°) since 1994 '

(Shuryak & Chin, Kapusta, Toimela, Arnold,
Zhai, Khastening, Braaten, Nieto)
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* Coefficient at O(gflog g) also known

(Kajantie, Laine, Rummukainen, Schroder)
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* Extension to finite chemical potential

(Vuorinen)
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* Need temperatures on the order of
T ~ 105 GeV for convergence
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* Similar problem in QED and
scalar theories = the problem
is not specific to QCD
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« Bad convergence is related to improper 200 400 600 300 1000
treatment of soft momenta T (MeV)
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Simple Case — Anharmonic Oscillator

e Consider quantum mechanics in an anharmonic potential

1
Viz)= §w2x2 + %x4 (w2, g >0)

* Weak-coupling expansion of the ground state energy is known up to all orders
(Bender and Wu 69/73)
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* Factorial growth = expansion is an asymptotic series with zero radius of
convergence!
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Asymptotic Series
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Variational Perturbation Theory

Split the harmonic term into two pieces and treat the second as part of the interaction
(Janke and Kleinert 95)

P o P (P - Q%) = En(g,7) QZ Cn (403) r =

n=~0
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The coefficients ¢, can be computed analytically in this case
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Fix (2 by imposing variational condition that ground state energy is minimized
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Variational Perturbation Theory
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Hard Thermal Loops (HTLs)

In a high temperature QGP one must “resum” a certain class of diagrams which have hard internal (loop) momentum
Pnard ~ T and soft external momentum pyop ~ g7’

(@ = (L O O

gZTZ

At fipite temperature, there are transverse and Gluons = quasiparticles with a temperature dependent mass which is proportional to
longitudinal gluons the temperature. At leading order one has
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Weldon, H. A., Phys. Rev. D26, 1394, (1982)

Braaten, E., and R. D. Pisarski, Phys. Rev. D45, 1827 (1992)

[Andersen, Braaten, and MS, 99 = 02]
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HTLpt Action

Can express an infinite number of HTL-
dressed n-point functions concisely
in terms of an HTL effective action, L7,

Expanding L7 to quadratic order in A4 gives
dressed propagator (2-point function)

Expanding to cubic order in A gives the
dressed gluon three-vertex

Expanding to quartic order in A4 gives
dressed gluon four-vertex

And so on ... contains an infinite number of
higher order vertices which all exactly
satisfy the appropriate Slavnov-Taylor
identities
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L= (L L
(Lqcp + LutL) oesVBas

[Andersen, Braaten, and MS, 99 = 02]
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NNLO Hard Thermal Loop Perturbation Theory (HTLpt)

* HTLpt reorganization improves
the convergence of
perturbation theory compared
to strict perturbation theory.

* NNLO results available at finite
T and quark chemical
potential(s).

* Result on the right is for a
single quark chemical potential.

* Result is completely analytic.

* Residual dependence on the RG
scales Ay and A4.
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Pressure vs temperature
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HTLpt = Andersen, Leganger, MS, and Su 1009.4644, 1103.2528
Haque, Andersen, Mustafa, MS, and Su, 1309.3968

EQCD = Ghiglieri, Kurkela, MS, and Vuorinen, 2002.10188

WB = Wuppertal-Budapest lattice calculation
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Trace Anomaly and Speed of Sound

N. Haque, A. Bandyopadhyay, J.O. Andersen, M.G. Mustafa, MS, N. Su, 1402.6907
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Quark and baryon number susceptibilities

HTLpt = Haque, Andersen, Mustafa, MS, and Su, 1309.3968
EQCD = Ghiglieri, Kurkela, MS, and Vuorinen, 2002.10188

f General Quark Susceptibility
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HTLpt phase transition line

We can solve for the point where the HTLpt pressure goes to zero OR when it drops below the hadron
gas pressure in order to extract a phase transition line.
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Curvature of the phase transition line

Haque and MS, 2011.06938
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* The rows from top to bottom show different physics cases.

* Open circles = HTLpt predictions, closed = lattice results.

* Uncertainties reported for the HTLpt results come from RG scale
variation.

M. Strickland

Hs = = pp/3

Ms =0, = pp/3

§=0,Q/B=04, y=pp/3

Lattice data references

e P.Cea, L. Cosmai, and A. Papa, Phys. Rev. D93, 014507 (2016).

* C.Bonati, M. D’Elia, M. Mariti, M. Mesiti, F. Negro, and F. Sanfilippo, Phys.
Rev. D92, 054503 (2015).

« C.Bonati, M. D’Elia, F. Negro, F. Sanfilippo, and K. Zambello, Phys. Rev. D98,
054510 (2018).

e S.Borsanyi, Z. Fodor, J. N. Guenther, R. Kara, S. D. Katz, P. Parotto, A.
Pasztor, C. Ratti, and K. K. Szabo, Phys. Rev. Lett. 125, 052001 (2020).

* C.Bonati, M. D’Elia, M. Mariti, M. Mesiti, F. Negro, and F. Sanfilippo, Phys.
Rev. D90, 114025 (2014).

* A.Bazavov et al. (HotQCD), Phys. Lett. B 795, 15 (2019).

14



Conclusions

HTLpt reorganizes the finite temperature expansion of QCD thermodynamics
around the classical minimum of the high-temperature effective action.

In doing so, it improves the convergence of naive perturbation theory.
The final NNLO result is completely analytic and valid for all N. and N..

Comparisons of NNLO HTLpt predictions with lattice data show excellent
agreement down to T ~ 250 MeV.

One can also extract the curvature of the phase transition line in three
different physical scenarios, again finding excellent agreement with lattice
data.

Renormalization scale dependence is very small yielding precise predictions.



