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Outline

✦Brief Introductions (why we study JIMWLK with massive 
quarks)

✦Light-cone wave functions approaches to JIMWLK 
equations, LO calculations

✦NLO calculations, subtleties with finite mass included

✦Summary
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Brief Introduction

✦JIMWLK Eqns. describe high energy evolution of dense hadronic matter. Generalize the BFKL to nonlinear 
regime (in the dilute-dilute scattering limit) and is important for studying saturation effects.

✦NLO Effects are known to be phenomenologically important. LO JIMWLK +NLO coupling running Effects gives 
better description of data than LO JIMWLK equation.

✦Mass Effect are important (heavy quarks provide clean probes to hadron structures); Even at HERA, charm 
contributes to about 10% of F2 (at Bjorken ). Future EIC heavy probes are also going to play 
important roles.

✦Note that LO JIMWLK has no Mass Effects at all, so NLO calculations are necessary to see quark mass effects

x = 10−2 ∼ 10−3
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LC Quantization
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Quantization:

Mass dependent terms



LC Quantization
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Energies of free partons:
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Look like Non-Relativistic dispersion relations



JIMWLK Equations 
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LC wave function 
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Born-Oppenheimer:
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Valence Modes: modes above ,  
Large Y, slow modes. Background Charge as 
 a source of the soft modes.

Λ

Soft Modes: Modes below . Not energetic 
Enough to participate in scattering

Λ

 depends on the scattering process involvedΛ

Consider the scattering of soft  living in a small rapidity window ,  
and to extract JIMWLK Hamiltonian using:

|ψ⟩ δY

Need to integrate out modes above .Λ
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Leading power Hamiltonian:
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LO JIMWLK
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Leading Order interaction:

Modes expansion:
<latexit sha1_base64="UFRiOlfDBReqCj1Q1BPAET4oLtU="></latexit>
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Non-commutative charge distribution, need to be careful when do perturbation

Eikonal Scattering (Soft Modes)

For highly boosted partons, good approximation.  
Actual form of  is not important, the dense target just color rotate the projectile  Sab

A



LO JIMWLK
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Eikonal Scattering (Valence Modes)

Why the notation?



LO JIMWLK
OFP:
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To coordinate space:
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LO JIMWLK

KLO
JSJ(x, y, z) =

αs

2π2

X ⋅ Y
X2Y2
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NLO with Massive Quarks

Mass relevant:  ; 

Note subtraction term in  !              

KJSJ, Kqq̄

Kqq̄ KJSJ = K′ JSJ −
1
2 ∫z′ 

Kqq̄ (x, y, z, z′ )
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Quark mass will modify this
Two kernels



NLO with Massive Quarks

[Dai, Lublinsky: JHEP07(2022)093] 13



NLO with Massive Quarks ( )KNLO
JSJ

New divergence appear because of mass!  divergence! (Not really IR, weird features of LC quantization)
1
k2

Cancelled by a mass dependent counter term.
[Dai, Lublinsky: JHEP07(2022)093] 14



NLO with Massive Quarks ( )KNLO
JSJ

Why need a mass dependent counter term?

LC dispersion relation: At fixed :(k+, k⊥)

OFP, 2nd order energy correction:

To ensure the vanishing of :δEg(k)

[Zhang, Harindranath: 
PhysRevD.48.4881, 
PhysRevD.48.4868, 
PhysRevD.48.4903 ] 



NLO with Massive Quarks ( )KNLO
JSJ

Adding counter term contribution to the loop 
diagram:

How the  divergence cancels:1/k2

Final result:

[Dai, Lublinsky: JHEP07(2022)093] 16



NLO with Massive Quarks ( )KNLO
JSJ

Kernel:

[Dai, Lublinsky: JHEP07(2022)093] 17



NLO with Massive Quarks

[Dai, Lublinsky: JHEP07(2022)093] 18

No weird divergences like the 
loop diagram.



NLO with Massive Quarks

[Dai, Lublinsky: JHEP07(2022)093] 19



NLO with Massive  (subtraction)

Quick Cross-Check with

CWZ subtraction scheme: 

MS-bar for massless quarks

And zero Mom subtraction for

Massiv quarks ( ),

Heavy quarks decouple at large

Mass limit. 

μ → m

[Dai, Lublinsky: JHEP07(2022)093] 20



Conclude

✦NLO JIMWLK with massive quarks, in addition to nasty 
integrals, new divergence appear.

✦Expressions are very cumbersome, and the Kernels are 
expressed as 1-D integrals. Heavy and Light mass limit are 
hard to obtained (not simplified compared to the full 
expression). Can EFT methods help? (SCET, i.e., boosted 
HQET) 
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