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Our main goal as physicists is to make inferences about nature  
in light of the data we collect 
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The way we do this usually is through statistical inference by  
formulating a data-generating process  

When we say  (or “likelihood”) we actually mean two things: 

• ability to generate data for a given theory:  

• ability to evaluate the probability under a given theory: 

p(x |θ)

p(x |θ)

x ∼ p(x |θ)

L(θ) = p(x |θ)

The Textbook way



With a likelihood in hand, we can follow inference procedures 
 
Bayesians: Let’s update our priors!  

Bayesian and Frequentist Inference

p(θ |x) =
p(x |θ)p(θ)

p(x)
Note 1: requires ability to compute p(x |θ)
Note 2: subjective choice on your priors p(θ)



Frequentists: let’s look at the data distribution! 

• ideally in a way that accentuates the difference between theories 
i.e. through a scalar “test statistic” t(x) : ℝN → ℝ

Bayesian and Frequentist Inference

Note 1: in principle only requires ability to sample  and compute  
Note 2: subjective choice of which test statistic  to use

x ∼ p(x |θ) t(x)
t(x)



In reality, we often do want evaluate the likelihood 


Why? Because it leads to the optimal test statistic!


Neyman-Pearson Lemma: The most powerful 
test is the Likelihood Ratio Test 

 

p(x |θ)

Optimal Test Statistics

<latexit sha1_base64="H1KhSZIbOC8P9lznxZakTgnA0dA=">AAACEXicbZDLSsNAFIYn9VbrLerSzWAR0oUlKaJuhKKbLivYCzQhTKaTdujkwsxEWmJewY2v4saFIm7dufNtnLZZaOsPAx//OYcz5/diRoU0zW+tsLK6tr5R3Cxtbe/s7un7B20RJRyTFo5YxLseEoTRkLQklYx0Y05Q4DHS8UY303rnnnBBo/BOTmLiBGgQUp9iJJXl6oY0xhV4BU9r0GbRANo+RziNjfFDwzUrWU5WJXP1slk1Z4LLYOVQBrmarv5l9yOcBCSUmCEhepYZSydFXFLMSFayE0FihEdoQHoKQxQQ4aSzizJ4opw+9COuXijhzP09kaJAiEngqc4AyaFYrE3N/2q9RPqXTkrDOJEkxPNFfsKgjOA0HtinnGDJJgoQ5lT9FeIhUplIFWJJhWAtnrwM7VrVOq9at2fl+nUeRxEcgWNgAAtcgDpogCZoAQwewTN4BW/ak/aivWsf89aCls8cgj/SPn8A6YubOQ==</latexit>

t(x) = �2 log
p(x|H0)

p(x|H1)



In what sense is it optimal?

pick test statistic 
project to 1D

a given threshold 
defines power &  size



Optimal Test Statistics
Likelihood-Ratio is best test for any size!



Adding Nuisance Parameters
For realistic models we often seriously expand the parameter space

θ → (μ, ν)
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tµ(x) = �2 log
p(x|µ, ˆ̂⌫)
p(x|µ̂, ⌫̂)

The Profile Likelihood:  

parameters of  
interest.. often O(10)

nuisance parameters

often O(100)!

… proven by A. Wald in 1943 to be optimal in the sense of having optimal average power



Unfortunately in HEP we cannot evaluate  - it’s likelihood-free! p(x |θ)

often try to at least build an approximate 
likelihood using smart dim. reduction 
e.g. reconstruction & analysis 

p(x |θ) ≈ p( fana(x) |θ)

A slight problem

θ
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derived  (e.g. approx. LR) may not be 
optimal, but  inference will never be wrong

t(x)

proceed using standard techniques 
e.g. via pyhf-based models



As discussed:
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Likelihood-free Inference and ML 
are a match made in heaven

But key question: ML depends on training data,  
which depends on nuisance parameters 

 
What does uncertainty-aware ML look like



A typical workflow

if  is well-chosen, y = f(x) t̃(y(x)) → t(x)

data x

approximate  
likelihood

p̃(yϕ(x) |θ)

compute 
likelihood ratio

decision

<latexit sha1_base64="azcO4IddS4ZrCWmNp6pWFwWFKS4="></latexit>

tµ(x) = �2 log
p(x|µ, ˆ̂⌫)
p(x|µ̂, ⌫̂)

profiling

p(y(x) |μ, ν)
p((x) |μ′￼, ν′￼)y = f(x)

data compression 
(e.g. NN)



There is a path to likelihood-free frequentist inference by exploiting the 
optimality properties of the test statistic we seek


If we’re using  (e.g. likelihood ratio or profile likelihood ratio)  
because it is optimal…. 

t(x)

A simple Idea

… that just means that we can find  through optimization in 
function space, a.k.a. Machine Learning 
• just requires samples from , not the likelihood

t(x)

p(x |θ)



For the non-nuisance case this is the “likelihood ratio trick”


Training to discriminate  v.  will converge to a function  that is 1↔1 to 

the exact Likelihood Ratio  instead of  
 

H0 H1 f(x)
t(x)

Likelihood Ratio Trick

data  
from ,

x
θ1 θ0

t(x, θ1, θ0)

 vs H1 H0

Avoid “degradation” of 
intermediate compression x → y = f(x) [Brehmer et al]

NN



What’s happening? We’re replacing a big chunk of the workflow with a NN 
with a clever training objective that asymptotes to the target 

Likelihood Ratio Trick

data x

approximate  
likelihood

p̃(yϕ(x) |θ)

compute 
likelihood ratio

p(y(x) |μ, ν)
p((x) |μ′￼, ν′￼)

decision

y = f(x)

data compression 
(e.g. NN)

data x NN
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tµ(x) = �2 log
p(x|µ, ˆ̂⌫)
p(x|µ̂, ⌫̂)

profiling

<latexit sha1_base64="azcO4IddS4ZrCWmNp6pWFwWFKS4="></latexit>

tµ(x) = �2 log
p(x|µ, ˆ̂⌫)
p(x|µ̂, ⌫̂)

profiling decision



Can we extend go all the way? 

i.e. train a neural network  such that it converges to the profile likelihood 
(or a function that is 1↔1 with it)

f(x, μ)

With Nuisance Parameters

<latexit sha1_base64="RtmKq2qsdtSLx7Xnox7/R5q7Zm4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfVY9OKxgv2AdinZNNuGJtk1yRbL0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHDR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4e3Ub46o0iySD2YcU1/gvmQhI9hYyQ+7nXjAyk9nHZGcdoslt+LOgJaJl5ESZKh1i1+dXkQSQaUhHGvd9tzY+ClWhhFOJ4VOommMyRD3adtSiQXVfjo7eoJOrNJDYaRsSYNm6u+JFAutxyKwnQKbgV70puJ/Xjsx4bWfMhknhkoyXxQmHJkITRNAPaYoMXxsCSaK2VsRGWCFibE5FWwI3uLLy6RxXvEuK979Ral6k8WRhyM4hjJ4cAVVuIMa1IHAIzzDK7w5I+fFeXc+5q05J5s5hD9wPn8A/LCRlw==</latexit>

f�(x, µ)
train against loss  L(ϕ, x)
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tµ(x) = �2 log
p(x|µ, ˆ̂⌫)
p(x|µ̂, ⌫̂)

data features

parameters 
of interest

neural network weights What is the appropriate training procedure?

data x NN



To find appropriate training procedure to  
optimize  we need to recall 
in what sense the profile likelihood is optimal


f(x, μ) → tμ(x)

Go back to Wald 1943



Wald defines optimality as a test having best average power against alternatives 
“equally distant” from subspace defined by the parameters of interest

Best Average Power

μ1

μ2

ν

subspace of null hypo μ = μ0

alternatives 
at fixed distance 

from null

2 POI, 1 NP1 POI, 1 NP

subspace of null hypo μ = μ0

alternatives at fixed 
distance from null



Gives us a clear recipe on what loss to train our network on. 


• LR trick: binary cross entropy optimizes for best power for fixed alternative

• Wald: Profile LR will emerge from optimized for best average power

‣optimize on best average BXE by sampling fixed-distance 

alternatives and average over them. Then watch f(x, μ) → tμ(x)

Best Average Power



Check on a well-known example from HEP stats: the on-off problem


In this case we can solve for the true profile likelihood analytically

Does this work?

can check, whether this idea works



Does this work? Check on a well-known example from HEP Stats

Examples

Neural Network Training Analytic Result well inside 
the asymptotic regime



Are these two test statistics related? 

Yes: they’re 1↔1 

We can transform to standard 
-type  units of just do inference 

in the learned test statistic 
 
Both will produce the same results.

χ2

Examples



We can recover the “profile likelihood” in a fully likelihood free way 

Examples



Described method to compute                                              
• without evaluating 

• without running any optimiation to find

• just using samples from 


by choosing appropriate training procedure.  

p(x |θ)

p(x |θ)

Summary
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tµ(x) = �2 log
p(x|µ, ˆ̂⌫)
p(x|µ̂, ⌫̂)
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µ̂, ⌫̂, ˆ̂⌫

data x p̃(yϕ(x) |θ) p(y(x) |μ, ν)
p((x) |μ′￼, ν′￼)y = f(x)

NN
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tµ(x) = �2 log
p(x|µ, ˆ̂⌫)
p(x|µ̂, ⌫̂)
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tµ(x) = �2 log
p(x|µ, ˆ̂⌫)
p(x|µ̂, ⌫̂)

NN

standard 
procedure

Lhood 
ratio Trick data x

data x“Learning 
to Profile”



Taking Wald’s optimality criterion seriously and using it as an 
optimization objective: extension of LR trick to case of nuisance 
parameters 

Larger Question: As physicists, we often talk about adding knowledge 
to ML but open question where to add it / how much is needed


e.g. this approach manages to effectively “shortcircuit” a lot of steps 
we usually associate with data analysis (fitting, model building, …), while 
retaining some nice properties (robustness to NPs)

Summary


