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Some state-of-the-art
perturbative QCD computations

High-order perturbative series [of orderO(a3) or O(a?)]
become available for many QCD observables.

O(a?) series are known for

) . 2008 Baikov, Chetyrkin, Kiihn
) 0(e+e %hadrons), Hadronlc t decay 2012 Baikov, Chetyrkin, Kiihn, Rittinger

" Spllttlng function 2022 Moch, Ruiji, Ueda, Vermaseren, Vogt

. . 2010 Anzai, Kiyo, Sumino 2010 Smirnov, Smirnov, Steinhauser
Static QCD Energy (Ultrasoft) 1999 Brambilla, Pineda, Soto, Vairo

- Relation between the pole and the MS mass

2015 Marquard, Smirnov, Smirnov, Steinhauser
O(a3) series are known for
" semileptonic B decay 2020 Fael, Schonwald, Steinhauser

* Action density in gradient-flow formalism 2016 Harlander, Neumann
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OPE

-inclusion of nonperturbative effects-

2y _ 2 (@)
D(Q*) = Q"= 5

w/ i/d4w (JH(x)J¥(0))e' ™ = (g"q” — g"* ¢*)TL(Q? = —¢°)

(0| F2 Fe |0)

D(Q*) = C1(Q*) + Crr(Q?) “224“” i,
perturbative nonperturbative

] C1(Q?) = const. + coa(Q?) 4+ c102(Q?) + - - -

(O|F2,F2,10)  Adcp

= — 6_2/(b0a8(Q2)) (boaS(Qz))—Zbl/bg.”
Q4 Q4
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Importance of nonperturbative effects

OPE for semileptonic B decay

G?2 |Vcb|2 3 “727 u2
TB_ox. 0 = 1ngﬂ_3 AEW(mll)S)5 CQQ(mc/m})S,as) + Ckin(’l’anz + Ccm(,rn/bfcéz 4+ ..
Perturbative contribution 2022 Hayashi, Sumino, Takaura
LO NLO NNLO NNNLO

Coo = 0.5863 — 0.0797 — 0.0294 — 0.0073 + - - -

Nonperturbative contribution

2
c..—Hé

cmm ~ —0.0151

Nonperturbative effects need to be included.
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Renormalon problem

(O|F3, F,|0)
D(Q*) = C1(Q*) + Crr(Q?) “Q4“ + -
perturbative nonperturbative

Perturbative side

b n
C1(Q%) = ) cna(Q?) is a divergent series due to ¢, ~ n! (—O)

n>0 2

A4
—  5C1(Q?%) = —3°2  |nevitable uncertainty called renormalon
Q4

Nonperturbative side

(0|F%,F%,|0) is a UV divergent quantity — d({0|F};, F2,|0)) = Agcp

Perturbative and nonperturbative quantities are ill-defined as they are.
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Renormalon cancellation

(O|F2 F% |0)ry

D(Q*) = Corr (@) + Crr(Q) — 57
perturbative nonperturbative

Perturbative side

b n
C1(Q%) = ) cna(Q?) is a divergent series due to ¢, ~ n! (—O)

n>0 2

A4
C1(@%) = Crr(Q) +8C1(@%) w/ 6C1(Q) ~ =2

Nonperturbative side

(O|F3, F};,|0) is a UV divergent quantity
(01 Fi Fg|0) = (O Fg, Fii |0)re + (0| FiZ, Fig |0)  w/ 6((0|F2,F%,10)) = A§ep
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Renormalon subtraction

In order to use the previous renormalon-free OPE, we should perform
the following decomposition

C1(Q?) = C1rr(Q?) + 6C1(Q?)

with finite order perturbative series.

Proposed methods

2002 T. Lee
2019 Ayala, Lobregat, Pineda
2019 H. Takaura
2020Y. Hayashi, Y. Sumino, H. Takaura Renormalon subtraction
using Fourier transform (FTRS)
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Application to HQET

B, D meson mass

~— _ Mp+ 3Mp- I

MB— :mb—|—A—|— —|—-..
4 2my,

_ M 3M p~ _ 2

Mp = D+ b =m.+ A+ Hx + ...
4 2m,

Renormalon uncertainties

01 (c) lu=1/2 X Az , 0Mb(e) lu=1 X Agg/Mi(e)
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Application to HQET

B, D meson mass

_ Mg + 3Mp- _ 12 )rr

Mp = :mb,RF+ARF+( ) + -
4 2mp RF

— Mp + 3Mp-~ - Mf, RF

Mp = :mc,RF+ARF+( ) + .-
4 Me RF

Renormalon uncertainties

01 (c) lu=1/2 X Az , 0Mb(e) lu=1 X Agg/Mi(e)

We perform the following decomposition using FTRS:

Mp(c) = Mp(c),RF T 0Mp(c)|u=1/2 + 0Mp(c)|u=1

We determine Arr, (12)rr .

(12)rp can be used as a nonperturbative input for Mgy,
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FTRS

Mpole

r(m) =

=1+ coas(11*) + (€1 + cobo log (/%)) o (u*) + - -+

where m = m(m)
We consider dual spaceto v : 2021 Hayashi, Sumino, Takaura

7(7) = ; / ” d%m sin (7 //m)r (77)

0

7(7) is free from O(Ayzs) and (’)(Ai/l—s) renormalons.

57 (7) = 2/00 d%m sin (7 /+/m) 61 (77)

0

— E/OO d%sin (r/m) (A%_Syu

T 0

A 2u
=2 ( MS) sin (2ru)T(4u) = 0 for u=1/2 and u=1
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FTRS

Mpole

=1+ coas(p?) + (c1 + cobo log (k* /m*))ag (k) + -

r(m) =

l dual

7(7) = ;/:o d%m sin (7 //m)r (77)

v
= 1+ oca(i?) + (&1 + Gobolog (1 /74))a3 (1) + -
2
— W7[1 +Goas(t) + &ra (v +--]  Free from O(Ayzs) and O(Afys)
renormalons

Inverse formula

1
212/ m

r(m) = —

[ arrsin(/vmyi)
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FTRS

m ole
r(m) = %l =1+ coas(p?) + (c1 + cobo log (u?/m?))aZ(pu?) + - - -

l dual

i(r) =2 /oo dg sin (T /)7 (77)

T 0

2
= [1+ Gocvu (u?) + (&1 + Gabo log (1?/7*))a2(u?) + - - ]

2

7T
=1+ Gos(T) + &1aZ (%) +-++]  Free from O(Ay;g) and O(A2 )
renormalons

Inverse formula

1 (o @]
r(m) = ——/ dr|Tsin (7/vm)r (1)
22/ m|J o " h |
has renormalons generates renormalons doesn’t have renormalons
FO: 7~ 0

RG imp: 7% ~ Az 12/17



FTRS

Mpole

r(m) = = 1+ coos(p?) + (c1 + cobo log (2 /m?))a® (u?) + - - -

l dual

7(7) = ;/:o d%m sin (7 //m)r (77)

v -
= _—[1+ Goas(p?) + (€1 + Gobolog (k2 /7)) a2 (n?) + - - ]
2
= 7T—[1 + Goas (T4 + Era2 () + -+ ] Free from O(Agxzg) and O(Ai/l—s)
T renormalons

Inverse formula

1 :
r(m)rr = — = / dr 7sin (7/vVm)7(r) Avoids 7% ~ Ayss
2w/ m J pv in the complex plane

— / du B, (u)e~%/(®ox:)  w/ some assumptions
0,PV
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Finite mass effects

Mp=mp +HA+ =L +--.

2 The same nonperturbative parameters for B and D
- — l,l,ﬂ_
Mp =m.+|A+

First renormalon uncertainties of m, and m_ should be the same.

Treating both b and c as heavy quarks Using 2020 Fael, Schénwald, Steinhauser
(finite charm mass effects for m, and non-decoupling of bottom for m_ )

my /T, = 1+ 0.424413a®) () + 1.03744(a'®) (7)) 2 + 3.74358(a® (713)) 2
me /M. = 1+ 0.424413a'®) (m.) + 1.04375(a'® (M.))? + 3.75736(a® (7.))3

Perturbative coefficients are close  O(a?) coefficient set to 17.438

Naive treatment (setting n,,.j0s=4 for m, and n_ . e.s=3 for m.)
mey /Ty = 1 + 0.42441a'? (m1p) + 0.94005(a® (775) )2 + 3.0385(a® (75) ) + 12.647(a® (7))
Me/Me = 1 4 0.42441a3) (m.) + 1.0456 (¥ (T7.))? + 3.7509(a{® (T7.))2 + 17.438(a!® (T7,.))*
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Determination of the nonperturbative
matrix elements

[ - (12)pv
Mp = (mp)pv + Apv + + .-
_ 2(mp)pv
2
Mp = (me)pv + Apv + () ey + .-
L 2(me)pv

Inputs: Mpexp =5.313 GeV, Mp cxp = 1.971 GeV
m, = 4187005 GeV  m, = 1.27 £+ 0.02 GeV Az = 0.332 £0.015 GeV

Apv = 0.495(15),,(49) 7, (12)7m. (13) o, (0)£.n. GeV
(17)pv = —0.12(13),,(15)m, (11)m, (4) o, (0)£.0. GeV?

The first errors indicate higher order uncertainty.

We estimate the perturbative error for (12)pv will be reduced at higher order.
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Comparison with other works

Our determination (subtracting O(A) and O(A%/m) renormalons)

Apyv = 0.495 + 0.053 GeV
(12)py = —0.12 + 0.23 GeV?

2018 Bazavov et al. (subtracting O(A) renormalon)
Apyv = 0.435(31) GeV
p2 = 0.05(22) GeV?

2019 Ayala, Lobregat, Pineda (subtracting O(A\) renormalon)

Aoy = 477(1) 5(Z) b (0) S5O (1/m)) 18 MeV
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Conclusions

= As high-order perturbative results are available, it is becoming
important to include nonperturbative effects in the OPE.

 To this end renormalon problem needs to be resolved
and we propose renormalon subtraction using Fourier transform
(FTRS).

- We determined HQET nonperturbative parameters Apyv and
(n%)pv subtracting O(Ags) and O(A2).

Advantages of FTRS method

[ General method already applied to the Adler function, semileptonic decay
Multiple renormalons are simultaneously eliminated

- Normalization constants need not to be estimated

| Free from unphysical singularity of running coupling
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Backup



Application to general observables

2020 Hayashi, Sumino, Takaura
General observable X (Q)

“Coordinate” space r = Q™ 1/

C3* (Q) has renormalon uncertainties.
“Momentum” space T

X(T) = /d?’w e_":’?'frza’“’X(r_a)

We choose parameters (a,u’) so that X () becomes
free of renormalon uncertainties.



Ex. Adler function

B(T) — /d3CB e—i?.£r2au'D(r—a) w/ o= Q—l/a

5CP(Q) = {(Aqen/Q)*, (Aqepn/Q)%, ..} = {A%rte, ASrPe, .}
/d3$ e—iﬂ'—’-:ﬁ{r2au'+4a,,r2au'+6a,”.} — /dSw e—i‘T"-:E'{,rO,,r,2, ”.} — {O, O’ ”.}

Choosing (a,u’) = (1,—2) we can eliminate renormalons.



Ex. Adler function

In the large-B, approximation, Borel transform is given by

2 u
Bo(w) = (&) f(w
f(u) issingularatu=2, 3, ..
“Momentum” space T (a,u’) = (1,—2)

Bp(u) = [ dr®e (u2r) f(u)

- (‘:_z)u %I‘(Zu _ 2) sin () f(u)

sin (7u)|y=2,3,... = 0 suppresses original singularity of f(u).



OPE in HQET

B (D) meson: spin 0
“2 CM I’Lé
Zmb(c) cm 2mb(c)

Mpg(py = Mpc) + A + + .-

Mp(c) - Bottom (charm) quark pole mass

Renormalon uncertainties of O(Agg), O(A2/myp)

A :Leading nonperturbative effect of O(Axzg

P2, 1 : Nonperturbative effects of O(A2 is)

» _ {(B(p)|byD? by| B(p))
Ky = 2mB
{ ©

2 _ _(B(p)|bs% ., G* by | B(p))

ZmB



OPE in HQET

B* (D¥) meson: spin 1

_ 2 1 ,ué
MB*(D*) = Myp(c) + A+ W —|——Cé\r{1 + ...
Zmb(c) 3 2mb(c)

Mp(c) - Bottom (charm) quark pole mass

Renormalon uncertainties of O(Agg), O(A2/myp)

A :Leading nonperturbative effect of O(Axfg

P2, ue : Nonperturbative effects of O(A2 is)

» _ {(B(p)|byD? by| B(p))
Ky = 2mB
{ ©

2 _ _(B(p)|bs% ., G* by | B(p))

ZmB



Convergence in FTRS

5.4
5.2 FOPT
an]
= 5.0
I FTRS
4.8
I (estimate)
agle
0 1 2 3 4 5




Extended formula

5X(Q?) = f(as(Q?)) (Acgm)d

w/ f(as(Q%) = Nas(Q?)™/% (1 4 O(as(Q?))

Instead of X (Q?) , we consider X (Q?)/f(as(Q?)).
—— 6X(Q%)/f(as(Q%) = (Axs/ Q)



