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Some state-of-the-art 
perturba)ve QCD computa)ons

High-order perturba=ve series [of order              or              ]
become available for many QCD observables.
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・σ(e+e-→hadrons), Hadronic τ decay
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O(↵4
s) series are known for

・Splitting function
・Sta=c QCD energy

series are known for
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O(↵3
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・Rela=on between the pole and the MS mass

・semileptonic B decay
・Ac=on density in gradient-flow formalism
…

2012 Baikov, Chetyrkin, Kühn, Rittinger
2008 Baikov, Chetyrkin, Kühn

2010 Anzai, Kiyo, Sumino 2010 Smirnov, Smirnov, Steinhauser
(UltrasoC) 1999 Brambilla, Pineda, Soto, Vairo

2015 Marquard, Smirnov, Smirnov, Steinhauser

2020 Fael, Schönwald, Steinhauser

2016 Harlander, Neumann 

2022 Moch, Ruiji, Ueda, Vermaseren, Vogt 
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OPE
-inclusion of nonperturbative effects-
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Importance of nonperturba2ve effects

LO NLO NNLO NNNLO

OPE for semileptonic B decay
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Perturba(ve contribu(on 2022 Hayashi, Sumino, Takaura
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Nonperturba(ve effects need to be included.
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Renormalon problem
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Inevitable uncertainty called renormalon  

Perturba(ve side
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Perturbative and nonperturbative quantities are ill-defined as they are.
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perturba(ve nonperturba(ve

Renormalon cancella-on
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The nonperturba(ve quan(ty is now defined and can be measured.
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Renormalon subtrac-on

In order to use the previous renormalon-free OPE, we should perform
the following decomposi(on 

C1(Q
2) = C1,RF(Q

2) + �C1(Q
2)
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with finite order perturba(ve series.

2002 T. Lee
2019 Ayala, Lobregat, Pineda
2019 H. Takaura
2020 Y. Hayashi, Y. Sumino, H. Takaura

Proposed methods

Renormalon subtrac(on 
using Fourier transform (FTRS)…
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Application to HQET
B, D meson mass

MB =
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4
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+ · · ·
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Applica-on to HQET
B, D meson mass

Renormalon uncertain(es
�mb(c)|u=1 / ⇤2

MS
/mb(c)
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We determine                              .⇤̄RF, (µ2
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can be used as a nonperturba(ve input for ΓB→Xclν. 

We perform the following decomposi(on using FTRS:

mb(c) = mb(c),RF + �mb(c)|u=1/2 + �mb(c)|u=1
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FTRS

We consider dual space to        : 
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FTRS

Inverse formula
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FTRS
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FTRS
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Inverse formula
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First renormalon uncertain=es of mb and mc should be the same.

The same nonperturbative parameters for B and D

Finite mass effects

Naive treatment (se]ng nmassless=4 for mb and nmassless=3 for mc)

Trea(ng both b and c as heavy quarks 
(finite charm mass effects for mb and non-decoupling of bo`om for mc )
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Determination of the nonperturbative
matrix elements

Inputs:                                      ,
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MB,exp = 5.313 GeV
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MD,exp = 1.971 GeV
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mb = 4.18+0.03
�0.02 GeV
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mc = 1.27± 0.02 GeV
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⇤MS = 0.332± 0.015 GeV

The first errors indicate higher order uncertainty.
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We es(mate the perturba(ve error for will be reduced at higher order. (µ2
⇡)PV
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MB = (mb)PV + ⇤̄PV +
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⇡)PV

2(mb)PV
+ · · ·
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Comparison with other works

<latexit sha1_base64="36GOE/IPevEo8OOxZ3bUjXyyl6A="></latexit>

⇤̄PV = 0.435(31) GeV
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⇤̄PV = 0.495± 0.053 GeV
<latexit sha1_base64="5pJGqj0T5n/CC+c/WXYqFsomEHA="></latexit>

(µ2
⇡)PV = �0.12± 0.23 GeV2

Our determina=on (subtrac=ng O(Λ) and O(Λ2/m) renormalons)

2018 Bazavov et al. (subtrac=ng O(Λ) renormalon) 

2019 Ayala, Lobregat, Pineda (subtracting O(Λ) renormalon)

µ2
⇡ = 0.05(22) GeV2

<latexit sha1_base64="ClSKrpOPvYNBvNJDgcAqiXyVYaY="></latexit>
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Conclusions
・ As high-order perturba=ve results are available, it is becoming

important to include nonperturba=ve effects in the OPE.

・ To this end renormalon problem needs to be resolved
and we propose renormalon subtrac=on using Fourier transform
(FTRS). 

General method already applied to the Adler funcXon, semileptonic decay
MulXple renormalons are simultaneously eliminated 
NormalizaXon constants need not to be esXmated
Free from unphysical singularity of running coupling

・We determined HQET nonperturbative parameters           and
subtracting                 and                .    (µ2

⇡)PV

<latexit sha1_base64="fzhEpChgWb7s5ZSdG587B+ywECE="></latexit>

⇤̄PV

<latexit sha1_base64="w5cVLfsAeN0c5JBaHH+m++ko1l0="></latexit>

O(⇤MS)

<latexit sha1_base64="9OM98x857+0Pu5AUEzABA++2cMQ="></latexit>

O(⇤2
MS

)

<latexit sha1_base64="J4bZh8hm8nl0Swv9oLiN33a+ZlY="></latexit>
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Advantages of FTRS method
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Applica-on to general observables

General observable

“Coordinate” space

“Momentum” space ⌧

<latexit sha1_base64="VX3zUGUruCNOTmR2taYgVu4O6ZU="></latexit>

has renormalon uncertainties.

X(Q)

<latexit sha1_base64="PKPopL+oR2Km8YnXb558aQ5v2G8="></latexit>

r = Q�1/a

<latexit sha1_base64="x+jQFb4jfohXOO76H6UB0VdYsMw="></latexit>

X̃(⌧ ) ⌘
ZZZ

d3xe�i~⌧ ·~xr2au
0
X(r�a)

<latexit sha1_base64="BXwrUCb1udJ7zDLSpsJfC1eyOK0="></latexit>

We choose parameters              so that            becomes 
free of renormalon uncertain=es.  

(a,u0)

<latexit sha1_base64="H5oLqqkrUPAL+fh9dFFuSYHn7Rk="></latexit>

X̃(⌧ )

<latexit sha1_base64="kbFFnrcntumIXBwJuPK1ZDYgVec="></latexit>

2020 Hayashi, Sumino, Takaura

<latexit sha1_base64="u6V4d0mip/YXBZug9VyUJ8V1dm0="></latexit>

CX
1 (Q)



Ex. Adler func-on
<latexit sha1_base64="zCWA1LIA79EMAGTZpWpZHbeV5p0="></latexit>

D̃(⌧ ) ⌘
ZZZ

d3xe�i~⌧ ·~xr2au
0
D(r�a) w/ r = Q�1/a

<latexit sha1_base64="x+jQFb4jfohXOO76H6UB0VdYsMw="></latexit>

<latexit sha1_base64="wOScOPkq2hYtFe3ZKGfBt8euoD0="></latexit>

= {⇤4r4a,⇤6r6a, ...}

<latexit sha1_base64="NdZetyQIhIZT3oLAJdEpoHYQ/hU="></latexit>ZZZ
d3xe�i~⌧ ·~x{r2au0+4a, r2au

0+6a, ...}
<latexit sha1_base64="px86IQ8t5m1WOTZ/t08SKC1w+mQ="></latexit>

=

ZZZ
d3xe�i~⌧ ·~x{r0, r2, ...}

<latexit sha1_base64="LHVY+lGV24RvkA9D8OrsJEOgDD4="></latexit>

= {0,0, ...}

Choosing 
<latexit sha1_base64="PCTdOVh+dVLOV7dmm7wZn8eygPY="></latexit>

(a,u0) = (1,�2) we can eliminate renormalons. 

<latexit sha1_base64="Z1it9E+QZH1y9p5QWYy4a/U/hHQ="></latexit>

�CD
1 (Q) = {(⇤QCD/Q)4, (⇤QCD/Q)6, ...}



Ex. Adler function

<latexit sha1_base64="PCTdOVh+dVLOV7dmm7wZn8eygPY="></latexit>

(a,u0) = (1,�2)

In the large-β0 approximation, Borel transform is given by
<latexit sha1_base64="2bcqGuhF97Y1A4mfSgI1D2E5jj0="></latexit>

BD(u) =

✓
µ2

Q2

◆u

f(u)

<latexit sha1_base64="VmDWBBL+nI4L0XV3d+SDAC679z8="></latexit>

f(u) is singular at u=2, 3, …

“Momentum” space ⌧

<latexit sha1_base64="VX3zUGUruCNOTmR2taYgVu4O6ZU="></latexit>

<latexit sha1_base64="Rmf6n6+Fu37GVQxELfJHIl27F0Y="></latexit>

BD̃(u) =

ZZZ
d3xr2au

0
(µ2r2)uf(u)

<latexit sha1_base64="6FmHce/XOd5fxG+42O3Kdpa3GvE="></latexit>

= �4⇡

✓
µ2

⌧2

◆u
1

⌧
�(2u� 2) sin (⇡u)f(u)

<latexit sha1_base64="wU7t5PKaPmqA1d4bI9plMXNvRLw="></latexit>

sin (⇡u)|u=2,3,... = 0 suppresses original singularity of f(u). 



OPE in HQET
B (D) meson: spin 0

<latexit sha1_base64="t+++jG36JCEcfBs2RCm6xuE4HXo="></latexit>

MB(D) = mb(c) + ⇤̄+
µ2

⇡

2mb(c)
�CM

cm

µ2
G

2mb(c)
+ · · ·

<latexit sha1_base64="xmS7M8TpYLaIvLRcPf3XPVrdU4U="></latexit>mb(c) : Bottom  (charm) quark pole mass
Renormalon uncertainties of

<latexit sha1_base64="EiyMLTyyccnzam3wvyc2zHH/Lwk="></latexit>

O(⇤MS), O(⇤2
MS

/mb)

<latexit sha1_base64="gf5CJ4nSA073dhOFYKcvggjtbhQ="></latexit>

⇤̄ : Leading nonperturba(ve effect of
<latexit sha1_base64="PX7vvDnS6hlIdVliV1ZO1vfAxeE="></latexit>

µ2
⇡, µ

2
G : Nonperturba(ve effects of

<latexit sha1_base64="Oa0LFRmayoLuiNuaF3J0/DIRPuc="></latexit>

O(⇤2
MS

)

<latexit sha1_base64="uJK3Tz2Xfnz9sCWV3RzydvU8Umc="></latexit>

O(⇤MS)

<latexit sha1_base64="C8EGrpicERwJClubhy9ZB0OHhD8="></latexit>

µ2
⇡ =

hB(p)|b̄vD2
?bv|B(p)i

2mB
<latexit sha1_base64="4Dduz1EP4mIoTKcNQA2aCEUtSb4="></latexit>

µ2
G = �

hB(p)|b̄v gs

2
�µ⌫Gµ⌫bv|B(p)i
2mB



OPE in HQET
B* (D*) meson: spin 1

<latexit sha1_base64="xmS7M8TpYLaIvLRcPf3XPVrdU4U="></latexit>mb(c) : Bo`om  (charm) quark pole mass
Renormalon uncertainties of

<latexit sha1_base64="EiyMLTyyccnzam3wvyc2zHH/Lwk="></latexit>

O(⇤MS), O(⇤2
MS

/mb)

<latexit sha1_base64="gf5CJ4nSA073dhOFYKcvggjtbhQ="></latexit>

⇤̄ : Leading nonperturbative effect of
<latexit sha1_base64="PX7vvDnS6hlIdVliV1ZO1vfAxeE="></latexit>

µ2
⇡, µ

2
G : Nonperturba(ve effects of

<latexit sha1_base64="Oa0LFRmayoLuiNuaF3J0/DIRPuc="></latexit>

O(⇤2
MS

)

<latexit sha1_base64="uJK3Tz2Xfnz9sCWV3RzydvU8Umc="></latexit>

O(⇤MS)

<latexit sha1_base64="C8EGrpicERwJClubhy9ZB0OHhD8="></latexit>

µ2
⇡ =

hB(p)|b̄vD2
?bv|B(p)i

2mB
<latexit sha1_base64="4Dduz1EP4mIoTKcNQA2aCEUtSb4="></latexit>

µ2
G = �

hB(p)|b̄v gs

2
�µ⌫Gµ⌫bv|B(p)i
2mB

<latexit sha1_base64="IKUv7u6qw63kpsxoGx6nrYdtZEg="></latexit>

MB⇤(D⇤) = mb(c) + ⇤̄+
µ2

⇡

2mb(c)
+

1

3
CM

cm

µ2
G

2mb(c)
+ · · ·



Convergence in FTRS
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Extended formula

�X(Q2) = f(↵s(Q
2))

✓
⇤QCD

Q

◆d

<latexit sha1_base64="tyRkRaXasBBbaJ9bI8dp8f+jN9w="></latexit>

w/ f(↵s(Q
2)) = N↵s(Q

2)�0/b0(1 +O(↵s(Q
2))

<latexit sha1_base64="yF4gO1Tk96QBSkPztzFYVlcr4Cs="></latexit>

X(Q2)/f(↵s(Q
2))

<latexit sha1_base64="3bATwlfzvugVIg+IaTPvEk+inrM="></latexit>

Instead of                , we consider                                    . X(Q2)

<latexit sha1_base64="gMf+kKfv1DAGbjPoDDkUl8BJmlU="></latexit>

�X(Q2)/f(↵s(Q
2)) = (⇤MS/Q)d

<latexit sha1_base64="EZnnKDC0oSr41fzTr5HJeWmQ0iw="></latexit>


