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Some numbers and a disclaimer 
∼ 200 papers with “Gradient Flow” in the 
title 


“Properties and uses of the Wilson flow in 
lattice QCD” - M. Lüscher - 845 citations 


Applications:

Scale setting

Renormalization


Running coupling, finite volume scheme


Electroweak Hamiltonian - 4 quark operators (BK)

CP-violating effective operators —> EDM

QCD at finite temperature - Equation of state

Polyakov loops and static potential

Heavy quark diffusion coefficients

Topological susceptibility - theta term

Smearing of gauge configurations
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Brambilla, Leino, Mayer-Steudte, Petreczky: 2022

Suzuki - FlowQCD: 2012

BMW

Fritzsch, Ramos: 2012

Del Debbio, Patella, Rago: 2013

ALPHA Coll.

Taniguchi, Kanaya, Kitazawa, Suzuki: 2016

Artz, Harlander, Lange, Neumann, Prausa: 2019

Carosso, A. Hasenfratz, Neil, Rebbi, Witzel: 2018 -

Narayanan, Neuberger: 2006 

Lüscher 2010-2013
Lüscher, Weisz 2011



Outline

Motivation


Gradient Flow for gauge fields


Applications:


topological charge, strong coupling, scale setting


Gradient flow for fermions


Applications:


renormalization local operators, quark-chromo electric dipole moment
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Motivation

Reduces short distance fluctuations —> noise reduction


Provides regularization independent and free of UV divergences definition of Q


Provides an extra dimensional scale in the theory: scale setting


Provides a natural definition of the strong coupling


Provides a natural way to define renormalized matrix elements with simplified 
renormalization —> power divergences, complicated mixing patterns


Provides an interesting tool into the study of RG flows and the definition of non-
perturbative renormalization scheme
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Gradient flow



Gradient flow Lüscher 2010Narayanan, 
Neuberger:2006 Lüscher, Weisz 2011
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@tBµ(x, t) = D⌫G⌫µ(x, t)
<latexit sha1_base64="PiaoN2rLrJoMEARyvYMI0eTR+gU="></latexit>

Bµ(x, t)|t=0 = Aµ(x)
<latexit sha1_base64="kBo8/5MwmSM9vcIV28H/8t73Jqc="></latexit>

Gµ⌫(x, t) = @µB⌫(x, t)� @⌫Bµ(x, t) + [Bµ, B⌫ ]
<latexit sha1_base64="GhG/EYilQ2dwXCD4YlNOleyGv2k="></latexit>

D⌫ = @⌫ + [B⌫(x, t), ·]
<latexit sha1_base64="PxdIUL1cMQqnoqooXQeck7iWNKE="></latexit>

Aµ(x) = Aa
µ(x)T

a ! gluon fields
<latexit sha1_base64="XxndaCTFoNGzNINqq1IajVppJvI="></latexit>

xµ t = flow-time [t] = �2
<latexit sha1_base64="V2s2lKzLmrrQU0r01HkdPaP5aTA="></latexit>



Gaussian damping at large momenta


Smoothing at short distance over a range 

Lüscher, Weisz: 2011 

Gradient flow and large momenta
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@tBµ = @⌫@⌫Bµ
<latexit sha1_base64="KAIQ/wDxji9AWAjPW1iRvIV/THM=">AAACHXicdVDLSgMxFM3UV62vUZdugkVwNUxfti6EUjcuK9gHdIYhk6ZtaCYzJBmhDP0RN/6KGxeKuHAj/o3ptIoVPRA4Oefem9zjR4xKZdsfRmZldW19I7uZ29re2d0z9w/aMowFJi0cslB0fSQJo5y0FFWMdCNBUOAz0vHHlzO/c0uEpCG/UZOIuAEacjqgGCkteWbZiZBQFDEvUVPY8JwghhfwW3R4vHxJKzwzb1vnVbtSK8KUVM/Kc1IpVWHBslPkwQJNz3xz+iGOA8IVZkjKXsGOlJvM5mJGpjknliRCeIyGpKcpRwGRbpJuN4UnWunDQSj04Qqm6s+OBAVSTgJfVwZIjeRvbyb+5fViNai5CeVRrAjH84cGMYMqhLOoYJ8KghWbaIKwoPqvEI+QQFjpQHM6hK9N4f+kXbQKJat4Xc7XG4s4suAIHINTUABVUAdXoAlaAIM78ACewLNxbzwaL8brvDRjLHoOwRKM908afaKT</latexit>

Bµ(x, t) =

Z
d4y K(x� y; t)Aµ(y)

<latexit sha1_base64="qoDyUKM+jax34ybMnzn+uKSIFbk="></latexit>

K(x; t) =

Z
d4p

(2⇡)4
eipxe�tp2

=
e�x2/4t

(4⇡t)2
<latexit sha1_base64="QpLASCi38u3LMUazc6RzUjY8Szw="></latexit>

p
8t

<latexit sha1_base64="XqDmOHH2S5AgcyJ+lY1Ml/l6i0c=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgadnNw8Rb0IvHCOaByRJmJ5NkyOzsOtMrhCV/4cWDIl79G2/+jZNNBBUtaCiquunu8iPBNTjOh5VZWV1b38hu5ra2d3b38vsHLR3GirImDUWoOj7RTHDJmsBBsE6kGAl8wdr+5HLut++Z0jyUNzCNmBeQkeRDTgkY6ban7xQkNQyzfr7g2OdVp1Ir4pRUz8oLUilVsWs7KQpoiUY//94bhDQOmAQqiNZd14nAS4gCTgWb5XqxZhGhEzJiXUMlCZj2kvTiGT4xygAPQ2VKAk7V7xMJCbSeBr7pDAiM9W9vLv7ldWMY1ryEyygGJuli0TAWGEI8fx8PuGIUxNQQQhU3t2I6JopQMCHlTAhfn+L/SatouyW7eF0u1C+WcWTRETpGp8hFVVRHV6iBmogiiR7QE3q2tPVovVivi9aMtZw5RD9gvX0CCNSRKw==</latexit>

No additional renormalization
finiteBµ(x, t) t > 0

<latexit sha1_base64="nAJhzPvUJ9DC73GuRmtbtQdhb6g=">AAACAnicdVBNS0JBFJ1nX2ZfVqtoMySBQch7fqRtQmzT0iBNUJF580YdnPfhzH2RiLTpr7RpUUTbfkW7/k3j06CiDlw4nHMv995jB4IrMM0PI7awuLS8El9NrK1vbG4lt3fqyg8lZTXqC182bKKY4B6rAQfBGoFkxLUFu7YH51P/+oZJxX3vCkYBa7uk5/EupwS01EnuVTotN0zfHsMRbg2HIXEw4DNsYtxJpszMadEslLI4IsWT/IwUckVsZcwIKTRHtZN8bzk+DV3mARVEqaZlBtAeEwmcCjZJtELFAkIHpMeamnrEZao9jl6Y4EOtOLjrS10e4Ej9PjEmrlIj19adLoG++u1Nxb+8ZgjdUnvMvSAE5tHZom4oMPh4mgd2uGQUxEgTQiXXt2LaJ5JQ0KkldAhfn+L/ST2bsXKZ7GU+Va7M44ijfXSA0shCRVRGF6iKaoiiO/SAntCzcW88Gi/G66w1ZsxndtEPGG+fP5+Vag==</latexit>



Gradient flow and topological charge
S[A] � 8⇡2

g20
|Q[A]|

Pederiva, Vege: 2018 

LatViz

Lüscher: 2010
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q(x, t) =
1

32⇡2
✏µ⌫⇢�Tr {Gµ⌫(x, t)G⇢�(x, t)}

<latexit sha1_base64="2Ge/Fu93yyIseRbPmbe0OWZWSu8="></latexit>

Q(t) =

Z
d4x q(x, t)

<latexit sha1_base64="9etskDVBSe4fKHrBx4Us4e3HcCM=">AAACF3icdVBLS0JBGJ3b0+x1q03QZkgChZB71cgWgdSmpUI+QE3mjqMOzn00891QRP9H+7b1F9pF25b9g35G4wtK6sDA4Zzv45tznEBwBZb1aSwtr6yurUc2optb2zu75t5+SfmhpKxIfeHLikMUE9xjReAgWCWQjLiOYGWnez32yw9MKu57t9APWN0lbY+3OCWgpYZ5WIhDAl/iGvcAN+8yvRG+j/dOIdEwY1byImunMlk8JfacpM+wnbQmiKEZ8g3zq9b0aegyD6ggSlVtK4D6gEjgVLBhtBYqFhDaJW1W1dQjLlP1wSTBEJ9opYlbvtRPf2Si/twYEFepvuvoSZdARy16Y/FPT4EmkomF+9DK1gfcC0JgHp2eb4UCg4/HJeEml4yC6GtCqOQ6AaYdIgkFXWVUVzPPj/8npVTSTidThUwsdzUrKYKO0DGKIxudoxy6QXlURBSN0BN6Ri/Go/FqvBnv09ElY7ZzgH7B+PgGHLOejA==</latexit>

Polyakov: 1987, Lüscher: 2010

Q =

Z
d4x q(x, t)

<latexit sha1_base64="Fe3daFnbOttEcYMxzDfJFtnyIe4=">AAACFHicdVDJSgNBEO1xjXEbFU9eGoMQQcJMEjEehKAXjwmYBZIYejqdpEnPYneNJAzxM7x71V/wJl69+wd+hp0NNOiDgsd7VVTVcwLBFVjWp7GwuLS8shpbi69vbG5tmzu7ZeWHkrIS9YUvqw5RTHCPlYCDYNVAMuI6glWc3tXIr9wzqbjv3cAgYA2XdDze5pSAlprmfhFf4Dr3ALdus/0HfJfsn8Bx00xYqfOcnc7m8ITYM5I5xXbKGiOBpig0za96y6ehyzyggihVs60AGhGRwKlgw3g9VCwgtEc6rKapR1ymGtH4/CE+0koLt32pSx8yVn9ORMRVauA6utMl0FXz3kj801OgiWRibj+0c42Ie0EIzKOT9e1QYPDxKCHc4pJREANNCJVcf4Bpl0hCQecY19HM/sf/k3I6ZWdS6WI2kb+chhRDB+gQJZGNzlAeXaMCKiGKIvSEntGL8Wi8Gm/G+6R1wZjO7KFfMD6+AWAvnak=</latexit>

@tQ(t) = 0
<latexit sha1_base64="3Gr/gbXIP9qd0tAURXOC58ZZSv0=">AAACFHicdVDLSgMxFM34rPU1Kq7cBItQN2WmrVgXQtGNyxbsA9qhZNJMG5p5kNwRytDfcO9Wf8GduHXvH/gZZvoALXogcDjnPnKPGwmuwLI+jZXVtfWNzcxWdntnd2/fPDhsqjCWlDVoKELZdoliggesARwEa0eSEd8VrOWOblO/9cCk4mFwD+OIOT4ZBNzjlICWeuZxNyISOBG9BCa4nodzfI2tnpmzClcVu1iu4BmxF6R0ge2CNUUOzVHrmV/dfkhjnwVABVGqY1sROEk6mgo2yXZjxSJCR2TAOpoGxGfKSabfn+AzrfSxF0r9AsBT9WdHQnylxr6rK30CQ7XspeKfngJNJBNL+8GrOAkPohhYQGfrvVhgCHGaEO5zySiIsSaESq4vwHRIJKGgc8zqaBb34/9Js1iwS4VivZyr3sxDyqATdIryyEaXqIruUA01EEUJekLP6MV4NF6NN+N9VrpizHuO0C8YH984ap4l</latexit>

Equivalent to fermionic 
definition

h· · · [Q(t)]R · · · i = h· · ·Q(t) · · · i
<latexit sha1_base64="2ADrZ2IOHKLqyQOBLhSPExcDRhI="></latexit>

Lüscher: 2021Ce’, Consonni, Engel, Giusti: 2015

�Bµ(x, t) = @tBµ�t
<latexit sha1_base64="liWCDwXp6HLE3wYVcpmL+vLaNyg="></latexit>

Bianchi identities

+

@tq(x, t) = @µKµ(x, t)
<latexit sha1_base64="e8FdxUShULwAkdiW6nsUd9wgIT0="></latexit>

Kµ(x, t) =
1

8⇡2
✏µ⌫⇢�Tr [G⌫⇢(x, t)D↵G↵�(x, t)]

<latexit sha1_base64="2etO8KE1QQY4aj4jiW47EUl71mU=">AAACiXicdVFda9RAFJ3Er7r1Y63giw8OLkIFWZJtpWlBKFZQ8KVCty3sxDCZvdkMnUnCzI10CfkD/Yf9Bz76E5xkt6BFLwwczjl3LvfctFLSYhBce/6du/fuP9h4ONh89PjJ0+GzrVNb1kbAVJSqNOcpt6BkAVOUqOC8MsB1quAsvTjq9LMfYKwsixNcVhBrvihkJgVHRyXDK6Y55oKr5mubMF1vX77Dt/TDgGWGiyZsm4iySn 6ftJRBZaVyPY2zsaJmJi+ZlQvNW4ZwiUY3J6ZlCjKcfXamlaPtP/yUMK6qnNNO6NG6s1eZkYsc42Q4Csb7UTjZjegKhDdg5z0Nx0FfI7Ku42T4k81LUWsoUChu7SwMKowbblAKBe2A1RYqLi74AmYOFlyDjZs+s5a+ccycZqVxr0Das392NFxbu9Spc3YJ2dtaR/5Ts+iAAXVrPmZR3MiiqhEKsRqf1YpiSbuz0Lk0IFAtHeDCSLcBFTl3N0B3vIGL5mZ/+n9wOhmHO+PJt93R4cd1SBvkJXlNtklI9sgh+UKOyZQI8st74b3yqL/ph37kH6ysvrfueU7+Kv/oN6YpyB0=</latexit>



EDM from θ-term

G✓
NJµN = hN(y0, p2)J

µ
em(x0, q)N

†(0, p
1
)i✓

Q =

Z
d4x q(x)

e�S ' e�SQCD [1 + i✓Q]

Shintani et al.: 2005

Berruto, Blum, Orginos, Soni: 2005

⌦
N✓(p0, s0)|Jem

µ |N✓(p, s)
↵
= uN (p0, s0)�✓̄

µ(q
2)uN (p, s)

<latexit sha1_base64="LGT21rv2B9wxB2XpzrbRClQSOhM="></latexit><latexit sha1_base64="LGT21rv2B9wxB2XpzrbRClQSOhM="></latexit><latexit sha1_base64="LGT21rv2B9wxB2XpzrbRClQSOhM="></latexit><latexit sha1_base64="LGT21rv2B9wxB2XpzrbRClQSOhM="></latexit>

hOi✓̄ ' hOi✓̄=0 + i✓̄ hO Qi✓̄=0 +O(✓̄2)
<latexit sha1_base64="jGqEkn50Ab9TDl9I8HWbnRi4SgM="></latexit><latexit sha1_base64="jGqEkn50Ab9TDl9I8HWbnRi4SgM="></latexit><latexit sha1_base64="jGqEkn50Ab9TDl9I8HWbnRi4SgM="></latexit><latexit sha1_base64="jGqEkn50Ab9TDl9I8HWbnRi4SgM="></latexit>

Problem: definition of Q on the lattice
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Collaborators: 

J. DeVries


J. Kim

T. Luu


E. Mereghetti

C. Monahan

G. Pederiva

M. Rizik

P.Stoffer

J. Dragos

H. M. Vege

1409.2735

1507.02343

1711.04730

1809.03487

1810.05637

1810.10301

1902.03254

2005.04199

2106.07633

2111.1149



CP-odd form factor

F
P/N
3 (Q2)

2MN
= dP/N + SP/NQ

2 +HP/N (Q2)

dP
dN

< 0
SP

SN
< 0

Dragos, Luu, A.S., 

de Vries, Yousif: 2019

Ottnad, Kubis, Meißner, Gut: 2010

Mereghetti, de Vries, Hockings, 


Maekawa, van Kolck: 2011

Ab-initio determination of ḡ✓0

ḡ✓̄0 = �1.47(23) · 10�2✓̄
<latexit sha1_base64="ofcPaNJKBS+uZ4qA1uWA/IhUqP8="></latexit><latexit sha1_base64="ofcPaNJKBS+uZ4qA1uWA/IhUqP8="></latexit><latexit sha1_base64="ofcPaNJKBS+uZ4qA1uWA/IhUqP8="></latexit><latexit sha1_base64="ofcPaNJKBS+uZ4qA1uWA/IhUqP8="></latexit>

de Vries et al.: 2015

dphysn = �0.00152(71) ✓̄ e fm
<latexit sha1_base64="4E7EcjBdUGFTvMTP/sMd2vha5hk="></latexit><latexit sha1_base64="4E7EcjBdUGFTvMTP/sMd2vha5hk="></latexit><latexit sha1_base64="4E7EcjBdUGFTvMTP/sMd2vha5hk="></latexit><latexit sha1_base64="4E7EcjBdUGFTvMTP/sMd2vha5hk="></latexit>

|✓̄| < 1.98⇥ 10�10(90%CL)
<latexit sha1_base64="9avBUxjAZRh0I9vV/w7IVB1Wh8c="></latexit><latexit sha1_base64="9avBUxjAZRh0I9vV/w7IVB1Wh8c="></latexit><latexit sha1_base64="9avBUxjAZRh0I9vV/w7IVB1Wh8c="></latexit><latexit sha1_base64="9avBUxjAZRh0I9vV/w7IVB1Wh8c="></latexit>

ḡ✓̄0 = �1.28(64) · 10�2✓̄
<latexit sha1_base64="FiPdp8XKErgcrSpteXr/xRvUkZo="></latexit><latexit sha1_base64="FiPdp8XKErgcrSpteXr/xRvUkZo="></latexit><latexit sha1_base64="FiPdp8XKErgcrSpteXr/xRvUkZo="></latexit><latexit sha1_base64="FiPdp8XKErgcrSpteXr/xRvUkZo="></latexit>

Crewther et al.: 1980
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Strong coupling Lüscher: 2010

hEi = 1

2
g
2
0
N

2
c � 1

(8⇡t)D/2
(D � 1)

⇥
1 + c1g

2
0 +O(g40)

⇤

<latexit sha1_base64="g5huZVBScu6E6QfRafs7PcZt4H8="></latexit>

c1 =
1

16⇡2
(4⇡)✏(8t)✏


Nc

✓
11

3

1

✏
+

52

9
� 3 ln 3

◆
�Nf

✓
2

3

1

✏
+

4

9
� 4

3
ln 2

◆
+O(✏)

�

<latexit sha1_base64="1Hmg8DyTG1UwvL2A7N4q76P7qSM="></latexit>

k1 =
1

4⇡


(11L+

52

3
� 9 ln 3)�Nf

✓
2

3
L+

4

9
� 4

3
ln 2

◆�

<latexit sha1_base64="M52i1L2nhWIuG7ZmQbRC+tMzru8="></latexit>

hEi = 3

4⇡t2
↵(µ)

⇥
1 + k1↵(µ) +O(↵2)

⇤
<latexit sha1_base64="IsQu7v2QWDsSN4w+Iml3MyWeUrg="></latexit>

Nc = 3
<latexit sha1_base64="pBC/dx6JoNporF81UdFj/tAdJm0=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4KkljtT0IRS+epIJpC20om+22XbrZhN2NUEJ/gxcPinj1B3nz37hNK6jog4HHezPMzAtizpS27Q9raXlldW09t5Hf3Nre2S3s7TdVlEhCPRLxSLYDrChngnqaaU7bsaQ4DDhtBeOrmd+6p1KxSNzpSUz9EA8FGzCCtZG8mx65cHuFol2qVV23doYyUqnac+JWHOSU7AxFWKDRK7x3+xFJQio04VipjmPH2k+x1IxwOs13E0VjTMZ4SDuGChxS5afZsVN0bJQ+GkTSlNAoU79PpDhUahIGpjPEeqR+ezPxL6+T6EHVT5mIE00FmS8aJBzpCM0+R30mKdF8YggmkplbERlhiYk2+eRNCF+fov9Js1xy3FL59rRYv1zEkYNDOIITcOAc6nANDfCAAIMHeIJnS1iP1ov1Om9dshYzB/AD1tsnoAeOlA==</latexit>

L = ln(8µ2t) + �E
<latexit sha1_base64="MPQjod8d6slPmEWstJ3ZDvwcYzw="></latexit>

Similar calculation for Static potential Brambilla, Chung, Vairo, Wang: 2021

Leino, Brambilla, Mayer-Steudte, Vairo: 2021
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E(t) =
1

4
Ga

µ⌫(t)G
a
µ⌫(t)

<latexit sha1_base64="IrK/NrfEHlKiivVhNwUNr8/pIWo="></latexit>

g2(µ) = 48⇡2t2 hE(t)i
��
8tµ2=1

<latexit sha1_base64="MjmN+jM9PUSm23Dyns4XZAoXIzA="></latexit>
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ALPHA Coll.: 2017

FLAG: 2021

Strong coupling
g2GF(L) =

⇥
N�1(c, T/L, x4/T ) · t2 hE(t, x4)i

⇤
t=c2L2/8

<latexit sha1_base64="kWI2/4okbfRgXMOX7bwW9pwnQQs="></latexit>

Fritzsch, Ramos: 2012

A. Hasenfratz, Witzel: 2019
Fodor, Holland, Kuti, Nogradi, Wong: 2012

With periodic boundary conditions + 
Infinite volume limit



Fixing the scale 

12

t2 hE(t)i
��
t=t0

= 0.3
<latexit sha1_base64="0sOYtrP0rNpykvX+3HvKnshusro="></latexit>

t
d

dt

⇥
t2 hE(t)i

⇤����
t=w2

0

= 0.3
<latexit sha1_base64="458v0qL7P9+TKqejFYKQgWuULJo="></latexit>

BMW Coll.: 2012

CLS: 2021

Lüscher: 2010

BMW Coll.: 2012



� = Dµ,tDµ,t Dµ,t = �µ +Bt,µ

Gradient flow for fermions Lüscher: 2013

xµ = (x0,x) t = flow � time [t] = �2

@t�(x, t) = ��(x, t) @t�̄(x, t) = �̄(x, t)
 �
�

<latexit sha1_base64="8kWo5EU8F0TgvLf0+tg93eeLloA="></latexit>

�(x, t = 0) =  (x)
<latexit sha1_base64="QleozswIWhjJzxbOere9T2AOfs8=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1iEFiQkjdK6KBTduKxgH9CEMplO2qGTBzMTsYSCv+LGhSJu/Q53/o3TtIKKHrhw5px7mXuPFzMqpGl+aLml5ZXVtfx6YWNza3tH391riyjhmLRwxCLe9ZAgjIakJalkpBtzggKPkY43vpz5nVvCBY3CGzmJiRugYUh9ipFUUl8/cPCIlu5OZN0swzp0YqFe5b5eNI3zmm2d2TAjtl2dE8usQcswMxTBAs2+/u4MIpwEJJSYISF6lhlLN0VcUszItOAkgsQIj9GQ9BQNUUCEm2brT+GxUgbQj7iqUMJM/T6RokCISeCpzgDJkfjtzcS/vF4i/Zqb0jBOJAnx/CM/YVBGcJYFHFBOsGQTRRDmVO0K8QhxhKVKrKBC+LoU/k/aFcOyjcr1abFxsYgjDw7BESgBC1RBA1yBJmgBDFLwAJ7As3avPWov2uu8NactZvbBD2hvn+qUlDA=</latexit>

�̄(x, t = 0) =  ̄(x)
<latexit sha1_base64="bY81uWlDEJwqOewE8JufOeUBwwk=">AAACBnicdZDLSsNAFIYnXmu9RV2KMFiEFiQkjdK6KBTduKxgL9CEMplO2qGTCzMTsYSu3Pgqblwo4tZncOfbOE0rqOgPAz/fOYcz5/diRoU0zQ9tYXFpeWU1t5Zf39jc2tZ3dlsiSjgmTRyxiHc8JAijIWlKKhnpxJygwGOk7Y0upvX2DeGCRuG1HMfEDdAgpD7FSCrU0w8cD3EHD2nx9ljWzBKswYzEQpFSTy+YxlnVtk5tmBnbrsyMZVahZZiZCmCuRk9/d/oRTgISSsyQEF3LjKWbIi4pZmSSdxJBYoRHaEC6yoYoIMJNszMm8EiRPvQjrl4oYUa/T6QoEGIceKozQHIoftem8K9aN5F+1U1pGCeShHi2yE8YlBGcZgL7lBMs2VgZhDlVf4V4iDjCUiWXVyF8XQr/N62yYdlG+eqkUD+fx5ED++AQFIEFKqAOLkEDNAEGd+ABPIFn7V571F6011nrgjaf2QM/pL19Ahozl6I=</latexit>
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Smoothing over a range 


Gaussian damping at large momenta

p
8t

�t = h�(x, t)�(x, t)i �t,R = Z��t

No additive divergences

All fermion operators renormalize multiplicatively with same factor

Gradient flow Lüscher: 2013

�R(x, t) = Z1/2
� �(x, t)

<latexit sha1_base64="7wL1GWjOU7sSXSDsxBHb6jPCvm4=">AAACDnicdZDLSgMxFIYz9VbrrerSTbAUKkidaSvWhVB047KKvWA7Dpk004ZmLiQZsQx9Aje+ihsXirh17c63MdNpQUUPBL78/zkk57cDRoXU9U8tNTe/sLiUXs6srK6tb2Q3t5rCDzkmDewzn7dtJAijHmlIKhlpB5wg12akZQ/PYr91S7igvnclRwExXdT3qEMxkkqysvkuHlDrsnC3L/fgCby24vtNZByUxjDGxLCyOb14XDVKlSpMwJhB+RAaRX1SOTCtupX96PZ8HLrEk5ghITqGHkgzQlxSzMg40w0FCRAeoj7pKPSQS4QZTdYZw7xSetDxuTqehBP1+0SEXCFGrq06XSQH4rcXi395nVA6VTOiXhBK4uHkISdkUPowzgb2KCdYspEChDlVf4V4gDjCUiWYUSHMNoX/Q7NUNMrF0kUlVzudxpEGO2AXFIABjkANnIM6aAAM7sEjeAYv2oP2pL1qb0lrSpvObIMfpb1/AcFxmgs=</latexit>

O(x, t) = �(x, t)�(x, t)�(x, t)
<latexit sha1_base64="78TlL4NY4SsUlcAXS4rARznfldo="></latexit>

OR = Z�O
<latexit sha1_base64="hYw2NjOAMZ5H+xytPHidjrJttuA=">AAACCnicdVDLSsNAFJ3UV62vqEs3o0VwFZK2Yl0IRTfurGIf2IQwmU7aoZMHMxOhhK7d+CtuXCji1i9w59846QOq6IELh3Pu5d57vJhRIU3zS8stLC4tr+RXC2vrG5tb+vZOU0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS8wUXmt+4JFzQKb+UwJk6AeiH1KUZSSa6+bwdI9jFi6dXIvTmDd66N+xTOq3rRNE6rVqlShRNizUj5GFqGOUYRTFF39U+7G+EkIKHEDAnRscxYOinikmJGRgU7ESRGeIB6pKNoiAIinHT8yggeKqUL/YirCiUcq/MTKQqEGAae6sxOFL+9TPzL6yTSrzopDeNEkhBPFvkJgzKCWS6wSznBkg0VQZhTdSvEfcQRliq9ggph9in8nzRLhlU2SteVYu18Gkce7IEDcAQscAJq4BLUQQNg8ACewAt41R61Z+1Ne5+05rTpzC74Ae3jG2/bmsM=</latexit>

Lüscher: 2010, 2013 
Lüscher, Weisz: 2011 

�(x, t) =

Z
d4y K(x� y, t) (y)

<latexit sha1_base64="NRmmQp/BWtD50PL7Q/xzLDvsRGQ="></latexit>

K(t, x) =
e�

x2

4t

(4⇡t)2
<latexit sha1_base64="avIPKU8zTMV1e28s6su28U0anB8="></latexit>
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4+1 Local field theory

S = SG + SG,fl + SF,QCD + SF,fl

SF,fl =

Z 1

0
dt

Z
d4x

h
�(t, x) (⇤t ��)⇥(t, x) + ⇥(t, x)

⇣ �
⇤ t �

 �
�
⌘
�(t, x)

i

Wick contractions


Renormalization. All order proof for gauge sector 


Chiral symmetry and Ward identities Lüscher: 2013 

A.S.:2013

Lüscher, Weisz: 2011 

15



Calculation of matrix elements with flowed fields 

Easy renormalization (no power divergences) 


Calculation of Wilson coefficients

Insert OPE in off-shell amputated 1PI Green’s functions


Determination of the physical renormalized matrix 
element at zero flow-time

Short flow-time expansion

[Oi(t)]R =
X

i

cij(t, µ) [Oi(t = 0, µ)]R +O(t)
<latexit sha1_base64="GBXS2XWtg3ELBhKmHgk2NuI7FdQ="></latexit>

16

LQCD PT - LQCD

cij(t, µ) = �ij +
↵s(µ)

4⇡
c
(1)
ij (t, µ) +O(↵2

s)
<latexit sha1_base64="/5/+VDLsroQmsZ08pIu9DWI5KiA="></latexit>



Feynman rules

17

= �
Z 1

0
dt

⇣
fabef cde(�µ⇢�⌫� � �µ��⇢⌫) + facef bde(�µ⌫�⇢� � �µ��⌫⇢) + fadef bce(�µ⌫�⇢� � �µ⇢�⌫�)

⌘

<latexit sha1_base64="Qp7NZycUCBOIbcJz92QmqITT/Dw="></latexit>

Rizik, Monahan, A.S.: 2020

Mereghetti, Monahan, Rizik, A.S., 

Stoffer : 2021
D
eBa
µ(p, t) eBb

⌫(�p, s)
E
= eDab

µ⌫(p, s+ t) = g20�
ab 1

p2

✓
�µ⌫ � pµp⌫

p2

◆
e�(s+t)p2

+ ⇠
pµp⌫
p2

e�(s+t)p2

�

<latexit sha1_base64="2oRtiv+HBFVrdVdplpTjWq3J46k="></latexit>

= �ab✓(t� s)
1

p2

h
(�µ⌫p

2 � pµp⌫)e
�(t�s)p2

+ pµp⌫e
�(t�s)p2

i

<latexit sha1_base64="G4H+VpI6SVyB6hgfDgVlsFEQ+is="></latexit>

= �ifabc

Z 1

0
dt

⇣
�⌫⇢(p2 � p3)µ + 2�µ⇢p3⌫ � 2�µ⌫p2⇢

⌘

<latexit sha1_base64="MCKarEra1RVv5KJKB6GlG0t/KKQ="></latexit>



Feynman rules

18

D
e�(p, t)e�(p, s)

E
= eS(p, s+ t) =

�i/p+m

p2 +m2
e�(s+t)p2

<latexit sha1_base64="lqgKp3Uhqw0Um8rxHs7Cg3aXltI="></latexit>

= �↵�✓(t� s)e�(t�s)p2

<latexit sha1_base64="iYzmWyn/B1leJiUeDM5j6qhDa54="></latexit>

= �µ⌫{ta, tb}
Z 1

0
dt

<latexit sha1_base64="qS+Te1lg5OYRQYCIMD3RoDJ9Zxw="></latexit>

Rizik, Monahan, A.S.: 2020

Mereghetti, Monahan, Rizik, A.S., 

Stoffer : 2021

= �ita
Z 1

0
dt 2p2µ

<latexit sha1_base64="A0Ie2rBJ7X8buoeIl+BoG0HeEu8="></latexit>



Sample calculation

19

Z� = 1 +
g2

(4⇡)2
CF

3

✏
<latexit sha1_base64="2W3tXTfN3IefeuYjPkSrz2MqU1g="></latexit>

�R(x, t) = Z1/2
� �(x, t)

<latexit sha1_base64="7wL1GWjOU7sSXSDsxBHb6jPCvm4=">AAACDnicdZDLSgMxFIYz9VbrrerSTbAUKkidaSvWhVB047KKvWA7Dpk004ZmLiQZsQx9Aje+ihsXirh17c63MdNpQUUPBL78/zkk57cDRoXU9U8tNTe/sLiUXs6srK6tb2Q3t5rCDzkmDewzn7dtJAijHmlIKhlpB5wg12akZQ/PYr91S7igvnclRwExXdT3qEMxkkqysvkuHlDrsnC3L/fgCby24vtNZByUxjDGxLCyOb14XDVKlSpMwJhB+RAaRX1SOTCtupX96PZ8HLrEk5ghITqGHkgzQlxSzMg40w0FCRAeoj7pKPSQS4QZTdYZw7xSetDxuTqehBP1+0SEXCFGrq06XSQH4rcXi395nVA6VTOiXhBK4uHkISdkUPowzgb2KCdYspEChDlVf4V4gDjCUiWYUSHMNoX/Q7NUNMrF0kUlVzudxpEGO2AXFIABjkANnIM6aAAM7sEjeAYv2oP2pL1qb0lrSpvObIMfpb1/AcFxmgs=</latexit>

SR(p, t, s) = Z�S(p, t, s)
<latexit sha1_base64="kFqWRIhSkSy1aJxC/7WVLCgLb9g=">AAACBXicdVDLSgNBEJyNrxhfqx71MBiECCHsJjGJByHoxWM05oHJssxOZpMhsw9mZoUQcvHir3jxoIhX/8Gbf+MkWUFFCxqKqm66u5yQUSEN40NLLCwuLa8kV1Nr6xubW/r2TlMEEcekgQMW8LaDBGHUJw1JJSPtkBPkOYy0nOH51G/dEi5o4F/LUUgsD/V96lKMpJJsfb9uX2XCrMyKI3gKb+wuHlBYjxVbTxu5k0KpUinCOTkuxaSch2bOmCENYtRs/b3bC3DkEV9ihoTomEYorTHikmJGJqluJEiI8BD1SUdRH3lEWOPZFxN4qJQedAOuypdwpn6fGCNPiJHnqE4PyYH47U3Fv7xOJN2KNaZ+GEni4/kiN2JQBnAaCexRTrBkI0UQ5lTdCvEAcYSlCi6lQvj6FP5PmvmcWcjlL4vp6lkcRxLsgQOQASYogyq4ADXQABjcgQfwBJ61e+1Re9Fe560JLZ7ZBT+gvX0CHhiWcg==</latexit>

eS(p, t, s) = eS(0)(p, t, s)

⇢
1� g

2
0

(4⇡)2
CF


3

✏
+ log(8⇡µ2

t) + log(8⇡µ2
s) + log

✓
4⇡µ2

p2

◆
� �E + 1

��
+O(s, t, g40)

<latexit sha1_base64="R6o+Gobm7leExjuk3qS6+gefNfs="></latexit>

Rizik, Monahan, A.S.: 2020



Quark-chromo EDM
Bhattacharya, Cirigliano, 


Gupta, Mereghetti, Yoon: 2015

RI-MOM Off-shell

1

a
<latexit sha1_base64="xs+2g8pi9aBDuP6i5RzMPI4pILc=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZK2Yt0V3bisYB+QhjKZTtqhk0mYuRFKyGe4caGIW7/GnX/j9AUqeuDC4Zx7ufeeIBFcg+N8WoW19Y3NreJ2aWd3b/+gfHjU0XGqKGvTWMSqFxDNBJesDRwE6yWKkSgQrBtMbmZ+94EpzWN5D9OE+REZSR5ySsBIXj9UhGZunpF8UK449lXDrdYbeEHcFaldYNd25qigJVqD8kd/GNM0YhKoIFp7rpOAnxEFnAqWl/qpZgmhEzJinqGSREz72fzkHJ8ZZYjDWJmSgOfq94mMRFpPo8B0RgTG+rc3E//yvBTChp9xmaTAJF0sClOBIcaz//GQK0ZBTA0hVHFzK6ZjYlIAk1LJhLD6FP9POlXbrdnVu3qleb2Mo4hO0Ck6Ry66RE10i1qojSiK0SN6Ri8WWE/Wq/W2aC1Yy5lj9APW+xcDIJG/</latexit>

d=4 —> 2 operators + 3 O(m)  

d=5 —> 3 operators + (7 + 5) O(m,m2) + 4 “nuisance”  log a
<latexit sha1_base64="lIfn2txKnAfHMT8lyP9H2Kf6QqQ=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadmNEeMt6MVjBPOAZAmzk9lkzOzMMjMrhCX/4MWDIl79H2/+jZMXqGhBQ1HVTXdXmHCmjed9OrmV1bX1jfxmYWt7Z3evuH/Q1DJVhDaI5FK1Q6wpZ4I2DDOcthNFcRxy2gpH11O/9UCVZlLcmXFCgxgPBIsYwcZKzS6XA4R7xZLnXlb9cqWK5sRfkrNz5LveDCVYoN4rfnT7kqQxFYZwrHXH9xITZFgZRjidFLqppgkmIzygHUsFjqkOstm1E3RilT6KpLIlDJqp3ycyHGs9jkPbGWMz1L+9qfiX10lNVA0yJpLUUEHmi6KUIyPR9HXUZ4oSw8eWYKKYvRWRIVaYGBtQwYaw/BT9T5pl1z9zy7eVUu1qEUcejuAYTsGHC6jBDdShAQTu4RGe4cWRzpPz6rzNW3POYuYQfsB5/wKoNo8y</latexit>

Power divergences need to be subtracted non-perturbatively
Maiani, Martinelli, Sachrajda: 1992

OCE(x) =
X

f=u,d,s,...

 f (x)�5�µ⌫G
a
µ⌫T

a f (x)

<latexit sha1_base64="vIBsZ6UxzJ1ryQCoy/dQSQl9aSI="></latexit>

P (x) =
X

f=u,d,s,...

 f (x)�5 f (x)

<latexit sha1_base64="ilFFMLhBbp1Difn3PbkkIsf3U9E="></latexit>

[OCE]R = ZCE


OCE �

C

a2
P

�
+ · · ·

<latexit sha1_base64="vRVpkelBCcjhpLCUdsEerdRKoR4="></latexit>

20

[Oi(t)]R =
X

i

cij(t, µ) [Oi(t = 0, µ)]R +O(t)
<latexit sha1_base64="GBXS2XWtg3ELBhKmHgk2NuI7FdQ="></latexit>



Quark-Chromo EDM

OE(x) =  ̄(x)�̃µ⌫Fµ⌫(x) (x)
<latexit sha1_base64="9SIhwR9WrEzQn3SBL2C94FN9L80="></latexit>

Om✓(x) = mtr[Gµ⌫
eGµ⌫ ]

<latexit sha1_base64="dXlUFFrUHHxgsyuKVL/YtXDPI6I="></latexit>

OP (x) =  ̄(x)�5 (x)
<latexit sha1_base64="OrlBVQflyYKae9X1H+UfN0BBpEM="></latexit>

Om2P (x) = m2 ̄(x)�5 (x)
<latexit sha1_base64="XOx0mXKsbMJkB+7F9jB2niwuuY0="></latexit>

Rizik, Monahan, A.S.: 2020

Mereghetti, Monahan, Rizik, A.S., 

Stoffer : 2021

OCE(x, t) = �̄(x, t)�̃µ⌫Gµ⌫(x, t)�(x, t)
<latexit sha1_base64="EZVNph7Vucs/kdtLmLQCUuC6yVU="></latexit>

�̃HV

µ⌫ = �1

2
✏µ⌫↵��↵� �̃NDR

µ⌫ = �µ⌫�5
<latexit sha1_base64="jIRSYF7oTpn/fjtnFrXDR/vYoq4="></latexit>

O
R
CE(x; t) = cP (t, µ)O

MS
P (x;µ) + cm✓(t, µ)O

MS
m✓ (x;µ) + cE(t, µ)O

MS
E (x;µ)

+ cCE(t, µ)O
MS
CE(x;µ) + cmP 2(t, µ)OMS

m2P (x;µ) + · · ·
<latexit sha1_base64="zk2gATrfLzClJdSRM4GkiCyWL+4="></latexit>
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cij(t, µ) = �ij +
↵s(µ)

4⇡
c
(1)
ij (t, µ) +O(↵2

s)
<latexit sha1_base64="/5/+VDLsroQmsZ08pIu9DWI5KiA="></latexit>

D
˚̄�(x; t)

 !
/D �̊(x; t)

E
= � 2NcNf

(4⇡)2t2
<latexit sha1_base64="I2nsRR/BGMeA/dNM3Zl8IRqrGnE="></latexit>

Makino, Suzuki: 2014

⇣� = 1� ↵sCF

4⇡

�
3 log

�
8⇡µ2

t
�
� log(432)

�
+O(↵2

s)
<latexit sha1_base64="N4QOD4EkYVPbCGNlnXP2J+X+1iw="></latexit>

Harlander, Kluth, Lange :2018


Artz, Harlander, Lange, 
Neumann, Prausa: 2019


Quark-Chromo EDM Rizik, Monahan, A.S.: 2020

Mereghetti, Monahan, Rizik, A.S., Stoffer : 2021

22

�R(x; t) = (8⇡t)"/2⇣1/2� �̊(x; t)
<latexit sha1_base64="6HdXWdMGIxRizERUNfyjMV57+lg="></latexit>

�̄R(x; t) = (8⇡t)"/2⇣1/2�
˚̄�(x; t)

<latexit sha1_base64="meuB3SrkAKiSmZPKXUh0o2U+puI="></latexit> 2-loops

Z�n/2
�

⌦
( )n 

�
 ̄
�n ̄ (Aµ)

nA
Oi(t)

↵amp
=

<latexit sha1_base64="IGwxCjqLHuziEK53ZXIyag/jOsQ="></latexit>

cij(t)
�
ZMS
jk

��1 ⌦
( )n 

�
 ̄
�n ̄ (Aµ)

nA
Ok

↵amp

<latexit sha1_base64="0dhdSrg4BegM/GQ8Lcr71qRS5wA="></latexit>



Rizik, Monahan, A.S.: 2020

Mereghetti, Monahan, Rizik, A.S., 

Stoffer : 2021
cP (t, µ)

<latexit sha1_base64="rxo+vNOVHnzeDexElC9TDvOTqwc=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAgVJKQP27orunFZwT4gDWUynbRDJ5MwcyOU0M9w40IRt36NO//GpI2gogcuHM65l3vvcUPBNVjWh7Gyura+sZnbym/v7O7tFw4OuzqIFGUdGohA9V2imeCSdYCDYP1QMeK7gvXc6XXq9+6Z0jyQdzALmeOTseQepwQSyabDdgnOB350lh8WipZ5Wa03mzW8JBf1jDQquGxaCxRRhvaw8D4YBTTymQQqiNZ22QrBiYkCTgWb5weRZiGhUzJmdkIl8Zl24sXJc3yaKCPsBSopCXihfp+Iia/1zHeTTp/ARP/2UvEvz47Aazoxl2EETNLlIi8SGAKc/o9HXDEKYpYQQhVPbsV0QhShkKSUhvD1Kf6fdCtmuWpWbmvF1lUWRw4doxNUQmXUQC10g9qogygK0AN6Qs8GGI/Gi/G6bF0xspkj9APG2ydSiZCl</latexit>

cm2P (t, µ)
<latexit sha1_base64="SKVArRPG86HDUmPLzBwHII0UFGU=">AAAB+nicdVDLSgMxFM34rPU11aWbYBEqSJlOa1t3RTcuK9gHtGPJpGkbmmSGJKOUsZ/ixoUibv0Sd/6NaTuCih64cDjnXu69xw8ZVdpxPqyl5ZXVtfXURnpza3tn187sNVUQSUwaOGCBbPtIEUYFaWiqGWmHkiDuM9Lyxxczv3VLpKKBuNaTkHgcDQUdUIy0kXp2BvdifuPC+jSnT7o8OoY9O+vkz4rlarUEF+S0nJCKCwt5Z44sSFDv2e/dfoAjToTGDCnVKTih9mIkNcWMTNPdSJEQ4TEako6hAnGivHh++hQeGaUPB4E0JTScq98nYsSVmnDfdHKkR+q3NxP/8jqRHlS9mIow0kTgxaJBxKAO4CwH2KeSYM0mhiAsqbkV4hGSCGuTVtqE8PUp/J803XyhmHevStnaeRJHChyAQ5ADBVABNXAJ6qABMLgDD+AJPFv31qP1Yr0uWpesZGYf/ID19gkOtpM9</latexit>

cE(t, µ)
<latexit sha1_base64="EJlAcsP0Hiv5zprfY9pIEzrRne8=">AAAB9HicdVDLSsNAFJ3UV42vqks3g0WoICF92NZdUQSXFewD2lAm00k7dCaJM5NCCf0ONy4UcevHuPNvnLQRVPTAhcM593LvPW7IqFS2/WFkVlbX1jeym+bW9s7uXm7/oC2DSGDSwgELRNdFkjDqk5aiipFuKAjiLiMdd3KV+J0pEZIG/p2ahcThaORTj2KktOTgwXVBnfV5dApNc5DL29ZFuVqvV+CSnFdTUivBomUvkAcpmoPce38Y4IgTX2GGpOwV7VA5MRKKYkbmZj+SJER4gkakp6mPOJFOvDh6Dk+0MoReIHT5Ci7U7xMx4lLOuKs7OVJj+dtLxL+8XqS8uhNTP4wU8fFykRcxqAKYJACHVBCs2EwThAXVt0I8RgJhpXNKQvj6FP5P2iWrWLZKt5V84zKNIwuOwDEogCKogQa4AU3QAhjcgwfwBJ6NqfFovBivy9aMkc4cgh8w3j4B0dWQ2A==</latexit>

cCE(t, µ)
<latexit sha1_base64="CO/HRMvETV5iN5wfTde0eD9+SYs=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0WoICFpa1t3xSK4rGAf0IYwmU7aoZMHMxOhhn6JGxeKuPVT3Pk3TtoIKnrgwuGce7n3HjdiVEjT/NBWVtfWNzZzW/ntnd29gr5/0BVhzDHp4JCFvO8iQRgNSEdSyUg/4gT5LiM9d9pK/d4d4YKGwa2cRcT20TigHsVIKsnRC9hJWlfzkjwb+vEpzDt60TQuKrVGowqX5LyWkXoZWoa5QBFkaDv6+3AU4tgngcQMCTGwzEjaCeKSYkbm+WEsSITwFI3JQNEA+UTYyeLwOTxRygh6IVcVSLhQv08kyBdi5ruq00dyIn57qfiXN4il17ATGkSxJAFeLvJiBmUI0xTgiHKCJZspgjCn6laIJ4gjLFVWaQhfn8L/SbdsWBWjfFMtNi+zOHLgCByDErBAHTTBNWiDDsAgBg/gCTxr99qj9qK9LltXtGzmEPyA9vYJbiqSTg==</latexit>

Quark-Chromo EDM

cm✓(t, µ)
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Expand integrands of loop integrals in all scales excluding t

Analytic structure altered —> distortion of IR structure

in matching equation the IR modification drops out in the difference

Expanding loop integrals in the RHS vanish in DR —> UV and IR are identical

The LHS is UV-finite, beside the renormalization of the bare parameters and flowed fermion fields

The IR singularities on the LHS exactly match the UV MS counterterms
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Quark-Chromo EDM
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Mereghetti, Monahan, Rizik, A.S., 
Stoffer : 2021
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Scale dependence matching coefficients

µ̄0 = 3 GeV ! µ0 = 1.13 GeV
<latexit sha1_base64="7iPL6xDwxJAF8kI1kPvrubAH+mA="></latexit>
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10%-20% uncertainties from PT at 1-loopt 2 [t0/4, 4t0]
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Non-perturbative applications

26

Non-perturbative

determination


of power divergences

Kim, Luu, Rizik, A.S.:2020

Non-perturbative

renormalization


scheme
Hasenfratz, Monahan, Rizik, 

A.S., Witzel: in progress

�GF = �2t
d logRO(a, x4, t)

dt
<latexit sha1_base64="BrkCybipEOjEkjpsqemfJURO/6I="></latexit>

ZGF
O

(a, µ)
RO(a, x4, t = 0)

RO(a, x4, t)

����
t=c/µ2x4�

p
t/c

= t.l.
<latexit sha1_base64="q3w/zwRDo4ea6Z7WOxORtFyma0M="></latexit>



Phenomenological applications

CP-violating operators —> EDM


Electroweak Hamiltonian 


qCEDM + qCMDM —> heavy SM and BSM particles on flavor 
observables:


CP-conserving long distance contributions to Kaon mixing


direct CP-violation on hyperon decays


ΔI=1/2 and K —> π π


CP-violating part of the K -> 3 π


Neutral B-mesons: masses and decay rates differences

27

Harlander and Lange: 2022



Conclusive remarks

The Gradient Flow is a an important tool for renormalization


Several calculations show the potential of the GF 


Results need to be matched with t=0 


Topological quantities -> t-independent


Ward Identities -> chiral condensate


Short flow time expansion: strong coupling, strange content, 
qCEDM


Non-perturbative determination of power divergences  
-> ε’/ε, Effective electro-weak Hamiltonian, higher moments PDF
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Backup slides
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Inclusive annihilation P-wave spin-triplet quarkonium
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
=f1(3PJ)(⇤) + =f8(3S1)

2TF

9Nc
E3(⇤)

�
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Requires renormalization

Brambilla, Chung, Leino, 

Mayer-Steudte, Wang: in progress



Feynman rules
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Rizik, Monahan, A.S.: 2020

Mereghetti, Monahan, Rizik, A.S., 

Stoffer : 2021



Feynman rules

33
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Rizik, Monahan, A.S.: 2020

Mereghetti, Monahan, Rizik, A.S., 

Stoffer : 2021



Sample calculation
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Rizik, Monahan, A.S.: 2020



A.S., de Vries, Luu: 2014, 
2015

�1/4
t = 191(7) MeV

Topological susceptibility

�t =
1

V

Z
d4x d4y hq(x, tf )q(y, tf )i
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q(x, t) =
1

32⇡2
✏µ⌫⇢�Tr {Gµ⌫(x, t)G⇢�(x, t)}
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The role of lattice QCD

M✓
N
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Hadronic matrix element topological charge

Hadronic matrix element CP odd operators 

The role of LQCD is to provide the renormalized matrix elements

Only in this way it is 
possible to interpret 

experimental results and 
disentangle all CP violating 

sources
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⇣ v
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edi
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Shintani et al.: 2005

Berruto, Blum, Orginos, Soni 2006


A.S., Luu, de Vries: 2014-2015

Guo, Meißner, et al. : 2010-


Alexandrou et al. (ETMC): 2015-2020

Abramczyk et al. : 2017-


Dragos, Kim, Luu, Monahan, Rizik, A.S., de Vries, 
Yousif: 2015-2021


Yoon, Bhattacharya, Cirigliano, Gupta: 2015-2021
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ChPT-inspired fit
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Data naturally favor the ChiPT-inspired pion mass dependence ==> log dominance
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Dragos, Luu, A.S., 

de Vries, Yousif: 2019

Chiral interpolation

Ottnad, Kubis, Meißner, Gut: 2010

Mereghetti, de Vries, Hockings, 


Maekawa, van Kolck: 2011
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Ab-initio determination of ḡ✓0

Dragos, Luu, 
A.S., 


de Vries, Yousif: 
2019
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Strange content of the nucleon
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Ongoing work

Perturbation theory with the Gradient Flow 


Non-perturbative determination of expansion coefficients 


Non-perturbative renormalization scheme with GF


OpenLat: open science initiative. Gauges with SWF open to the 
whole community 

Mereghetti, Monahan, Rizik, 
A.S., Stoffer

Kim, Luu, Pederiva, Rizik, A.S.

Hasenfratz A., Monahan, Rizik, A.S., Witzel

(in progress)

Cuteri, Francis, Fritzsch, Pederiva, Rago, A.S., 
Walker-Loud, Zafeiropoulos 
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Non-perturbative determination of power divergences


Continuum limit impossible with other methods

Quark-Chromo EDM: non-perturbative renormalization 
(power divergences)

Kim, Luu, Rizik, A.S.:2020

Coefficient linear divergence
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Quark-Chromo EDM: non-perturbative renormalization 
(power divergences)

Kim, Luu, Rizik, A.S.:2020
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