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Outline

• Connection between PBH (DM) and induced GWs 

• The impact of NGs on the SGWB amplitude 

• Reverse engineering inflationary dynamics 
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PBH overview:

Inflationary 
SGWB overview:
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Black holes populate our universe
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[Credits: LIGO/Virgo/Kagra, EHT, …] 
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Primordial BHs

Astrophysical BHs

Is it possible to form them in the early universe?
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PBH dark matter
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• PBH abundance expressed in terms of the dark matter

(can be thought as a proxy for the average PBH number density)
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fPBH ⌘ ⌦PBH/⌦DM

Primordial black holes on large scales behave as 
a cold and collisionless fluid

D. Inman and Y. Ali-Haïmoud, Phys. Rev. D 100, no.8, 083528 (2019) [arXiv:1907.08129]

PBH
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Constraints on the PBH DM abundance

Review: B. Carr, K. Kohri, Y. Sendouda and J. Yokoyama, Rept. Prog. Phys. 84, no.11, 116902 (2021) [arXiv:2002.12778]
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Primordial black hole mass MPBH [M�]
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*assuming narrow mass distribution

PBH=DM?
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Constraints on the PBH DM abundance

Review: B. Carr, K. Kohri, Y. Sendouda and J. Yokoyama, Rept. Prog. Phys. 84, no.11, 116902 (2021) [arXiv:2002.12778]
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Primordial black hole mass MPBH [M�]
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Constraints on the PBH DM abundance

Review: B. Carr, K. Kohri, Y. Sendouda and J. Yokoyama, Rept. Prog. Phys. 84, no.11, 116902 (2021) [arXiv:2002.12778]

Lensing

*assuming narrow mass distribution

PBH=DM?
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✓s = Rs/ds ⇡ 6⇥ 10�9arcsec (Sun-like star in M31)
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Induced GWs as an “indirect” probe of PBHs
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PBH formation timeline
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Inflation RD   /   MD

Early universe

⇣
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RH = 1/H
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PBHs

Horizon

4

collapse bounces and the cosmological perturbation is
dispersed into the surrounding medium.

To compute the value of the threshold one needs to
specify initial conditions of the numerical simulations on
super-horizon scale, when the asymptotic form of the
space-time metric is given by

ds
2 = ≠dt

2 + a
2(t)e2’(r) #

dr
2 + r

2d�2$
(4)

where a(t) is the scale factor, while ’(r) is the conserved
comoving curvature perturbations defined on a super-
Hubble scale, converging to zero at infinity where the
Universe is taken to be unperturbed and spatially flat.

In this regime, using the so called gradient expansion
or long wavelength approximation [87–89], the energy
density contrast ”fl/flb for adiabatic perturbations (the
ones generated by a curvature profile ’(r)) can be written
as [90]

”fl

flb

(r, t) = ≠
4
3�

3
1

aH

42
e

≠5’(r)/2
Ò

2
e

’(r)/2
, (5)

where H © ȧ/a is the Hubble parameter, while the func-
tion �(t) depends on the equation of state of the Universe
and is obtained by solving the following equation [88]

1
H

d�(t)
dt

+ 5 + 3w(t)
2 �(t) ≠

3
2(1 + w(t)) = 0 (6)

integrated from past infinity to the time when the ampli-
tude of the perturbation is computed. In standard models
of the very early Universe (i.e. just after inflation) this
is assumed to be dominated by a radiation dominated
medium, with EoS p = wfl and w = 1/3.

When a constant w(t) = w̄ characterises the fluid
dominating the energy budget of the Universe, we have
d�(t)/dt = 0 and one obtains

�̄ = 3(1 + w̄)
(5 + 3w̄) , (7)

yielding �̄ = 2/3 for a radiation fluid with w̄ = 1/3.
Equation (7) is an attractor solution of Eq. (6), i.e. if
w(t) slowly varies in time, d�(t)/dt ƒ 0 and the evolution
of � approaches the value given by Eq. (7). The behavior
of � across the QCD phase transition, obtained by solving
Eq. (6), di�ers from the average �̄, particularly in the
region where w and c

2
s

are quickly varying with respect
MH . This is shown in the middle panel of Fig. 1.

It was shown that a consistent way to define the thresh-
old for PBH formation is in terms of the smoothed den-
sity contrast ”m computed at horizon crossing time, i.e.
aH = 1/rm. Using a top-hat window function with areal
radius R = a(t) exp[’(rm)]rm, where rm indicates the
location of the maximum of the mass excess, also called
compaction function, the amplitude of spherically sym-
metric peaks in the smoothed density field is related to
the curvature perturbation as [91]

”m = ≠� rm’
Õ(rm) [2 + rm’

Õ(rm)] . (8)

FIG. 1: Top panel: the EoS parameter w = p/fl (red)
and squared speed of sound (blue) as functions of the cos-
mological horizon mass MH . Central panel: Evolution
of the EoS dependent parameter �, relating the density
contrast to the curvature perturbation as functions of the
cosmological horizon mass MH . Bottom panel: Same
as above but showing the threshold for PBH formation.
The dashed horizontal lines refer to the values obtained
in the perfect radiation-fluid case.

Although strictly speaking the gradient expansion ap-
proach is valid only on super horizon scales, to com-
pute the perturbation amplitude ”m it is useful to extend
this approach up to the cosmological horizon crossing
time. Since then the region involved in the formation of a
PBH becomes causally connected, and the collapse starts
shortly afterwards. This gives a well defined criterion
to quantify the amplitude of cosmological perturbations,
comparing di�erent initial configuration collapsing at dif-
ferent epochs.

<latexit sha1_base64="NLQzggszw1zGpYNC1SFORMNYnBA=">AAACB3icbVDJSgNBEO2JW4zbqEdBGoPgKcxIcLkFveQSiGAWyIShp9NJmvT0DN01kjDk5sVf8eJBEa/+gjf/xs5y0MQHBY/3qqiqF8SCa3Ccbyuzsrq2vpHdzG1t7+zu2fsHdR0lirIajUSkmgHRTHDJasBBsGasGAkDwRrB4HbiNx6Y0jyS9zCKWTskPcm7nBIwkm8fV3wP2BBSD7gc4epNeYw9EscqGuKKX/btvFNwpsDLxJ2TPJqj6ttfXieiScgkUEG0brlODO2UKOBUsHHOSzSLCR2QHmsZKknIdDud/jHGp0bp4G6kTEnAU/X3REpCrUdhYDpDAn296E3E/7xWAt2rdsplnACTdLaomwgMEZ6EgjtcMQpiZAihiptbMe0TRSiY6HImBHfx5WVSPy+4F4XiXTFfup7HkUVH6ASdIRddohIqoyqqIYoe0TN6RW/Wk/VivVsfs9aMNZ85RH9gff4AO7eY4A==</latexit>

MPBH ⇡ MH



Franciolini - LISA CosmoWG - 11

Induced SGWB at second order

Emission of II order GWs

Large curvature perturbations PBH collapse

h00
ij + 2Hh0

ij �r
2hij t Sij (⇣⇣)
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PBH

Mass and frequency related by the Hubble horizon at formation
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Characterisation of the SGWB: spectrum

Power spectrum of GWs:

At second order in comoving curvature perturbation, 
after averaging over the fast oscillating pieces:
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LISA: asteroidal mass range
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4�$ CSFBUIJOH BOHMFT 	ĘVDUVBUJPOT PG WFSUFY BOHMFT
 BOE
UIF SBOHF SBUF PG UIF 4�$ BT CPUI PG UIFTF ESJWF UIF DPN�
QMFYJUZ PG UIF QBZMPBE EFTJHO XIJMF BU UIF TBNF UJNF FO�
TVSJOH UIF SBOHF UP UIF DPOTUFMMBUJPO JT TVďDJFOUMZ DMPTF
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t UPUBM USBOTGFS UJNF PG BCPVU ��� EBZT�
t EJSFDU FTDBQF MBVODI XJUI V∞ = 260N�T�
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LISA can rule out standard 
formation scenarios for PBH dark 

matter in the open mass range
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Abundance strongly sensitive to the amplitude
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N. Bartolo, V. De Luca, G. Franciolini, A. Lewis, M. Peloso and A. Riotto, Phys. Rev. Lett. 122 (2019) no.21, 211301 [arXiv:1810.12218]
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Abundance strongly sensitive to the amplitude

Necessity to control the model to set reliable bounds
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Part I: impact of NGs

Induced GWs as an “indirect” probe of PBHs
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PBH abundance
Review: M. Sasaki, T. Suyama, T. Tanaka and S. Yokoyama, Class. Quant. Grav. 35, no.6, 063001 (2018) [arXiv:1801.05235]

Formation criterion for horizon-crossing perturbations:

Density contrast/compaction function
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Strong sensitivity to non-Gaussian corrections
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where C1(r) defines the so-called linear component of the compaction function. Notice that the compaction function

becomes time-independent and eq. (44) automatically includes the full non-linear relation between � and ⇣. The

length scale rm is defined as the scale at which the compaction function is maximized, and, therefore, it verifies

the condition

C0(rm) = 0 that is ⇣ 0(rm) + rm⇣ 00(rm) = 0 (45)

in terms of the comoving curvature perturbation. If we define Cmax = C(rm) as the value of the compaction at the

position of the maximum, PBHs form if the maximum of the compaction function is above some threshold value,

Cmax > Cth. If we consider the averaged mass excess within a spherical region of areal radius R, that is the ratio

�M(r, t)/Mb(r, t), a direct computation shows that [46]

�M(r, t)

Mb(r, t)
=

1

Vb(r, t)

Z

S
2

R

d3~x �⇢(~x, t) =) �m :=
�M(rm, tH)

Mb(rm, tH)
= C(rm) = 3�(rm, tH) , (46)

where the last equality follows from eq. (43) evaluated at horizon crossing together with the condition ⇣ 0(rm) +

rm⇣ 00(rm) = 0 that defines rm. Eq. (46) shows that the peak value of the compaction function C(rm) equals �m,

that is the density contrast volume-averaged over a spherical region of areal radius set by the length scale rm.

We now elaborate on the presence of primordial NGs that are encoded in the relation ⇣ = F (⇣G) (see eq. (2)).

The linear component of the compaction function takes the form

C1(r) = �2� r ⇣ 0
G
(r)

dF

d⇣G
= CG(r)

dF

d⇣G
, with CG(r) := �2� r ⇣ 0

G
(r) . (47)

Consequently, the compaction function reads

C(r) = CG(r)
dF

d⇣G
� 1

4�
C2

G
(r)

✓
dF

d⇣G

◆2

. (48)

The compaction function depends on both the gaussian linear component CG and the gaussian curvature pertur-

bation ⇣G. Both these random variables are gaussian; ⇣G is gaussian by definition while CG is defined by means of

the derivative of the gaussian variable ⇣G.

We start from the two-dimensional joint PDF of ⇣G and CG, which can be written as

PG(CG, ⇣G) =
1

(2⇡)
p
det⌃

exp

✓
�1

2
Y T⌃�1Y

◆
, with Y =

 
CG
⇣G

!
, and ⌃ =

 
hCGCGi hCG⇣Gi
hCG⇣Gi h⇣G⇣Gi

!
,

(49)

where ⌃ is the covariance matrix. The entries of ⌃ are [47]

hCGCGi = �2

c
=

4�2

9

Z 1

0

dk

k
(krm)4W 2(k, rm)T 2(k, rm)P⇣(k) , (50)

hCG⇣Gi = �2

cr
=

2�

3

Z 1

0

dk

k
(krm)2W (k, rm)Ws(k, rm)T 2(k, rm)P⇣(k) , (51)

h⇣G⇣Gi = �2

r
=

Z 1

0

dk

k
W 2

s
(k, rm)T 2(k, rm)P⇣(k) , (52)

where Ws(k, r) = sin(kr)/kr while W (k,R) and T (k, ⌧) are given in eq. (24). As explained in the above preamble,

the key point to build the variance of the compaction function, is to consider the density contrast volume-averaged

over a spherical region of size set by rm. This is done by means of the top-hat smoothing W (k,R) in eq. (24).

Concretely, we have set R = rm and all variances in this section are evaluated according to this choice. Furthermore,

we also set ⌧ = rm in the computation of the linear transfer function as required when computing the variance at

the time of horizon crossing of the scale rm [46].
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where C1(r) defines the so-called linear component of the compaction function. Notice that the compaction function

becomes time-independent and eq. (44) automatically includes the full non-linear relation between � and ⇣. The
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�M(r, t)/Mb(r, t), a direct computation shows that [46]
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where ⌃ is the covariance matrix. The entries of ⌃ are [47]
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where Ws(k, r) = sin(kr)/kr while W (k,R) and T (k, ⌧) are given in eq. (24). As explained in the above preamble,

the key point to build the variance of the compaction function, is to consider the density contrast volume-averaged

over a spherical region of size set by rm. This is done by means of the top-hat smoothing W (k,R) in eq. (24).

Concretely, we have set R = rm and all variances in this section are evaluated according to this choice. Furthermore,

we also set ⌧ = rm in the computation of the linear transfer function as required when computing the variance at

the time of horizon crossing of the scale rm [46].
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II. PRIMORDIAL NG UP TO ALL ORDERS

The aim of this paper is to consider the impact of local primordial NG on PBH abundance in the most general

way. To this end, we will consider the following functional form

⇣(~x) = F (⇣G(~x)) , (2)

where F is a generic non-linear function of the Gaussian component ⇣G and the attribute of locality refers to the

fact that the value of ⇣ at the point ~x is fully determined by the value of ⇣G at the same spatial point.1 Whenever

unnecessary, we will drop the explicit functional dependence from the spatial coordinates in ⇣ and ⇣G.

There is a number of relevant cases in the literature of PBH formation that can be traced back to eq. (2), as

summarized in the schematic below.

⇣ = F (⇣G)

power-series expansion [28–34, 36–39]

⇣ = ⇣G + 3

5
fNL⇣2G + 9

25
gNL⇣3G + . . .

curvaton [48, 49]

⇣ = log [X(rdec, ⇣G)]

ultra slow-roll [42]

⇣ = �
�
6

5
fNL

��1

log
�
1� 6

5
fNL⇣G

�

ultra slow-roll
with an upward step [50]

⇣ = � 2

|h|

hp
1� |h|⇣G � 1

i

(3)

In the course of this paper, and in particular in section III, we will describe the main results of our analysis using the

generic functional form ⇣ = F (⇣G). However, in order to present and discuss explicit examples of phenomenological

relevance, we will apply our formulas to the physics-case of the curvaton field. Let us, therefore, explore in more

detail this specific theoretical set-up.

A. Primordial NG in curvaton models

When presenting results inspired by the curvaton model, we will focus on primordial NG with the following

functional form [48]

⇣ = log
⇥
X(rdec, ⇣G)

⇤
, (4)

with

X(rdec, ⇣G) ⌘
1p

2(3 + rdec)1/3

(s
�3 + rdec(2 + rdec) + [(3 + rdec)P (rdec, ⇣G)]2/3

(3 + rdec)P 1/3(rdec, ⇣G)

+

s
(1� rdec)

P 1/3(rdec, ⇣G)
� P 1/3(rdec, ⇣G)

(3 + rdec)1/3
+

(2rdec + 3⇣G)2P 1/6(rdec, ⇣G)

rdec
p
�3 + rdec(2 + rdec) + [(3 + rdec)P (rdec, ⇣G)]2/3

)
, (5)

and

P (rdec, ⇣G) ⌘
(2rdec + 3⇣G)4

16r2
dec

+

s

(1� rdec)3(3 + rdec) +
(2rdec + 3⇣G)8

256r4
dec

. (6)

1
In other words, the function F in eq. (2) must be independent on spatial derivatives of ⇣G since the latter would make the value of

⇣ at ~x determined by the values of ⇣G in a certain neighborhood of ~x.
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In other words, the function F in eq. (2) must be independent on spatial derivatives of ⇣G since the latter would make the value of

⇣ at ~x determined by the values of ⇣G in a certain neighborhood of ~x.

• Non-linearities: 

• Primordial Non-Gaussianity: 

                                       

�(~x, t) = � 8

9a2H2
e
�5⇣(~x)/2r2

e
⇣(~x)/2 + . . .

<latexit sha1_base64="xUqazxfG/eVePOoGeI+vkGoAfNU="></latexit><latexit sha1_base64="xUqazxfG/eVePOoGeI+vkGoAfNU="></latexit><latexit sha1_base64="xUqazxfG/eVePOoGeI+vkGoAfNU="></latexit>

(on super-Hubble scales)

5

The PBH mass m is related to the linear compaction C¸ by the critical collapse relation [40–42]

m = KMH

3
C¸ ≠ 3

8C2

¸
≠ Cc

4
“

. (21)

where K, Cc, and “ are parameters that control the collapse, which in general are dependent on
the shape of the perturbations [43–47]. The mass distribution is then given by [39]

f(m) = Z
K

1
C¸ ≠ 3

8
C2

¸
≠ Cc

2
“+1

“
1
1 ≠ 3

4
C¸

2 P (C¸), (22)

where Z depends on the peak scale in the power spectrum and the background cosmology. The
diverging term in the denominator arises from the Jacobian factor when changing variable from C¸

to m, and is ultimately inherited from the non-linear form of C in eq. (1). The boundary between
type I and type II perturbations at C¸ = 4/3 corresponds to the maximum value of C = 2/3,
and hence a zero derivative. The PBH abundance is determined from the mass distribution f(m)
through

fPBH =
⁄

mmax

0

d(ln m) f(m), (23)

where mmax corresponds to C¸ = 4/3.

III. RESULTS

We now apply the method described in sec. II to two examples of non-Gaussian distributions,
P (’). We choose the power spectrum width � = 0.3 in eq. (17), and take the same peak scale
as [39], kú = 1.56 ◊ 1013 Mpc≠1. The scale r is chosen such that kúr = 2.74, which maximises the
compaction function for a monochromatic power spectrum [48]. Additionally we choose the same
critical collapse parameters as Ref. [39], K = 1, Cc = 0.587, “ = 0.361, and write the PBH mass in
terms of the horizon mass MH evaluated at the peak scale in the power spectrum, Mkú . For these
choices, the factor in the mass distribution (22) is Z = 6.88 ◊ 1016.

The first non-Gaussian distribution P (’) is an example of a local transformation arising from
the classical ”N approach for an ultra slow roll (USR) phase in the early universe. This results in
the transformation [38, 39, 49–51]

’ = ≠1
3 ln (1 ≠ 3’G) , (24)

and in the non-Gaussian PDF

P (’) = 1Ô
2fi�Y Y

exp
C

≠(1 ≠ e≠3’)2

18�Y Y

≠ 3’

D

, (25)

where �Y Y is the variance of the Gaussian field ’G. From now on we shall refer to this as the
classical USR ”N approach. In this case, and assuming a monochromatic power spectrum, our
general method reduces to the ratio distribution approach in Ref. [39].

1
We note that the maximum scale and critical collapse parameters are valid for a monochromatic power spectrum,

and will di�er for our case of a lognormal with finite width [43–47]. However, the results of the non-Gaussian

calculation presented here will not be strongly sensitive to these modifications.

14

where C1(r) defines the so-called linear component of the compaction function. Notice that the compaction function

becomes time-independent and eq. (44) automatically includes the full non-linear relation between � and ⇣. The

length scale rm is defined as the scale at which the compaction function is maximized, and, therefore, it verifies

the condition

C0(rm) = 0 that is ⇣ 0(rm) + rm⇣ 00(rm) = 0 (45)

in terms of the comoving curvature perturbation. If we define Cmax = C(rm) as the value of the compaction at the

position of the maximum, PBHs form if the maximum of the compaction function is above some threshold value,

Cmax > Cth. If we consider the averaged mass excess within a spherical region of areal radius R, that is the ratio

�M(r, t)/Mb(r, t), a direct computation shows that [46]

�M(r, t)

Mb(r, t)
=

1

Vb(r, t)

Z

S
2

R

d3~x �⇢(~x, t) =) �m :=
�M(rm, tH)

Mb(rm, tH)
= C(rm) = 3�(rm, tH) , (46)

where the last equality follows from eq. (43) evaluated at horizon crossing together with the condition ⇣ 0(rm) +

rm⇣ 00(rm) = 0 that defines rm. Eq. (46) shows that the peak value of the compaction function C(rm) equals �m,

that is the density contrast volume-averaged over a spherical region of areal radius set by the length scale rm.

We now elaborate on the presence of primordial NGs that are encoded in the relation ⇣ = F (⇣G) (see eq. (2)).

The linear component of the compaction function takes the form

C1(r) = �2� r ⇣ 0
G
(r)

dF

d⇣G
= CG(r)

dF

d⇣G
, with CG(r) := �2� r ⇣ 0

G
(r) . (47)

Consequently, the compaction function reads

C(r) = CG(r)
dF

d⇣G
� 1

4�
C2

G
(r)

✓
dF

d⇣G

◆2

. (48)

The compaction function depends on both the gaussian linear component CG and the gaussian curvature pertur-

bation ⇣G. Both these random variables are gaussian; ⇣G is gaussian by definition while CG is defined by means of

the derivative of the gaussian variable ⇣G.

We start from the two-dimensional joint PDF of ⇣G and CG, which can be written as

PG(CG, ⇣G) =
1

(2⇡)
p
det⌃

exp

✓
�1

2
Y T⌃�1Y

◆
, with Y =

 
CG
⇣G

!
, and ⌃ =

 
hCGCGi hCG⇣Gi
hCG⇣Gi h⇣G⇣Gi

!
,

(49)

where ⌃ is the covariance matrix. The entries of ⌃ are [47]

hCGCGi = �2

c
=

4�2

9

Z 1

0

dk

k
(krm)4W 2(k, rm)T 2(k, rm)P⇣(k) , (50)

hCG⇣Gi = �2

cr
=

2�

3

Z 1

0

dk

k
(krm)2W (k, rm)Ws(k, rm)T 2(k, rm)P⇣(k) , (51)

h⇣G⇣Gi = �2

r
=

Z 1

0

dk

k
W 2

s
(k, rm)T 2(k, rm)P⇣(k) , (52)

where Ws(k, r) = sin(kr)/kr while W (k,R) and T (k, ⌧) are given in eq. (24). As explained in the above preamble,

the key point to build the variance of the compaction function, is to consider the density contrast volume-averaged

over a spherical region of size set by rm. This is done by means of the top-hat smoothing W (k,R) in eq. (24).

Concretely, we have set R = rm and all variances in this section are evaluated according to this choice. Furthermore,

we also set ⌧ = rm in the computation of the linear transfer function as required when computing the variance at

the time of horizon crossing of the scale rm [46].

V.De Luca, G.Franciolini, A.Kehagias, M.Peloso, A.Riotto and C.Ünal, JCAP 07 (2019), 048 [arXiv:1904.00970] 
S. Young, I. Musco and C. T. Byrnes, JCAP 11 (2019), 012 [arXiv:1904.00984] 
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Non linearities + primordial NG : Threshold statistics on the compaction function (broad P⇣)
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FIG. 7. Left (rdec = 0.5), central (rdec = 0.4) and right (rdec = 0.3) panels. We plot the NG mass fraction �NG computed

according to eq. (56) and its expansion �(N)
NG in as function of the expansion order N . We consider di↵erent choices for

rmkmin, with ⌧ = R ⌘ rm in the linear transfer function and window function.

function of N . We consider di↵erent choices of rmkmin. If we take rmkmin = O(1), we find that �(N)

NG
converges to

the full result given by �NG for N large enough. This is expected because, as explained before, for rmkmin = O(1)

the broad power spectrum is e↵ectively peaked since the majority of its modes have rmk � 1 and are smoothed

away. However, if we consider smaller and smaller values of rmkmin then an increasing number of modes contributes

to the variances, and the convergence of �(N)

NG
gets quickly lost. As explained in section IIA, in this situation the

computation of �(N)

NG
based on the power-series expansion is simply wrong (the series does not converge for whatever

N) and one is forced to use the full result �NG.

We arrive at a very important conclusion. We are eventually interested in the computation of the PBHs mass

fraction at di↵erent scales (that is for di↵erent values of the PBH mass). In other words, if we combine eq. (38)

and eq. (39) we find

rmkmin ⇡
✓
MH

M�

◆1/2 ✓ kmin

106 Mpc�1

◆
, (59)

and the computation of the abundance entails scanning over all the relevant horizon masses MH . Only for values

of MH such that above relation gives rmkmin = O(1) we expect the perturbative computation based on �(N)

NG
to

give reliable results; however, as soon as one takes smaller and smaller values for the horizon mass MH such that

rmkmin ⌧ 1, we expect that the computation of �(N)

NG
based on the power-series expansion ⇣N is not trustable, for

whatever expansion order N . The reason is precisely the one discussed in section IIC: if the power spectrum is

very broad (that is the case with rmkmin ⌧ 1), we go outside the radius of convergence of the series and beyond

the range of validity of the power-series expansion ⇣N . For this reason, we now abandon the computation based

on �(N)

NG
and focus on the full result described by �NG.

After having gained intuition on the convergence as a function of the smoothing scale when broad spectra are

considered, let us analyse the impact of NGs from the curvaton model on the computation of �NG as a function of

the horizon mass MH in eq. (39). This is shown in fig. 8. We explore the benchmark values rdec = 0.1, 0.3, 0.4, 0.5.

As far as the power spectrum is concerned, we fix kmin = 106 Mpc�1 and �k = 109 while the amplitude A is

tuned, for each rdec in such a way that we get �NG ' 10�16 at MH = 10�15 M�. This choice is motivated by the

fact that the above value of �NG is what is typically needed in order to get a sizable abundance of asteroid-mass

PBHs. On the top x-axis, we convert MH into k according to eq. (39) to highlight the relevant scales in [Mpc�1].

Threshold statistics on 
the compaction function
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After computing the inverse of ⌃ and its determinant, and completing the square in the argument of the

exponential function, eq. (49) can be recast in the form

PG(CG, ⇣G) =
1

(2⇡)�c�r

p
1� �2

cr

exp

✓
� ⇣2

G

2�2
r

◆
exp

"
� 1

2(1� �2
cr
)

✓
CG
�c

� �cr⇣G
�r

◆2
#
, (53)

where

�cr :=
�2

cr

�c�r

. (54)

If we take the limit �cr ! 1 in eq. (53), we find the distribution

lim
�cr!1

PG(CG, ⇣G) =
1p

2⇡�c�r

exp

✓
� ⇣2

G

2�2
r

◆
� (CG/�c � ⇣G/�r) , (55)

where the last delta function forces the relation ⇣G = �rCG/�c once the integral over ⇣G is performed. This is the

essence of the so-called high-peak limit of ref. [47]. This limit is strictly valid if one takes �cr ! 1 that is the limit

in which one takes a monochromatic power spectrum of curvature perturbations (that gives precisely �cr = 1).

The main goal of this section is to go beyond the high-peak limit. This is crucial as we are interested in the

case of a broad power spectra for which the high-peak limit is not applicable. We take on this problem in a very

simple way. The prescription to compute the NG abundance (without taking the limit �cr ! 1) is summarised in

the following:

NG PBH mass fraction adopting threshold statistics on the compaction function

�NG =

Z

D
K(C � Cth)�PG(CG, ⇣G)dCGd⇣G , (56)

PG(CG, ⇣G) =
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exp
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2�2
r

◆
exp

"
� 1

2(1� �2
cr
)

✓
CG
�c

� �cr⇣G
�r

◆2
#
, (57)

D = {CG, ⇣G 2 R : C(CG, ⇣G) > Cth ^ C1(CG, ⇣G) < 2�} , (58)

where C is written implicitly in terms of CG and ⇣G by means of eq. (48); the two conditions in the integration domain

D (with again C1 written in terms of CG and ⇣G according to eq. (47)) select the so-called type-I perturbations.

We implement in eq. (56) the two conditions that define D by means of Heaviside step functions. Eq. (56) is the

main result of this paper: It describes the abundance of collapsing peaks in the context of threshold statistics and

gives an exact expression in the presence of primordial NGs.

Instead of working with the full resummed expression ⇣ = log
⇥
X(⇣G)

⇤
, it is also possible to consider its power-

series expansion in eq. (13) truncated at some given order N . The same integral in eq. (56) will give an expression

for �(N)

NG
at order N . This will be used to test the convergence of the series exapnsion in relation to the width of

the spectrum.

In practice, at the prize of a slightly more complicated numerical integration (but at the end the computation

of � would have been numerical anyway) we can go beyond the high-peak limit and consider generic functional

dependences for local type NGs. In the following, we are going to present worked examples by specializing our

analysis to the expression ⇣ = log
⇥
X(⇣G)

⇤
.

B. The log-normal power spectrum

First, we consider the log-normal power spectrum in eq. (25). In fig. 4 we plot the value of �NG, computed by

means of eq. (56), for di↵erent values of � and rdec (see caption for details). We compare �NG (dashed lines) with

its perturbative expansion �(N)

NG
for di↵erent values of the expansion order N (indicated in the x-axis in fig. 4).
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FIG. 14. Same as in fig. 13 but with the center of the power series expansion that is now set by ⇣G = 0.5 (see text for

details).

giving a wider region of convergence.
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Appendix A: On the convergence of the power-series expansion

Consider the power series expansion of eq. (4)

1X

n=1

cn(rdec)⇣
n

G
= log

⇥
X(rdec, ⇣G)

⇤
. (A1)

The above equality is valid only within the radius of convergence of the series expansion. First, consider for

simplicity the case with rdec = 1. The coe�cients cn(1) take the form

cn(1) =
(�1)n+1

n(2/3)n�1
, (A2)

and the radius of convergence is given by

R = lim
n!1

����
cn(1)

cn+1(1)

���� =
2

3
, (A3)

so that we have

1X

n=1

cn(1)⇣
n

G
= log

⇥
X(1, ⇣G)

⇤
=

2

3
log

✓
1 +

3

2
⇣G

◆
, for � 2

3
< ⇣G < +

2

3
. (A4)

This result makes perfectly sense since the function log(1 + 3⇣G/2) has a singularity when ⇣G = �2/3 and the

series expansion centered in ⇣G = 0 is limited by its presence.

Consider now the case rdec 6= 1. For definiteness, we consider rdec = 0.5. In this case, we find that the radius of

convergence is given by R ' 0.173. Unfortunately, we do not have analytic expressions for the coe�cients cn(rdec)

with rdec 6= 1 so the aforementioned result must be derived and understood without relying on standard methods.

First of all, let us visualize the situation with the help of a graph. In the left panel of fig. 13 we compare, as func-

tion of ⇣G, the full expression log
⇥
X(rdec, ⇣G)

⇤
(solid black line) with its power-series expansion

P
N

n=1
cn(rdec)⇣nG

truncated at increasing values of N (light red lines); the region shaded in green is limited by �R < ⇣G < +R

with R ' 0.173. As clear from this plot, within the radius of convergence the equality in eq. (A1) holds true but

as soon as we consider values of ⇣G outside the green band the power-series badly diverges from the exact result.

This plot gives a numerical confirmation that indeed R ' 0.173.

However, it is natural to ask what is the origin of this number and how we computed it. At first sight, this

is indeed puzzling. In the case rdec = 1, as previously discussed, the meaning of the radius of convergence was

clear given the singularity of the function log(1+3⇣G/2): the radius of convergence was just the distance from the

origin of the singularity (including which analyticity would be lost).

However, if we take rdec = 0.5 the function log
⇥
X(rdec, ⇣G)

⇤
does not present any problem. This is indeed

evident from the very same plot in the left panel of fig. 13 that we just discussed: the black curve is a perfectly

smooth curve. What is the obstruction that sets R ' 0.173? To answer this question, let us discuss a simple

example. Consider the geometric series

1X

k=0

(�x)2k =
1

1 + x2
, for � 1 < x < 1 . (A5)

The radius of convergence is R = 1. However, if we plot the function f(x) = 1/(1 + x2) we notice that this is a

perfectly smooth curve that peaks at the origin and dies o↵ at ±1 without any singularity on the real axis. Notice

that this situation is qualitatively very similar to the one we discussed before. What limits R = 1? The (well-

known) answer is that, because of analytical continuation, the function f(x) = 1/(1 + x2) actually knows about

its singularities in the complex plane located at x = ±i. The radius of convergence, therefore, is still measuring

the distance from the origin of the closest singularity with the di↵erence that now the singularity in question is

displaced from the real axis.

Over-threshold perturbations computed 
outside the radius of convergence

Exact

Nth order

G. Ferrante, G. Franciolini, A. Iovino, Junior. and A. Urbano, Phys. Rev. D 107 (2023) no.4, 043520 [arXiv:2211.01728] 
(see also: A.Gow, H.Assadullahi, J.Jackson, K.Koyama, V.Vennin,D.Wands, EPL 142 (2023) no.4, 49001 [arXiv:2211.08348])
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Allowed region by the HSC candidate event

FIG. 11. Left panel. Mass function resulting from a broad power spectrum (solid lines, with kmin = 106 Mpc�1 and

�k = 108.5 Mpc�1) and from a Log-Normal power spectrum (dashed lines, with � = 0.5 and kpeak = 6 ⇥ 1012 Mpc�1)

with di↵erent amount of NGs, i.e. values of rdec. The amplitude of the power spectrum has been re-scaled for each value

of rdec such that PBHs comprise the totality of dark matter. The most stringent experimental constraints are shown (for

a recent comprehensive review on constraints see [65, 68] and description in the text). Minimum testable abundance from

PBH mergers with the Einstein Telescope as derived in [106] (see also [107, 108]). Right panel. Spectral density of

gravitational waves computed with rdec = 0.1 and rdec = 0.5 both with the broad spectrum (red lines) and with the log-

normal spectrum (blue lines). The coloured dashed lines indicate instead the results when only contributions coming from

non-linearities are present. The plot also shows the constraints coming from the NANOGrav 12.5 yrs experiment [105],

EPTA [109], PPTA [110], and future sensitivity for planned experiments like SKA [111], LISA [112], BBO/DECIGO [113]

and ET (power law integrated sensitivity curves as derived in ref. [114]).

is further modulated and can be enhanced/suppressed compared to the case of gaussian primordial curvature

perturbations. We highlight few main trends:

� Moving the position of the main peak of asteroidal mass PBHs in the allowed window between evaporation

and microlensing constraints while keeping fPBH = 1, one finds that the height of the QCD peak, dubbed

fSolar = fPBH(1.25M�), changes approximately with a power law fSolar / M1/2

PBH
. This is shown in the

left panel of fig. 12 and it is caused by the leading order behaviour of the mass distribution fPBH / M1/2

PBH

obtained for scale invariant mass fraction �(MH). Indeed, choosing kmin = 105 Mpc�1, �NG still remains

approximately scale invariant close to the QCD epoch. Hence, imposing PBHs account for the totality of

dark matter, a shift to the right of the mass characterising the main peak MPeak cause an increase of fSolar.

� When the large scale cut-o↵ kmin is moved closer to the QCD mass scale, one obtains larger violations of the

scale invariance around MPBH ⇡ M� (see fig. 8). Therefore, larger values of kmin leads to deviations from

the overall trend highlighted in the previous point and fSolar inherits a stronger dependence to rdec. This is

highlighted in fig. 12 where we show results for kmin = 105 Mpc�1 in blue while kmin = 106 Mpc�1 in red.

� As we can see from the right plot in fig. 8, the value of rdec controls the deviation from a scale independent

�NG. This translates into modified secondary peak amplitude fSolar. The right-hand plot in fig. 12 shows how

fSolar varies for di↵erent values of rdec. Interestingly enough, the height of the peak grows as rdec decreases

(that is, for larger primordial NG). This is nothing but the e↵ect already discussed in figs. 7, 8 (at the level

of the mass fraction �NG) but now reflected on the computation of fPBH.

It is important to note that an enhanced e↵ect of NGs on the secondary peak would allow for a larger merger

rate of stellar mass mergers that may be potentially constrained at current and future ground base GW detectors

[66, 106, 117].
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�k = 108.5 Mpc�1) and from a Log-Normal power spectrum (dashed lines, with � = 0.5 and kpeak = 6 ⇥ 1012 Mpc�1)

with di↵erent amount of NGs, i.e. values of rdec. The amplitude of the power spectrum has been re-scaled for each value

of rdec such that PBHs comprise the totality of dark matter. The most stringent experimental constraints are shown (for

a recent comprehensive review on constraints see [65, 68] and description in the text). Minimum testable abundance from

PBH mergers with the Einstein Telescope as derived in [106] (see also [107, 108]). Right panel. Spectral density of

gravitational waves computed with rdec = 0.1 and rdec = 0.5 both with the broad spectrum (red lines) and with the log-

normal spectrum (blue lines). The coloured dashed lines indicate instead the results when only contributions coming from

non-linearities are present. The plot also shows the constraints coming from the NANOGrav 12.5 yrs experiment [105],

EPTA [109], PPTA [110], and future sensitivity for planned experiments like SKA [111], LISA [112], BBO/DECIGO [113]

and ET (power law integrated sensitivity curves as derived in ref. [114]).

is further modulated and can be enhanced/suppressed compared to the case of gaussian primordial curvature

perturbations. We highlight few main trends:

� Moving the position of the main peak of asteroidal mass PBHs in the allowed window between evaporation

and microlensing constraints while keeping fPBH = 1, one finds that the height of the QCD peak, dubbed

fSolar = fPBH(1.25M�), changes approximately with a power law fSolar / M1/2

PBH
. This is shown in the

left panel of fig. 12 and it is caused by the leading order behaviour of the mass distribution fPBH / M1/2

PBH

obtained for scale invariant mass fraction �(MH). Indeed, choosing kmin = 105 Mpc�1, �NG still remains

approximately scale invariant close to the QCD epoch. Hence, imposing PBHs account for the totality of

dark matter, a shift to the right of the mass characterising the main peak MPeak cause an increase of fSolar.

� When the large scale cut-o↵ kmin is moved closer to the QCD mass scale, one obtains larger violations of the

scale invariance around MPBH ⇡ M� (see fig. 8). Therefore, larger values of kmin leads to deviations from

the overall trend highlighted in the previous point and fSolar inherits a stronger dependence to rdec. This is

highlighted in fig. 12 where we show results for kmin = 105 Mpc�1 in blue while kmin = 106 Mpc�1 in red.

� As we can see from the right plot in fig. 8, the value of rdec controls the deviation from a scale independent

�NG. This translates into modified secondary peak amplitude fSolar. The right-hand plot in fig. 12 shows how

fSolar varies for di↵erent values of rdec. Interestingly enough, the height of the peak grows as rdec decreases

(that is, for larger primordial NG). This is nothing but the e↵ect already discussed in figs. 7, 8 (at the level

of the mass fraction �NG) but now reflected on the computation of fPBH.

It is important to note that an enhanced e↵ect of NGs on the secondary peak would allow for a larger merger

rate of stellar mass mergers that may be potentially constrained at current and future ground base GW detectors

[66, 106, 117].

Curvaton scenarios with an abundance O(1)

SGWB at LISA
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Can we constrain NGs from the spectrum?

5

square of the curvature perturbation spectrum at the
peak [32, 33]. As is shown in Fig. 2, if the PBH abun-
dance is fixed, �2

⇣ as well as ⌦GW decreases as r decreases,
but levels o↵ to a constant as r ! 0. This is because both
�
2

⇣ and �tot depend only on the combination �0

p
r in this

limit. In the asteroid-mass window, PBHs can be all the
dark matter, which requires �0

p
r ⇠ 0.36 from (28). The

associated induced GW spectrum reaches its maximum,

⌦GW ⇠ 10�6
�
4

⇣ ⇠ 10�6
⇥

4

81

�
�0

p
r
�8

⇠ 10�11
, (32)

at ⇠ 0.03 Hz. This is the lower bound of ⌦GW when
f
total

PBH
= 1. As is shown in Fig. 3, (32) is well above the

power-law integrated sensitivity curves of LISA, Taiji,
and TianQin around 10�2 Hz. So we reach the conclu-
sion that the induced GWs must be detectable by LISA
(and/or other planned space interferometeric observato-
ries like Taiji/TianQin/BBO/DECIGO), if PBHs formed
from the peaked curvature perturbation in the curvaton
scenario constitute all the dark matter. This conclusion
is in complete agreement with [27], where the quadratic
local non-Gaussianity is assumed a priori rather than
derived. Here we have shown that the non-Gaussianity
in the curvaton scenario can be well described by the
quadratic form as long as we focus on the parameters of
cosmological interest.

�
�
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FIG. 3. The energy spectrum of the GWs induced by the
curvature perturbation in the non-minimal curvaton model
for several values of the curvaton fraction r at its decay
time. We fix f total

PBH = 1 at M⇤ = 10�12M�, corresponding
to f⇤ = 6.7 ⇥ 10�3 Hz. In the small-r limit, the peak value
levels o↵ to a constant, 2.95⇥ 10�11. The gray curves are the
power-law integrated sensitivity of LISA (solid) [148], Taiji
(dashed) [149], and TianQin (dotted) [150].

Conclusion.—Based on the curvaton scenario with a
non-trivial field metric, we constructed a mechanism to
enhance the curvature perturbation on small scales. The
resulting curvature perturbation is fully non-Gaussian,
while we use the probability distribution function to cal-
culate the PBH formation with all the nonlinear e↵ects

taken into account. The PBH formation in curvaton
scenario based on the expansion series of the curvature
perturbation up to quadratic order has been studied be-
fore [151–160], but our paper is the first to study the PBH
formation for the fully nonliear curvature perturbation.

Once we focus on the parameter space of cosmologi-
cal interest, amazingly the curvature perturbation can be
well approximated by a quadratic local non-Gaussianity
⇣ = ⇣g + FNL(⇣2g � h⇣

2

g i). In this form the nonlinear pa-

rameter FNL = 3/(4r) = ⌦�1

�,dec � 1/4 can freely go to
very large values, which is impossible in an expansion se-
ries. We further calculate the energy spectrum of the con-
comitant induced GWs under this approximation. Due
to the enhancement of the PBH abundance by the non-
Gaussianity, the power spectrum of the curvature per-
turbation required to generate a fixed amount of PBHs
is suppressed when the non-Gaussianity is large. Yet the
suppression has a lower bound when FNL ! 1. For
PBHs to be all the dark matter, we have �

2

⇣ & 2⇥ 10�3

and ⌦GW & 3⇥ 10�11, which must be detectable by the
planned interferometeric GW detectors in space.

In the region of r ⇠ 1 and � & 1, the quadratic ap-
proximation breaks down and all the higher order terms
should be taken into account. They sum up to be the
same logarithmic form as in the ultra-slow-roll inflation,
⇣ / ln |1 + �|. We leave the connection of these two
models for future work.
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Figure 15: The prediction of the current induced GW spectrum associated with the PBH
DM scenario shown in Fig. 2 in the exponential tail case (black thick line). Contributions of
O(A2

g), O(A3
g), and O(A4

g) are shown by blue-dashed, orange-dashed, and green-dashed lines,
respectively. The leading contribution ⇠ O(A2

g) is dominant even in the non-perturbative
exponential tail case because of the smallness of Ag (= 1.32 ⇥ 10�3). As a comparison, the
black thin line shows the prediction for fPBH = 1 if the primordial curvature perturbation
is purely Gaussian with the same peak scale k⇤ = 1.56 ⇥ 10�12Mpc�1. The expected GW

amplitude is reduced by ⇠
⇣
1.32⇥10

�3

5.17⇥10�3

⌘
2

' 0.065 in the exponential tail case because the

required primordial amplitude Ag is reduced from 5.17⇥ 10�3 to 1.32⇥ 10�3. Nevertheless,
it is still detectable by LISA, whose sensitivity is illustrated by the gray dot-dashed line.
Deeper observations such as DECIGO shown by the gray-dotted line may distinguish the non-
Gaussian signature in the high-frequency tail, though it requires more thorough investigations
(see the text). Both sensitivities are taken from Ref. [96].

perturbation amplitude Ag and hence the GW amplitude are really insensitive to the small
change of fPBH as shown in Fig. 1. Fixing the amplitude Ag by the requirement of f tot

PBH
= 1

then it could be said that the typical amplitude of induced GWs is determined by the non-
Gaussian nature of the primordial perturbation. We also note that the relation between the
PBH mass and the GW frequency does not change so much due to the non-Gaussianity (see
Ref. [1]) but is almost determined through the mass-scale relation (2.22).

5 Conclusions

The scalar-induced stochastic GWs accompanying the enhanced primordial fluctuations to
form the PBHs is one of the probes to test the PBH DM model. In this work, we have
investigated the induced GW spectrum associated with the model where the primordial
curvature perturbations have the exponential-tail non-Gaussian distribution.

We first review the PBH abundance prediction with the exponential-tail non-Gaussianity
in Sec. 2, following Ref. [1]. In Sec. 3, we then extend the formulation of the two-point func-
tion of the GWs induced by the second-order scalar perturbations to the case where the
primordial curvature perturbations show the general local-type non-Gaussianity. To take
account of the non-Gaussian corrections into the trispectrum of the curvature perturbation,

– 21 –
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• Additional high-frequency features (?)

(first NG orders sufficient for the computation of the spectrum)

NGs USR:

5

The PBH mass m is related to the linear compaction C¸ by the critical collapse relation [40–42]

m = KMH

3
C¸ ≠ 3

8C2

¸
≠ Cc

4
“

. (21)

where K, Cc, and “ are parameters that control the collapse, which in general are dependent on
the shape of the perturbations [43–47]. The mass distribution is then given by [39]

f(m) = Z
K

1
C¸ ≠ 3

8
C2

¸
≠ Cc

2
“+1

“
1
1 ≠ 3

4
C¸

2 P (C¸), (22)

where Z depends on the peak scale in the power spectrum and the background cosmology. The
diverging term in the denominator arises from the Jacobian factor when changing variable from C¸

to m, and is ultimately inherited from the non-linear form of C in eq. (1). The boundary between
type I and type II perturbations at C¸ = 4/3 corresponds to the maximum value of C = 2/3,
and hence a zero derivative. The PBH abundance is determined from the mass distribution f(m)
through

fPBH =
⁄

mmax

0

d(ln m) f(m), (23)

where mmax corresponds to C¸ = 4/3.

III. RESULTS

We now apply the method described in sec. II to two examples of non-Gaussian distributions,
P (’). We choose the power spectrum width � = 0.3 in eq. (17), and take the same peak scale
as [39], kú = 1.56 ◊ 1013 Mpc≠1. The scale r is chosen such that kúr = 2.74, which maximises the
compaction function for a monochromatic power spectrum [48]. Additionally we choose the same
critical collapse parameters as Ref. [39], K = 1, Cc = 0.587, “ = 0.361, and write the PBH mass in
terms of the horizon mass MH evaluated at the peak scale in the power spectrum, Mkú . For these
choices, the factor in the mass distribution (22) is Z = 6.88 ◊ 1016.

The first non-Gaussian distribution P (’) is an example of a local transformation arising from
the classical ”N approach for an ultra slow roll (USR) phase in the early universe. This results in
the transformation [38, 39, 49–51]

’ = ≠1
3 ln (1 ≠ 3’G) , (24)

and in the non-Gaussian PDF

P (’) = 1Ô
2fi�Y Y

exp
C

≠(1 ≠ e≠3’)2

18�Y Y

≠ 3’

D

, (25)

where �Y Y is the variance of the Gaussian field ’G. From now on we shall refer to this as the
classical USR ”N approach. In this case, and assuming a monochromatic power spectrum, our
general method reduces to the ratio distribution approach in Ref. [39].

1
We note that the maximum scale and critical collapse parameters are valid for a monochromatic power spectrum,

and will di�er for our case of a lognormal with finite width [43–47]. However, the results of the non-Gaussian

calculation presented here will not be strongly sensitive to these modifications.

Result for narrow PS

Curvaton:

K. Abe, R. Inui, Y. Tada, S. Yokoyama, JCAP 05 (2023), 044 
[arXiv:2209.13891]



Franciolini - LISA CosmoWG - 22

Part II: reverse engineering the inflationary potential

Induced GWs as an “indirect” probe of PBHs

and infla
tion



Franciolini - LISA CosmoWG -

0 10 20 30 40 50
-10
-8
-6
-4
-2
0
2

23

Single field formation scenario

Inflection point in the inflaton potential

P⇣ =
8⇡GH

2

✏

����
aH=k
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of perturbations beyond slow roll approx.
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⌘ = �Ḧ/(2HḢ) ⇠ 3
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Single field formation scenario

Example: polinomial inflation
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FIG. 13: Left panel: Hubble parameter ⌘H as function of the number of e-folds. We show in solid black the exact numerical result
(corresponding to the inflationary solution with ns ' 0.970 studied in section IV) while the dashed red line refers to the piecewise
approximation used in appendix C. Right panel: Power spectrum obtained by means of the approximation in eq. (C14) for ⌘II

H = 4
and two different values of�⇥<.

and we have the canonically normalized solution

vk(⌧) =

p
⇡

2
ei(⌫+1/2)⇡/2

p
�⌧H(1)

⌫
(�k⌧) , (C6)

whereH(1)

⌫ is the Hankel function of the first kind. The most general solution for uk has the form

uk(⌧) = ↵kvk(⌧) + �kv
⇤
k(⌧) , |↵k|

2
� |�k|

2
= 1 , (C7)

where ↵k and �k are complex coefficients subject to the Wronskian condition above. Eq. (C6) is normalized in such a
way to match the plane-wave solution that we expect in flat Minkowski space-time for k � aH (i.e.�k⌧ � 1). For ⌘H
constant, ⌫ = ±(3 � 2⌘H)/2 is just a (real) number independent on ⌧ . In the following, we shall exploit the fact that
⌘H can be approximated by a piecewise function, as shown in the left panel of fig. 13 (dashed red line, compared to
the numerical result in solid black). In each of the three regions indicated in the plot above, ⌘H is approximated with a
constant value.

� Region I. This region extends up to the beginning of the phase during which the friction becomes negative (see
discussion in section II). In this region we approximate ⌘ I

H
= 0 and, correspondingly, we have ⌫I = +3/2. The

✏H parameter takes a constant value that we indicate with ✏ I
H
. The comoving curvature perturbationR = �u/z

in region I takes the form

R
(I)

k (⌧) =
�i

a⌧
q

4✏ I
H
k3

e�ik⌧
(1 + ik⌧) '

iHq
4✏ I

H
k3

e�ik⌧
(1 + ik⌧) , (C8)

where in the second step we used eq. (C4) at the leading order in ✏H (meaning that, in eq. (C8),H can be consid-
ered as constant).

� Region II. The parameter ⌘H takes the constant value ⌘II
H

> 3 (consequently, we take ⌫II = (3�2⌘II
H
)/2 6 �3/2).

In terms of the number of e-folds, let us indicate the transition between region I and region II –corresponding to
the beginning of the negative friction phase– withNin (and with ⌧in the corresponding conformal time). In this
region the ✏H parameter evolves (following the equation d✏H/dNe = 2✏H(✏H � ⌘H)) starting from the constant
value ✏ I

H
in region I. Solving this equation for constant ⌘II

H
we find the scaling

✏II
H
(⌧) = ✏ I

H

✓
⌧

⌧in

◆2⌘
II
H

. (C9)

G. Ballesteros, J. Rey, M. Taoso and A. Urbano, JCAP 07 (2020), 025 [arXiv:2001.08220]

See also: 
J. Garcia-Bellido and E. Ruiz Morales, Phys. Dark Univ. 18 (2017), 47-54 [arXiv:1702.03901] 
G.Ballesteros, M.Taoso, Phys.Rev.D 97, no.2, 023501 (2018) [arXiv:1709.05565]
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Appendix A: General polynomial potential with an approximate stationary inflection point

Consider the scalar potential

Ṽ (�) =
a4

(1 + ⇠�2)2

 
ã2�

2
+ ã3�

3
+ �4

+

NX

n=5

ãn�
n

!
, (A1)

with ãi ⌘ ai/a4. We impose the condition that Ṽ (�)must have an exact stationary inflection point at some field value
� = �0, meaning that Ṽ 0

(�0) = Ṽ 00
(�0) = 0. It is possible to recast these two conditions in terms of the coefficients

ãi=2,3. Some trivial algebra then gives the following potential

Ṽ (�) =
a4�4
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ãnGn(�0, ⇠)

�
+
�
3 + ⇠2�4

0

�
1 +

NX

n=5
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where

Fn(�0, ⇠) ⌘
3

2
n(n� 3)�n�4

0
+ (6� 5n+ n2

)⇠�n�2

0
�

1

2
(n� 4)(n� 3)⇠2�n

0
, (A3)

Gn(�0, ⇠) ⌘ (2� n)n�n�4

0
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0
. (A4)

The coefficients ã3 and ã2 are given by the following expressions

ã2 =
2�2

0
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Without loss of generality, we define �/4! ⌘ a4/(3 + ⇠2�4

0
). A slight deformation of the the exact stationary inflection

point in eq. (A7) can be described introducing two small parameters c2,3 defined in such a way that our final ansatz for
the inflaton potential is

Ṽ (�) =
��4

4!(1 + ⇠�2)2
⇥

⇢
�2

0

�2
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0
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(A7)

If we restrict this expression to the renormalizable case, we have (see ref. [15])

Ṽ (�) =
��4

4!(1 + ⇠�2)2
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where in the inset plot we show (for �0 = 1 and ⇠ = 0.1) the shape of the potential in the presence of an exact sta-
tionary inflection point (c2 = c3 = 0, solid black line) and for a slight deformation of it (0.02 6 c2 = c3 6 0.1, red
lines with increasing tonality of red). The region shaded in light gray illustrates the effect of changing ⇠ in the range

Einstein frame potential

4

stochastic BBH+BNS background. The latter is shown in the right panel of fig. 2 with a purple dashed line together with
a gray band that represents the statistical Poisson uncertainty in the local binary merger rate [38, 40]. As this graphical
comparison suggests, we may expect to be able to detect these signals, because the stochastic background from light
PBHs (if present) lies well above the astrophysical one.

II. ANALYSIS

Our analysis follows the standard literature. We shall, therefore, write down explicitly only those equations that are
necessary to understand our line of reasoning. We set the reduced Planck mass to 1 (MPl = 1). Consider the inflaton
� with a quartic polynomial potential V (�) = a2�2

+ a3�3
+ a4�4. In full generality, we cannot avoid the presence of

a non-minimal coupling to gravity of the form ⇠
p
�g�2R, whereR is the Ricci scalar.2 This term is in fact required to

exist for an interacting scalar field in curved space. In the Einstein frame, the potential is

Ṽ (�) =
1

(1 + ⇠�2)2

�
a2�

2
+ a3�

3
+ a4�

4
�
, (4)

where the field � is not canonically normalized. The potential Ṽ (�) has the right properties to provide a working in-
flationary model since it has a minimum at � = 0 where inflation ends, and it flattens, thanks to the presence of the
non-minimal coupling, at large field values. We look for viable inflationary solutions in the special case in which the
values of the parameters ai and ⇠ are such that an approximate stationary inflection point is present a few e-folds
before the end of inflation at the field value � = �0 (a stationary inflection point is defined by the two conditions
Ṽ 0

(�0) = Ṽ 00
(�0) = 0). We refer to appendix A for the exact definition of the parametrization used in our numerical

analysis.
As it is customary, the kinetic term of � can be canonically normalized by means of the field redefinition (using the

boundary condition h(� = 0) = 0)

dh

d�
=

p
1 + ⇠�2(1 + 6⇠)

1 + ⇠�2
=) h =

s
1 + 6⇠

⇠
sinh

�1

h
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⇠(1 + 6⇠)
i
�

p
6 tanh

�1

" p
6⇠�p

1 + ⇠(1 + 6⇠)�2

#
, (5)

and we indicate with U(h) ⌘ Ṽ [�(h)] the physical potential function of the canonically normalized field h. The dy-
namics of h can be obtained solving the equation of motion [41]

d2h

dN2
e

+ 3
dh

dNe

�
1

2

✓
dh

dNe

◆3

+

"
3�

1

2

✓
dh

dNe

◆2
#
d logU

dh
= 0 , (6)

with slow-roll initial conditions.Ne indicates the number of e-folds defined by dNe = Hdt, whereH ⌘ ȧ/a is theHub-
ble rate, a the scale factor of the Friedmann-Lemaître-Robertson-Walker metric, and t the cosmic time (with˙⌘ d/dt).
In the left panel of fig. 3 we show the inflationary dynamics corresponding to the solution in fig. 1, computed for the
following parameters (see eq. (A7) for the parameterization of the potential)

c2 = 0.011, c3 = 0.0089, �0 = 1, and ãn�5 = 0 , (7)

while the values of � and ⇠ are tuned in order to obtain, respectively, the correct normalization of the power spectrum
As at CMB scales and the maximum amount of PBH abundance compatible with observations. The results of a scan
over different values of c2,3, with � and ⇠ tuned accordingly, as discussed before, will be presented in section III but the
results discussed in the rest of this section are of general validity. Typical values of � and ⇠ for the solutions that we find
are of order� ⇠ O(10

�9
) and ⇠ ⇠ O(0.1). The dashed blue line in fig. 1 (which refers to the right-side y-axis) represents

the physical potentialU(h) as a function of the canonically normalized field h. Inflation starts at large field values and
ends at the absoluteminimumof thepotential (ath = 0). Before the endof inflation, thepotential features thepresence
of an approximate stationary inflection point with a local minimum, marked by the vertical black dotted line close to
h = 1, and a subsequent local maximum, marked by the black vertical dot-dashed line (we refer to appendix A for
a better visualization of the potential close to the approximate stationary inflection point). The solid red line (which
refers to the left-side y-axis) represents the inflaton velocity dh/dNe as a function of the canonically normalized field
h. Along the inflationary trajectory, the red dots count the number of e-folds (in steps of 5). It is instructive to follow the
amount of inflation by tracking the comoving wavelengths � that –one after each other starting from the largest one
(that is from small to large comoving wavenumber k = 2⇡/�)– exit the conformal Hubble horizon 1/(aH) as inflation
proceeds.3 The yellow star marks the number of e-folds corresponding to the Hubble exit of the pivot scale k⇤ = 0.05

2 A non-minimal coupling to gravity of the form �R which is linear in the field � can be eliminated by a field redefinition at the prize of redefining
the Newton’s constant in the Jordan frame.

3 It is common to use loosely the term "horizon" to refer to the boundary at a Hubble length 1/(aH). We will follow this practice here.

equal, we find that [54]:

�N
⇤

e = �1

2
log

M

M�

+
1

2
log � +

1

12
log

g(T )

106.75
+

1

2
log

4.4⇥ 1024⌦rH
2
0

k2⇤
, (2.9)

where the radiation density is ⌦r h
2 = 4.18 ⇥ 10�5 and H0 ' 0.0007 Mpc�1. Choosing for

concreteness k⇤ = k0.05 = 0.05 Mpc�1, which is the reference scale used by the Planck collaboration,
we finally get:

�N
⇤

e = 18.37� 1

2
log

M

M�

. (2.10)

For instance, PBHs with mass M = 10�14
M� are associated to a comoving scale k

�1 which
becomes larger than H�1 approximately 34.5 e-folds after k0.05 does it.

3 Inflation and the spectrum of primordial perturbations

We consider a real scalar field coupled to gravity in the so-called Jordan frame:

S =

Z
d
4
x
p
�g

✓
�1

2

�
M

2
P + ⇠ �

2
�
R+

1

2
gµ⌫ @

µ
�@

⌫
�� V (�)

◆
. (3.1)

We will later choose V to be equal to either (1.3) or (1.4), but we keep it generic for the moment.
It is worth recalling that the coupling ⇠ is generated radiatively even if it is zero at some scale, and
therefore it should be included unless it is assumed to be so small that its effect is negligible. Since
we only consider potentials that vanish at � = 0, the term ⇠ �

2
R does not contribute to the actual

Planck mass squared today, which is just m
2
P
= 8⇡M

2
P
. This coupling between � and R can be

recast into a non-canonical kinetic term for the scalar field by performing a Weyl transformation
of the metric:

g̃µ⌫(x) = ⌦2[�(x)] gµ⌫(x) with ⌦2 = 1 +
⇠�

2

M
2
P

. (3.2)

This leads to

S =

Z
d
4
x

p
�g̃

✓
�M

2
P

2
R̃+

1

2
K(�) g̃µ⌫ @

µ
�@

⌫
�� Ṽ (�)

◆
, (3.3)

where

K =
1

⌦2
+

3M2
P

2

✓
d log⌦2

d�

◆2

and Ṽ =
V

⌦4
. (3.4)

The kinetic term of the scalar field can be canonically normalized with the following field redefini-
tion:

⌦2d�

d�
=

s

⌦2 +
3M2

P

2

✓
d⌦2

d�

◆2

. (3.5)

In terms of the new field, �(�), and defining

U(�) = Ṽ (�(�)) , (3.6)

the action reads
S =

Z
d
4
x

p
�g̃

✓
�M

2
P

2
R̃+

1

2
g̃µ⌫ @

µ
�@

⌫
�� U(�)

◆
. (3.7)

This is the form of the action that we will use in later sections of the paper to compute the
inflationary dynamics and the formation of PBHs from the potentials (1.3) and (1.4).
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Reverse engineering inflationary dynamics 
G. Franciolini and A. Urbano, Phys. Rev. D 106 (2022) no.12, 123519 [arXiv:2207.10056] 
(see also A.Karam, N.Koivunen, E.Tomberg, V.Vaskonen and H.Veermäe, JCAP 03 (2023), 013 [arXiv:2205.13540])

<latexit sha1_base64="+xqBq4tXtn9hF/X90aBJ0XlItww="></latexit>

⌘(N) =
1

2

⇢
⌘I � ⌘II + (⌘II � ⌘I) tanh

✓
N �NI

�NI

◆�
+


⌘II + ⌘III + (⌘III � ⌘II) tanh

✓
N �NII

�NII

◆��
Reverse engineering starting from modelling Hubble parameter evolution to include USR
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V (N) = V (Nref) exp

(
�2

Z N

Nref

dN 0

✏(3� ⌘)
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�)
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Z N
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dN 0p2✏
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Data driven reverse engineering 

G. Franciolini, I. Musco, P. Pani and A. Urbano, Phys. Rev. D 106 (2022) no.12, 123526 [arXiv:2209.05959]

(example scenario from the LVK bounds)
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Constraints on the inflationary dynamics
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G. Franciolini, I. Musco, P. Pani and A. Urbano, Phys. Rev. D 106 (2022) no.12, 123526 [arXiv:2209.05959]
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Constraints on the inflationary dynamics
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SGWB

Mass function

Small scale primordial power spectrum needed to 
interpret GW190814 as a primordial binary( )

G. Franciolini, I. Musco, P. Pani and A. Urbano, Phys. Rev. D 106 (2022) no.12, 123526 [arXiv:2209.05959]
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Constraints on the inflationary dynamics
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Constraints on the inflationary dynamics
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Inflaton potential

Can we reproduce this potential within a 
particle physics model of inflation?
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Constraints on the inflationary dynamics
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Inflaton potential

Can we reproduce this potential within a 
particle physics model of inflation?

Same procedure can be applied to LISA results/forecasts
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• Develop solid tests to distinguish signals of different nature 

• Explore different PBH formation mechanisms (early matter era, phase transitions, …) 

• Contribute to the science case of LISA, Einstein Telescope experiments

Conclusions

32

Outlook

• LISA will be able to test the formation of asteroidal mass PBHs as dark 
matter, potentially closing the remaining window 

• Non-Gaussianities have large impact on the constraints,                    
and it requires non-perturbative computation of the abundance. 

• One can reverse engineer inflationary dynamics compatible with an 
eventual SGWB detection



Thanks!

08-06-2023  LISA CosmoWG 
Workshop Stavanger
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08-06-2023  LISA CosmoWG 
Workshop Stavanger
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What about alternative formation scenarios?

• Early Matter dominated era:

��=1
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M=10-12M�

Figure 3: Left panel. The GW signal for � = 0.1 and horizon mass M = 10�12
M� for three

di↵erent reheating temperatures. Right Panel. The maximum GW signal in the LISA-BBO
frequency band for the PBH dark matter scenario for two di↵erent �M values. For �M = 1 it is
� = 0.0047 and for �M = 0.1 it is � = 0.0071 so that ⌦PBH = ⌦DM; the reheating temperature
is chosen to be Trh = Tcol/2, that is 4.8⇥103 GeV and 6.5⇥103 GeV respectively. The horizon
and the PBHs have masses M = 10�12

M� and MPBH = �MM respectively.

5.1 PBH as the entire dark matter of the universe

In the mass window MPBH = 10�15 � 10�10
M� the PBH abundance can reach its maximum

value, i.e., it can account for 100% of the dark matter abudnance. If PBHs constitute a
significant fraction of the total dark matter then a GW counterpart must exist that can be
tested by the scheduled Laser Interferomenter Space Antenna (LISA) [4], as well as by other
space-based proposed experiments such as DECIGO [7,8], BBO [88], TianQin [6], and Taiji [5].
For (see Eq. (46))

Trh . 5⇥ 105GeV�
3/4

✓
M

10�12M�

◆�1/2

(62)

our result, given by Eq. (43), applies and gives the GW spectrum. The GW signal is generally
found with a di↵erent amplitude compared to the signal produced during radiation dominated
era and the peak frequency shifted towards smaller values as the reheating temperature de-
creases (see Fig. 3). In view of the �M uncertainties, we plot in Fig. 3 the GW signal for two
di↵erent �M parameters in the LISA-BBO frequency band. For the PBH dark matter scenario,
smaller �M parameter values increase the GWs amplitude. The peak frequency of the signal is
the signature of the PBH dark matter scenario in cosmologies with low reheating temperatures.

5.2 PBH with solar and sub-solar masses

Besides the recent result of NANOGrav Collaboration [84], PTA experiments rule out the
existence of practically any PBH with mass MPBH = O(10�3 � 1)M� [3, 85–87], as depicted
in Fig. 5. However, the depicted PTA bound on the second order tensors (GW2) has been
derived assuming a radiation dominated era. For reheating temperature (see Eq. (62)) less
than Trh < 103�3/4(M�/M)1/2MeV, GWs that are produced during eMD might avoid the
severe GW2 constraint on the PBH abundance, depicted in Fig. 5. Hence, at that mass range
10�3 � 1M� the PBH abundance can be a non negligible fraction of the total dark matter
abundance, even up to few % according to the bounds from EROS and MACHO microlensing
experiments, without overproducing GWs. Let us note that a further motivation in this mass
range is the intriguing event [89] and the recent evidence for a stochastic GW background [84].

As an example, let us take ⌦PBH/⌦DM = 5% for MPBH = 0.1M� and �M = 1. According to
Eqs. (60), and (61) such an abundance is obtained for � = 0.023. For Trh = 1/2Tcol = 87 MeV,
these parameters yield a GW signal that has a maximal amplitude ⌦GW(t0, fpeak) = 1.4⇥10�10

at the peak frequency fpeak = 2.4 ⇥ 10�8 Hz, see Eq. (58) and (57), and this value is fully
compatible with the current PTA constraints. In Fig. 4 the GW signal has been plotted
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+ Cosmic strings, etc. …

I.Dalianis and C.Kouvaris, JCAP 07 (2021), 046 [arXiv:2012.09255]

• Phase transitions:
5
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(bubble
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production

↑B
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Figure 5. Constraints on strong (↵ > 100) supercooled PTs for which PBHs are expected to be produced, shown in the Teq–�/H plane
(with the PBH mass shown on the top x-axis). As discussed in the text, Teq is the temperature below which an intermediate period of inflation
occurs while the universe undergoes super-cooling, and �

�1 encodes the duration of the phase transition. In yellow, regions excluded by
CMB either due to the expected accretion of predicted large PBHs (left) [45–47] or due to the evaporation of small PBHs (right) [48–50],
are shown. The cyan region is excluded due to expected merging events in LIGO-Virgo [51] while the purple region is excluded from
the MACHO [52], Eros [53], OGLE [54], and HSC [55] microlensing experiments. The region in which DM over-closes the universe is
shown in brown, exclusion from unobserved cosmic-rays fluxes [56, 57] is in red, and evaporation during BBN [56] is in green. The dotted
dark blue and dotted orange regions are the best-fit regions which address the anomalous microlensing events reported in HSC and OGLE
data respectively [54, 55, 58]. Finally, in dashed and solid gray we indicate where gravitational waves from bubble collision fall within
the detectability of pulsar timing arrays [59–62] and exclusion of LIGO-Virgo [63]. Additionally, in the region labeled ”BBN” in gray, the
reheating temperature is lower than the temperature of neutrino decoupling, Teq . MeV [64], which is excluded. The above limits are recasted
from various existing constraints shown in Fig. 11. We have fixed the PBHs threshold to �c = 0.45.

collision and the associated plasma dynamics [65–68]. The
possible production of PBHs allows for a novel and comple-
mentary strategy to identify the presence of a supercooled PT
in the early universe and here we summarize existing con-
straints (for a review on the cosmological and astrophysical
constraints on PBHs see [69]).

In Fig. 5 we show the viable parameter space in the �/H-
Teq plane, for the supercooled 1stOPT scenario discussed
in this letter. The Gray-shaded regions represent observ-
ables that are not related to PBHs. Firstly, for tempera-
tures below Teq . MeV a supercooled PT would inject en-
tropy after the onset of Big-Bang Nucleosynthesis (BBN),
which is excluded. Secondly, the non-detection of a stochas-
tic GW background at the LIGO/Virgo interferometers [63]
excludes supercooled PTs around Teq ⇠ 10

8
GeV, while

the region around Teq ⇠ 100 MeV is of interest for the
recent common-red-noise signal found in pulsar timing ar-
ray datasets NANOgrav [59], EPTA [60], PPTA [61], and
IPTA [62]. The GW signal sourced by bubble collision is de-
rived using the bulk flow model [70, 71].

On the other hand, the colored regions in Fig. 5 depict the
constraints and regions of interest connected with the pres-
ence of PBHs. Sufficiently small PBHs, with masses below
. 10

15 g, evaporate and do not survive to present day [72, 73].
Such PBHs, which in the framework discussed here corre-
spond to Teq & 10

7
GeV (see Eq. 17), would radiate at early

times and are therefore constrained. The yellow region (on
the right) in Fig. 5 shows such limits from Cosmic Microwave
Background (CMB) anisotropies [48–50]. The red region cor-
responds to constraints from measured fluxes of extra-galactic
photons on Earth [56] and from the e± flux measured by Voy-
ager 1 [57]. Finally, constraints on energy injection at BBN
are shown in green [56].

Conversely, supercooled PTs happening at lower temper-
atures, Teq . 10

7
GeV, produce PBHs which would con-

tribute to the Dark Matter (DM) relic density today. For suffi-
ciently small �/H they would be over-produced (see Eqs. (15)
and (16)), thereby overclosing the universe, as shown in
brown. Microlensing constraints displayed in purple are from
MACHO [52], Eros [53], OGLE [54] and HSC [55], relevant

J. Liu et al,Phys. Rev. D 105 (2022) no.2, L021303 [arXiv:2106.05637] 
Lewicki, Toczek, Vaskonen, 2305.04924 
Y.Gouttenoire and T.Volansky, [arXiv:2305.04942]

Primordial Black Holes from Supercooled Phase Transitions

Yann Gouttenoire1, * and Tomer Volansky1, †

1School of Physics and Astronomy, Tel-Aviv University, Tel-Aviv 69978, Israel

Cosmological first-order phase transitions (1stOPTs) are said to be strongly supercooled when the nucleation
temperature is much smaller than the critical temperature. These are often encountered in theories that admit
a nearly scale-invariant potential, for which the bounce action decreases only logarithmically with tempera-
ture. During supercooled 1stOPTs the equation of state of the universe undergoes a rapid and drastic change,
transitioning from vacuum-domination to radiation-domination. The statistical variations in bubble nucleation
histories imply that distinct causal patches percolate at slightly different times. Patches which percolate the lat-
est undergo the longest vacuum-domination stage and as a consequence develop large over-densities triggering
their collapse into primordial black holes (PBHs). We derive an analytical approximation for the probability
of a patch to collapse into a PBH as a function of the 1stOPT duration, ��1, and deduce the expected PBH
abundance. We find that 1stOPTs which take more than 12% of a Hubble time to complete (�/H . 8) produce
observable PBHs. Their abundance is independent of the duration of the supercooling phase, in agreement with
the de Sitter no hair conjecture.

I. INTRODUCTION

Primordial black holes (PBHs) have been the object of in-
tense research activities since the detection of gravitational
waves from mergers of solar-mass black holes in 2015 [1].
The detection of black holes with sub-solar masses would
be considered evidence for the gravitational collapse of large
overdensities which pre-existed in the primordial plasma [2].
A variety of mechanisms have been proposed for generat-
ing such inhomogeneities, e.g. inflaton ultra slow-roll [3, 4],
collapse of cosmic strings [5–8], of domain walls [9–12],
of scalar condensates [13–16] or in a dissipative dark sec-
tor [17, 18]. Overdensities and the formation of PBHs can
also be associated with cosmological first-order phase transi-
tions (1stOPTs) where by and large, four mechanisms have
been identified: bubble collisions [19, 20], matter squeezing
by bubble walls [21–24], transitions to a metastable vacuum
during inflation [25–28] and the collapse of delayed false vac-
uum patches [29–38].

In this letter, we revisit the last of these mechanisms and
show that PBHs can be abundantly produced in the supercool-
ing regime, e.g. when the energy density of the universe is
dominated by the latent heat of a phase transition. The latent
heat acts as a cosmological constant which causes the uni-
verse to inflate until the transition completes and the energy is
converted into radiation once bubbles nucleate and percolate.
As illustrated in Fig. 1, since bubble nucleation is a stochas-
tic event, and since regions outside bubbles expand faster than
those inside, a delayed nucleation within a causal patch would
develop high curvature and collapse into a PBH. We find that
any 1stOPT whose “duration” ��1 is longer than one tenth of
Hubble time,

� ⌘ 1

�V

d�V

dt
. 8H , (1)

produces PBHs with observational consequences. Here �V ⌘
�/V is the bubble nucleation rate per unit of volume (and
hence a dimension-4 parameter). The mass of these PBHs is
given by the mass inside the sound horizon, cf. Eq. (17).

H�1

PBH

Old vacuum-dominated region (outside bubbles)

New radiation-dominated region (inside bubbles)

a) b)

c) d)

late-bloomer

Figure 1. The supercooled late-blooming mechanism:
a) The nucleation of bubbles through quantum or thermal tunneling
is a random process. Within certain causal patches – such as the
one delimited with a black dotted circle and labeled “late-bloomer”
– bubble nucleation can start later than the background. b) and c)
In the supercooled limit, false vacuum regions in gray are vacuum-
dominated while true vacuum regions in brown are energetically
dominated by components which redshift like radiation (see App. B).
As a result, the background is rapidly redshifting while late-bloomers
admit a nearly constant energy density. d) This inhomogeneity in the
equation of state generates a Hubble-size over-density in the radia-
tion fluid which, above a certain threshold, collapses into a PBH.
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Curvaton model - NGs

21

FIG. 9. Left panel. Variances �c,cr,r in eqs. (50-52) as function of the horizon mass MH . We take the parameters

kmin = 106 Mpc�1 and �k = 109, and normalize to 1 the amplitude of the power spectrum (we remind that the variances

�c,cr,r simply scale as
p
A). We also plot the correlation parameter �cr (which, on the contrary, does not depend on A).

Right panel. Functional dependence of dF/d⇣G on the Gaussian variable ⇣G for di↵erent values of rdec. We consider the

explicit case of the curvaton field.

again eq. (56). The change of variable ⇣G ! ⌫G ⌘ ⇣G/�r seems to completely reabsorb the explicit dependence

on �r. However, and crucially, in the presence of primordial NGs �r appears back through the term dF/d⇣G in

the non-linear relation in eq. (48). Furthermore, the coe�cient �cr, which measures the correlation between ⇣G

and CG, will also retain some MH dependence. These simple observations suggest that a full understanding of the

e↵ect of NGs requires to consider both the functional dependence of dF/d⇣G on the Gaussian variable ⇣G and the

two-dimensional probability distribution PG(CG, ⇣G).
First, consider dF/d⇣G; we focus on the case of the curvaton, eq. (4). In the right panel of fig. 9, we show the

behavior of dF/d⇣G as function of ⇣G for di↵erent values of rdec. For rdec < 1, dF/d⇣G transits from small negative

to small positive values through an heartbeat transition located at around ⇣G ' 0. The case rdec = 1 is somewhat

special; in this case, dF/d⇣G is positive and grows for decreasing ⇣G with the latter that is subject to the condition

⇣G > �2/3. This restriction is a consequence of the presence of a branch-point singularity that, for rdec = 1, is

located on the real axis (while for rdec < 1 it acquires an imaginary part and moves away from the real axis, cf.

appendixA).

In fig. 10 we show iso-contours of the two-dimensional probability distribution PG(CG, ⇣G). From left to right,

di↵erent panels correspond to increasing values of rmkmin. This is to capture the e↵ect of the MH -dependence on

�cr. For rmkmin = 1 (right-most panel, large horizon mass) the power spectrum is very peaked and the correlation

among CG and ⇣G maximal (�cr ! 1, cf. the left panel of fig. 9). For smaller rmkmin (broader power spectrum and

small horizon mass), the level of correlation decreases and the ellipses in fig. 10 rotate towards a diagonal configura-

tion (�cr ! 0). The top (bottom) row refers to rdec = 0.5 (rdec = 0.1). The regions shaded in red (top row) and blue

(bottom row) in fig. 10 are selected by the condition D = {CG, ⇣G 2 R : C(CG, ⇣G) > Cth ^ C1(CG, ⇣G) < 2�} (cf.

eq. (58)) in the presence of both NGs and non-linearities. For comparison we also show: the region defined by the

condition Cth < CG < 4/3 and limited by the two vertical black lines (pure Gaussian case) and the region defined

by the condition Cth < CG � (3/8)C2

G
< 2/3 that lies on the right-side of the dashed red line is (including NG from

non-linearities; notice that the right-side of this constraint lies outside the range of the x-axis).

We are in the position to combine the two e↵ects. For simplicity, we start from the benchmark case with

rdec = 0.5. Many important lessons can be drawn.

i) First of all we notice that, going from the pure Gaussian case to the case in which only NGs from non-

4

II. PRIMORDIAL NG UP TO ALL ORDERS

The aim of this paper is to consider the impact of local primordial NG on PBH abundance in the most general

way. To this end, we will consider the following functional form

⇣(~x) = F (⇣G(~x)) , (2)

where F is a generic non-linear function of the Gaussian component ⇣G and the attribute of locality refers to the

fact that the value of ⇣ at the point ~x is fully determined by the value of ⇣G at the same spatial point.1 Whenever

unnecessary, we will drop the explicit functional dependence from the spatial coordinates in ⇣ and ⇣G.

There is a number of relevant cases in the literature of PBH formation that can be traced back to eq. (2), as

summarized in the schematic below.

⇣ = F (⇣G)

power-series expansion [28–34, 36–39]

⇣ = ⇣G + 3

5
fNL⇣2G + 9

25
gNL⇣3G + . . .

curvaton [48, 49]

⇣ = log [X(rdec, ⇣G)]

ultra slow-roll [42]

⇣ = �
�
6

5
fNL

��1

log
�
1� 6

5
fNL⇣G

�

ultra slow-roll
with an upward step [50]

⇣ = � 2

|h|

hp
1� |h|⇣G � 1

i

(3)

In the course of this paper, and in particular in section III, we will describe the main results of our analysis using the

generic functional form ⇣ = F (⇣G). However, in order to present and discuss explicit examples of phenomenological

relevance, we will apply our formulas to the physics-case of the curvaton field. Let us, therefore, explore in more

detail this specific theoretical set-up.

A. Primordial NG in curvaton models

When presenting results inspired by the curvaton model, we will focus on primordial NG with the following

functional form [48]

⇣ = log
⇥
X(rdec, ⇣G)

⇤
, (4)

with

X(rdec, ⇣G) ⌘
1p

2(3 + rdec)1/3

(s
�3 + rdec(2 + rdec) + [(3 + rdec)P (rdec, ⇣G)]2/3

(3 + rdec)P 1/3(rdec, ⇣G)

+

s
(1� rdec)

P 1/3(rdec, ⇣G)
� P 1/3(rdec, ⇣G)

(3 + rdec)1/3
+

(2rdec + 3⇣G)2P 1/6(rdec, ⇣G)

rdec
p
�3 + rdec(2 + rdec) + [(3 + rdec)P (rdec, ⇣G)]2/3

)
, (5)

and

P (rdec, ⇣G) ⌘
(2rdec + 3⇣G)4

16r2
dec

+

s

(1� rdec)3(3 + rdec) +
(2rdec + 3⇣G)8

256r4
dec

. (6)

1
In other words, the function F in eq. (2) must be independent on spatial derivatives of ⇣G since the latter would make the value of

⇣ at ~x determined by the values of ⇣G in a certain neighborhood of ~x.

G. Ferrante, G. Franciolini, A. Iovino, Junior. and A. Urbano, Phys. Rev. D 107 (2023) no.4, 043520 [arXiv:2211.01728] 
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Additional probe of abundance anisotropies

LISA

In addition LISA will probably have an angular 
resolution up to around ` t 10
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Small perturbations (direction dependent) 
in the abundance

1) Anisotropies at emission

 2) Anisotropies due to propagation 
Bartolo et al. [1908.00527]
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GW anisotropies vs Isocurvature bounds

 Anisotropies at emission:

At unreachable scales:
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One can have large-scale initial anisotropies due to Non-Gaussianities

1
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Figure 2. Feynman diagram for the energy density two-point function connected by a fNL bridge.
The double wiggly line indicates a ⇣L long mode.

shape (3.1). The Planck collaboration [46] constrained the local non-linear parameter to

� 11.1  fNL  9.3 , at 95% C.L. (3.2)

At the diagrammatic level, computing the two-point function using (3.1) results in adding
trilinear vertices ⇣

3, each proportional to fNL. In particular, vertices involving two short-scale
and one long-scale mode connect the disconnected diagram of Figure 1 into the connected
diagram of Figure 2. For brevity, we will denote this connection as an “fNL bridge”. In the
peak-background split picture, one can expand the Gaussian comoving curvature perturba-
tion field ⇣g as the sum of a short ⇣s and a long ⇣L components. In such a case, the four-point
function in Eq. (2.3), not yet averaged over the long modes, results in
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In practice, it is convenient to write down the energy density before correlating over the long
modes as

⇢GW(⌘, ~x) = ⇢̄GW(⌘)


1 +

24

5
fNL

Z
d
3
q

(2⇡)3
ei~q·~x ⇣L (~q)

�
, (3.4)

where the term ⇢̄GW defines the energy density field at zeroth order in the non-linear pa-
rameter, while the second term in the square brackets accounts for the presence of such a
non-Gaussianity. From the energy density one can immediately compute the GWs abundance
as

⌦GW(⌘, ~x, k) = ⌦̄GW (⌘, k)
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, (3.5)

where the term ⌦̄GW (⌘, k) identifies the contribution with the absence of the long mode, see
Eq. (2.7).

Following the notation in [45], one can estimate the amount of anisotropy in the GW
abundance by introducing the contrast

�GW(⌘, ~x,~k) =
⌦GW(⌘, ~x, ~k) � ⌦̄GW (⌘, k)
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in terms of the quantity
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. (3.7)

This term carries all the information about the amount of anisotropy due to the initial
conditions (su�x I). We choose to define the variable � by following the notation used
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of �s is also nearly Gaussian,2 the probability of PBH
formation is given by
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where ⌫ = �c/�s and �s is the standard deviation of �s
averaged in the region R:
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Ms(k)Ms(q)R(k)R(q)ei(k+q)·x,
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where V is the volume of the region R. We have in-
cluded conventional factor 2 of Press-Schechter formula-
tion. Also we have assumed a high peak limit as ⌫ � 1,
because PBHs should be rare objects. Then we will con-
sider how this probability will be modulated under the
existence of long-wavelength modes.

With the long-wavelength mode, the two quantities �c
and �s seem to be able to be modified. However, in the
integral of Eq. (6), the factor (k/aH)2 in Ms(k) cuts o↵
the long-wavelength modes of R and �s is determined
only by the short-wavelength modes as

�2
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d log kPR(k)M2

s(k)⇠PR(ks)M
2

s(ks), (7)

with the power spectrum PR(k) = k3

2⇡2R(k)R(�k) =
k3

2⇡2 |R(k)|2. Here we have replaced V �1
R
R d3x ei(k+q)·x

by (2⇡)3�(3)(k + q) for su�ciently large k and q com-
pared to R�1. If R is completely Gaussian and there is
no modal coupling between long- and short-wavelength
modes, it does not a↵ected by long modes at all. On the
other hand, the threshold �c is simply reduced to �c � �l
if the region R is on the long-wavelength density pertur-
bation �l (see Fig. 1). Therefore the PBH density in that
region will be slightly larger as

�PBH(x) :=
P1(> ⌫|�l(x))

P1(> ⌫)
� 1

'
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@ logP1
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�s
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such that �s > �c will collapse (For instance, Nakama et al. [27]
analyzed the development of overdensities of generalized curva-

ture profile beyond the Gaussian one and proposed two crucial

parameters as thresholds of PBH formation.). However those ef-

fects are beyond the scope of this paper, and we just follow the

standard Press-Schechter approach.
2
The e↵ect of the non-Gaussian profile of �s is considered in [28–

31] for example. However such an e↵ect to the scale-dependent

bias is the second order quantity w.r.t. fNL [32–34], and there-

fore it can be neglected safely. Moreover, in appendix A, it is

suggested that the part of bias factor without fNL is not so dif-

ferent even if the non-Gaussian profile e↵ect is taken into account

as long as the PBH abundance is fixed.

FIG. 1. Schematic diagrams of a bias e↵ect in the peak-
background split formulation. Gray dotted lines represent
the threshold for PBH formation �c and dark blue points show
the regions which will be PBHs. In the first (top) figure, it
can be seen that the threshold for the short-wavelength mode
�s is e↵ectively reduced to �c � �l. Therefore PBHs tend
to be formed in �l > 0 region, and this e↵ect is called the
scale-independent bias. However, long-wavelength modes of
the comoving radiational perturbations are practically quite
suppressed compared to the curvature perturbation Rl due
to the factor (kRPBH)

2 in Eq. (4) as the second (bottom)
figure shows. Even in such a case, if fNL > 0 (or < 0), the
amplitude of �s itself tends to be larger, being proportional
direct to Rl via the non-Gaussianity of primordial curvature
perturbations. Such a bias e↵ect is called the scale-dependent
bias.

Here we have used a high peak limit ⌫ � 1 again. The
spatial label x denotes the coarse-grained position of the
region R. This coe�cient b0 := �

@ logPc

@�c
'

⌫
�s

is called
scale-independent bias.

Thus, following the peak-background split picture, we
find that the number density fluctuations of PBH, �PBH,
on large scales is given by �PBH '

⌫
�s
� in the pure Gaus-

sian case. However, although a biasing factor ⌫/�s is
larger than order of unity, �PBH is actually much smaller
thanR on the CMB scale. This is because the CMB scale
k�1

CMB
is quite larger than the PBH scale RPBH, namely

kCMBRPBH ⌧ 1, and then �PBH is strongly suppressed
as �PBH(kCMB) ⇠ ⌫/�s ⇥ (kCMBRPBH)2R(kCMB) ⌧

R(kCMB). Indeed, this result is consistent with the
claims of [10–12]. However, it will be dramatically
changed if we consider the e↵ect of non-Gaussianity,
namely the scale-dependent bias [9].

If the primordial perturbations have local-type non-
Gaussianity as given in Eq. (1), there is a correlation be-
tween short- and long-wavelength perturbations as shown
later. Therefore the long-wavelength density perturba-
tion �l not only reduces the threshold e↵ectively but also
modifies the variance of short-wavelength perturbations,

�s. Thus the bias parameter b = d logP1

d�l

���
�l=0

has the

This also modulate PBH abundance = isocurvature modes

4

other component

�b =
@ log �s

@�l

@ logP1

@ log �s

����
�l=0

, (9)

which is called scale-dependent bias. Then let us evaluate
this bias e↵ect.

From Eq. (1), R(x) can be decomposed into long- and
short-wavelength components as

R(x)=gl(x)+gs(x)+fNL[(gl(x)+gs(x))
2
�hg2l i�hg2si]

=gl(x)+fNL(g
2

l (x)�hg2l i)

+gs(x)+fNL(2gl(x)gs(x)+g2s(x)�hg2si). (10)

In the second equation, the first line which is independent
of gs denotes the long-wavelength mode Rl and the sec-
ond line is regarded as the short-wavelength mode Rs.
Rl will be cut o↵ in the integral for �2

s (6) due to the
transfer function Ms(k) as we have mentioned, but now
we have another contribution of long-wavelength modes
to the variance via gl(x) in Rs. Since the second or-
der terms of gs(x) do not include the long-wavelength
mode gl(x) and their contributions to bias e↵ects are
suppressed as the second order of fNL [32–34], one can
neglect these terms and see that the variance �2

s in the
region R is just constantly amplified as

�s(x) = (1 + 2fNLgl(x))�̄s, (11)

noting that gl(x) is almost constant in the region R. Here
�̄2

s denotes the variance of �s averaged over the whole uni-
verse, namely �̄2

s = h�2si. Hence, with an approximation
Rl(x) ' gl(x), the Fourier mode of the dependence of �s

to �l on large scale is given by
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gl(k)=0

= 2fNLM
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l (k), (12)

where,

Ml(k) =
4

9
(kRPBH)

2W (kRl). (13)

On the other hand, since P1 is the function only of ⌫, we
can obtain the following relation with use of the definition
of b0.

@ logP1

@ log �s
= �s

d⌫

d�s

d logP1

d⌫
= ��c

@ logP1

@�c
= �cb0. (14)

From the above results, the scale-dependent bias is given
by

�b(k) = 2fNLM
�1

l (k)�cb0. (15)

It is noteworthy that �b has a factor of M
�1

l . Since
this factor cancels out (kRPBH)2 in �s, �PBH with the
scale-dependent bias is not negligible compared to the
adiabatic curvature perturbation R even on much larger
scales. This is because the scale-dependent bias is di-
rectly proportional to R via the non-Gaussianity, while
the scale-independent bias is proportional to �.

B. PBH-DM isocurvature perturbation

Gravitational collapse is irreversible process and po-
tentially accompanied by entropy production. Further-
more, especially in the case of PBH formation, the equa-
tion of state of the density component changes from the
radiation to the matter, and therefore the density per-
turbations of PBHs can bring about easily-detectable en-
tropic (or isocurvature) perturbations. In this section we
will calculate the specific value of the isocurvature per-
turbations.
If a dominant component of DMs consists of PBH, the

matter isocurvature perturbation can be given in terms
of �PBH as

S := �PBH �
3

4
�. (16)

By using Eq. (15), the Fourier transformed component
of the matter isocurvature perturbation smoothed on the
scale R is

SR(k)=
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4

◆
�R(k)
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R(k),
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where MR(k) = 4

9
(kRPBH)2W (kR). As mentioned be-

fore, the factor (kCMBRPBH)2 in MR is so small that we
can neglect the first and third terms in the parenthesis.
Thus the power spectrum of the isocurvature mode is
given by3

PS(kCMB) ' (2fNL�cb0)
2
PR(kCMB)

'
�
2fNL⌫

2
�2

PR(kCMB). (18)

Here we have approximated MR
Ml

(kCMB) as unity be-

cause k�1

CMB
is larger than both Rl and R now and then

W (kCMBRl) ' W (kCMBR) ' 1. Note that SR is sim-
ilarly equal to the unsmoothed mode S on CMB scale.
Also we have used ⌫ = �c/�s and b0 ' ⌫/�s in the second
equation.

CMB observations have already given tight constraints
on the amplitude of the matter isocurvature perturba-
tions and, according to the Planck collaboration [35], in
the case of fully (anti-) correlated type which corresponds
to S / R (or S / �R), the matter isocurvature mode is
constrained as

PS

PS+PR
<
⇠

(
0.0025 (fully correlated, fNL>0)

0.0087 (anti-correlated, fNL<0),
(19)

3
Note that this result does not mean the rarer PBHs bring about

the more isocurvature perturbations even though the higher ⌫
means the lower abundance of PBHs. This result supposes

⌦PBH = ⌦DM, and if PBHs are sub-component of DMs, the

isocurvature modes are proportional to

⇣
⌦PBH

⌦DM

⌘
2

which is in

fact exponentially suppressed as shown in Eq. (5).
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which is called scale-dependent bias. Then let us evaluate
this bias e↵ect.
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of gs denotes the long-wavelength mode Rl and the sec-
ond line is regarded as the short-wavelength mode Rs.
Rl will be cut o↵ in the integral for �2

s (6) due to the
transfer function Ms(k) as we have mentioned, but now
we have another contribution of long-wavelength modes
to the variance via gl(x) in Rs. Since the second or-
der terms of gs(x) do not include the long-wavelength
mode gl(x) and their contributions to bias e↵ects are
suppressed as the second order of fNL [32–34], one can
neglect these terms and see that the variance �2

s in the
region R is just constantly amplified as
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noting that gl(x) is almost constant in the region R. Here
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s denotes the variance of �s averaged over the whole uni-
verse, namely �̄2

s = h�2si. Hence, with an approximation
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On the other hand, since P1 is the function only of ⌫, we
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this factor cancels out (kRPBH)2 in �s, �PBH with the
scale-dependent bias is not negligible compared to the
adiabatic curvature perturbation R even on much larger
scales. This is because the scale-dependent bias is di-
rectly proportional to R via the non-Gaussianity, while
the scale-independent bias is proportional to �.

B. PBH-DM isocurvature perturbation

Gravitational collapse is irreversible process and po-
tentially accompanied by entropy production. Further-
more, especially in the case of PBH formation, the equa-
tion of state of the density component changes from the
radiation to the matter, and therefore the density per-
turbations of PBHs can bring about easily-detectable en-
tropic (or isocurvature) perturbations. In this section we
will calculate the specific value of the isocurvature per-
turbations.
If a dominant component of DMs consists of PBH, the

matter isocurvature perturbation can be given in terms
of �PBH as

S := �PBH �
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of the matter isocurvature perturbation smoothed on the
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where MR(k) = 4
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(kRPBH)2W (kR). As mentioned be-

fore, the factor (kCMBRPBH)2 in MR is so small that we
can neglect the first and third terms in the parenthesis.
Thus the power spectrum of the isocurvature mode is
given by3
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Here we have approximated MR
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(kCMB) as unity be-
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CMB
is larger than both Rl and R now and then

W (kCMBRl) ' W (kCMBR) ' 1. Note that SR is sim-
ilarly equal to the unsmoothed mode S on CMB scale.
Also we have used ⌫ = �c/�s and b0 ' ⌫/�s in the second
equation.

CMB observations have already given tight constraints
on the amplitude of the matter isocurvature perturba-
tions and, according to the Planck collaboration [35], in
the case of fully (anti-) correlated type which corresponds
to S / R (or S / �R), the matter isocurvature mode is
constrained as
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ond line is regarded as the short-wavelength mode Rs.
Rl will be cut o↵ in the integral for �2

s (6) due to the
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where MR(k) = 4
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fore, the factor (kCMBRPBH)2 in MR is so small that we
can neglect the first and third terms in the parenthesis.
Thus the power spectrum of the isocurvature mode is
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Also we have used ⌫ = �c/�s and b0 ' ⌫/�s in the second
equation.

CMB observations have already given tight constraints
on the amplitude of the matter isocurvature perturba-
tions and, according to the Planck collaboration [35], in
the case of fully (anti-) correlated type which corresponds
to S / R (or S / �R), the matter isocurvature mode is
constrained as
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Note that this result does not mean the rarer PBHs bring about

the more isocurvature perturbations even though the higher ⌫
means the lower abundance of PBHs. This result supposes

⌦PBH = ⌦DM, and if PBHs are sub-component of DMs, the
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at 95% CL. Therefore, from Eq. (18) we must satisfy

|fNL|⌫
2 <
⇠

8
>><

>>:

p
0.0025

2
= 0.025. (fNL > 0)

p
0.0087

2
= 0.047. (fNL < 0)

(20)

Assuming the nearly monochromatic mass function for
PBHs, the current abundance of PBHs is given by [2]

⌦PBH ⇠ 0.86⇥ 108P1

✓
M

M�

◆�1/2

, (21)

where M� denotes the solar mass ⇠ 2⇥1033 g. Inversely,
if DMs consist of PBHs and ⌦PBH = ⌦DM = 0.31 [36],
the probability P1 should satisfy the following relation

P1 ⇠ 0.36⇥ 10�8

✓
M

M�

◆1/2

. (22)

Furthermore, from Eq. (5), ⌫ can be written in terms of
P1 as

⌫ =
p
2 erfc�1(P1), (23)

where erfc�1 denotes the inverse function of the com-
plementary error function. Therefore, if we assume the
mass of PBH is less than 1040 g,4 we obtain the following
relation

⌫2>⇠2

"
erfc�1

 
0.36⇥10�8

✓
1040

2⇥1033

◆1/2
!#2

'20. (24)

Here, note that erfc�1(x) is a monotonic decreasing func-
tion. It obviously conflicts with the constraint (20) with

fNL
>
⇠O(0.01).

As a result, we find that it is di�cult to satisfy
the isocurvature constraint (20) even with a small non-
linearity parameter |fNL| ⇠ O(0.01) and this means that
the PBH-DM scenario is strictly constrained due to the
existence of the small local-type non-Gaussianity in the
single sourced case. This is a main result of this paper.

Furthermore, we have also considered the case that
PBH is a subdominant component of DMs. We have
plotted the upper limit of the PBH fraction in such a
case to satisfy the isocurvature constraints (19) in Fig. 2.
Note that the isocurvature power and the probability of

PBH formation are given by PS =
⇣

⌦PBH

⌦DM

⌘2
PPBH and

P1 ⇠ 0.36⇥10�8⌦PBH

⌦DM

⇣
M
M�

⌘1/2
respectively in that case.

4
Here we respect the plot of Ref. [4] in which the PBH constraints

were summarized up to MPBH = 10
40

g. Moreover Afshordi

et al. showed that for more massive PBHs than ⇠ 10
37

g, the

Poisson-noise fluctuations deviating from the adiabatic pertur-

bations become too large to be consistent with observed �8 [37].

Therefore we constrain the PBH mass to be less than around

these values. Also, lighter PBHs than 10
15

g have been already

evaporated due to the Hawking radiation by today, and therefore

we are interested only in more massive PBHs than 10
15

g
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FIG. 2. The plot of the upper limit of the current PBH
fraction ⌦PBH/⌦DM from the isocurvature constraints (19).
Shaded regions represent existing constraints from various ob-
servations [3, 4]. The black solid and dotted lines show the
upper limit in the case of fNL = ±0.01 and the red solid and
dotted ones exhibit the constraints in the case of fNL = ±0.1.
Also from this plot, it can be seen that PBHs cannot be the
main component of DMs even with small non-linearity pa-
rameter |fNL| = 0.01.

III. DIFFERENT SOURCE CASE

In the case where the source fluctuation of PBH for-
mation is di↵erent from that of CMB fluctuations, the
above discussion does not change so much. Let R and
⌃ denote the curvature perturbations which respectively
induce the CMB fluctuations and the PBH formation. In
other words, R is dominant and has a nearly flat spec-
trum on CMB scale, while ⌃ dominates on much smaller
scale.
If we assume ⌃ is almost Gaussian but has a small

local-type non-Gaussianity as

⌃(x) = g(x) + fNL,⌃(g
2(x)� hg2i), (25)

the power of the matter isocurvature perturbations is
given by

PS '
�
2fNL,⌃⌫

2
�2

P⌃, (26)

like as Eq. (18). By introducing an e↵ective non-linearity
parameter defined as

fNL,e↵ := fNL,⌃

r
P⌃

PR
, (27)

the power of the isocurvature perturbation can be written
as

PS =
�
2fNL,e↵⌫

2
�2

PR. (28)

From the above expression, we can also obtain the con-
straints on the PBH-DM scenario in the di↵erent source
case depending on the ratio between the power of R and
that of ⌃ on CMB scale. Note that in this case the cor-
relation between adiabatic curvature perturbations and

Planck constraints
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indeed the power spectrum does become scale invariant. The breaking of scale invariance is the hallmark of the
USR dynamics and, more importantly, a necessary feature in all models of single-field inflation that generate an
order-one abundance of PBHs (cf. the intuitive schematic in fig. 11).

●
●

FIG. 11. Illustrative schematic of the correction induced on the two-point correlator of long modes by a loop of short modes.
On the right side, we plot the prototypical tree-level power spectrum of curvature perturbations as a function of the comoving
wavenumber k in the presence of SR/USR/SR dynamics (with ⌘III = 0 in the language of the parametrization given in
section IIB). The power spectrum features a strong violation of scale invariance at small scales which is needed in order
to produce a sizable abundance of PBHs. For illustration, we plot the region excluded by CMB anisotropy measurements,
ref. [77], the FIRAS bound on CMB spectral distortions, ref. [78] and the bound obtained from Lyman-↵ forest data [79].
If P(k) & 10�2, the abundance of PBHs overcloses the Universe. The plot is rotated in such a way as to share the same
y-axis with the left part of the figure. On the left side, we schematically plot the evolution of the comoving Hubble horizon
RH = 1/aH during inflation. Observable CMB modes (horizontal green band) cross the Hubble horizon earlier (bottom-end
of the figure) and, at the tree level, their correlation remains frozen from this time on. At a much later time, the dynamics
experience a phase of USR. Modes that cross the horizon during the USR phase have their tree-level power spectrum greatly
enhanced and the latter strongly violates scale invariance. Loop of such short modes may induce a sizable correction to the
tree-level correlation of long modes, cf. eq. (109).

The last, and most important, remark that we would like to stress is the following. The analysis of ref. [31]
triggered an intense debate about ruling out or not the mechanism of PBH formation via USR in single-field
inflation (refs. [33–39]). Following these analysis, we have estimated the 1-loop correction to the curvature power
spectrum including the contribution of loop momenta between qin and qend, i.e. the window of momenta where
the power spectrum peaks. Within this procedure, we find corrections to the tree-level power spectrum at the
percent level in the region of parameter space where fPBH ⇡ 1. Therefore, at first glance, a sizeable abundance
of PBHs in USR single-field inflation is not in conflict with perturbativity constraints. On the other hand, the
aforementioned corrections are sizeable, and the contribution of short wavelengths to the power spectrum at large
scales does not decouple. This suggests that theoretical constraints dictated by the requirement of perturbativity
might be important. As a concrete example, we have shown that loop corrections a↵ect the dip in the tree-level
power spectrum. Therefore, a more comprehensive analysis is needed.

We identify the following relevant directions. i) More realistic modelling of the USR dynamics. As discussed in
section IIB, in realistic single-field inflationary models we expect ⌘III < 0 and sizable; this is because at the end
of the USR we are left with ✏ ⌧ 1 but we need ✏ = O(1) to end inflation. Since ✏ ⇠ e�2⌘N , we need ⌘ large and
negative after USR. Consequently, after USR we do not expect a scale-invariant power spectrum and eq. (109)
applies. ii) Understanding the role of quartic interactions, tadpoles and interactions with spatial derivatives. So
far, most of the attention has been focused on the role of the cubic interaction Hamiltonian in eq. (46). However,
as schematically shown in eq. (26), quartic interactions and non-1PI diagrams involving tadpoles are also present.
In particular, the schematic in eq. (26) shows that tadpole diagrams may be relevant because, by attaching them
to propagators, they modify the two-point correlator. The correct way to deal with tadpoles is by changing the
background solution (cf. ref. [41]; see also ref. [53]). Since it is well-known that background solutions in USR models
for PBH formation su↵er a high-level of parametric tuning (cf. ref. [80]), the role of tadpole corrections may have
some relevance. Furthermore, all interactions with spatial derivatives have been so far discarded. However, the
short modes running in the loop cross the horizon precisely during the USR phase and, therefore, their spatial
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FIG. 4. Plot of C0(k) and ns(k, ⌧0)� 1. We choose ke/ks = 10 just for illustrative purposes.
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Plot of C0(k) is shown in Fig. 4. For comparison, we also plot ns(k, ⌧0)�1 directly from power spectrum (24). We can
see that C0(k) precisely equals to ns(k, ⌧0)�1, which confirms Maldacena’s theorem. The equality C0(k) = ns(k, ⌧0)�1
holds exactly, which one can confirm by substituting mode function (19) to the explicit form of C0(k).

IV. ONE-LOOP CORRECTION

Schematically, one-loop correction to the power spectrum of ⇣ can be written as

hh⇣p(⌧0)⇣�p(⌧0)ii(1) = hh⇣p(⌧0)⇣�p(⌧0)ii(1) + redefinition terms. (67)

The redefinition terms are negligible because they are evaluated at the end of SR period. Thus, one-loop correction
at the end of inflation is simply

hh⇣p(⌧0)⇣�p(⌧0)ii(1) = hh⇣p(⌧0)⇣�p(⌧0)ii(1) . (68)

In this section, we calculate the one-loop correction to the large-scale power spectrum by two di↵erent methods:
source method and direct in-in formalism. The source method utilizes bispectrum to calculate one-loop correction,
which is proposed by [2]. On the other hand, direct in-in formalism is simply a second-order expansion of the in-in
perturbation theory (38), as we did in [1].

A. Source Method

Recall the second-order and third-order actions given by (10), (29), and (34). Total second-order and leading bulk
interaction reads

S[⇣] = S
(2)[⇣] + Sbulk[⇣] = M
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The corresponding equation of motion for ⇣ with long wavelength is
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(a2✏⌘0)0

4a2✏

Z
d3k
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⇣k⇣p�k = 0, (70)
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The corresponding equation of motion for ⇣ with long wavelength is

⇣00
p +

(a2✏)0

a2✏
⇣0
p +

(a2✏⌘0)0

4a2✏

Z
d3k

(2⇡)3
⇣k⇣p�k = 0, (70)

11

where p is a wavevector on CMB scale. The last term can be regarded as a source term of the second-order di↵erential
equation. The solution can be written as ⇣ = ⇣f + ⇣s, where ⇣f and ⇣s are the homogeneous and inhomogeneous
solutions, respectively. The mode function of the homogeneous solution is

⇣f

p
(⌧) = Ap + Bp

Z
⌧ d⌧1
a2(⌧1)✏(⌧1)

, (71)

where Ap and Bp are arbitrary functions of p. The inhomogeneous solution is given by
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then performing integration by parts leads to
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Because we are interested in the finite e↵ect of the amplified perturbation on small scale due to the USR period,
the wavenumber integration domain is restricted to ks . k . ke. Substituting (46) to the time integral and use
approximation p ⌧ k yields 3

⇣s

p(⌧0) = �
1

4
�⌘

Z
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(2⇡)3
⇣k(⌧e)⇣p�k(⌧e) +

1

4
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2
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⇣0
k(⌧e)⇣p�k(⌧e). (74)

Note that each ⇣ in this solution is an operator.
The two-point function of ⇣ can be written as

hh⇣p(⌧0)⇣�p(⌧0)ii = hh⇣f
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The first term is simply the tree-level contribution

hh⇣p(⌧0)⇣�p(⌧0)ii(0) ⌘ hh⇣f
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f

�p(⌧0)ii = |⇣p(⌧0)|
2
, (76)

with power spectrum given in (25). The second and third terms are one-loop corrections to the two-point function
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The one-loop correction comes from the correlation between inhomogeneous and homogeneous solutions and the
correlation of two inhomogeneous solutions.

First, we calculate the correlation of two inhomogeneous solutions. It reads

hh⇣s

p(⌧0)⇣
s

�p(⌧0)ii =

✓
�⌘

4

◆2 Z d3k1d3k2
(2⇡)6

⌦⌦
⇣̄k1(⌧e)⇣p�k1(⌧e)⇣̄k2(⌧e)⇣�p�k2(⌧e)

↵↵
, (78)

where ⇣̄ is defined as

⇣̄k(⌧e) = ⇣k(⌧e)�
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Performing Wick contraction, it becomes
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3 Note that the second term in (74) cannot be neglected. Approximation ⇣
0
p(⌧e) ⌧ aH⇣p(⌧e) holds only for mode functions with p ⌧ ke,

which are far outside the horizon at ⌧e.
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leaves a factor (2⌘II) for each time integration. Therefore, we find
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(102)

We have collected the pieces such that each line corresponds to the i-th term in the sum of eq. (77) and k � q ⌘p
k2 + q2 � 2kq cos(✓) as in the previous section.
In the left panel of fig. 9, we show the resulting 1-loop correction as a function of the wavenumber k for a

representative set of parameters leading to fBH ⇡ 1: ⌘II = 3 and �NUSR = 2.2. We find values of �P1-loop of the
order of few percent, barring small oscillatory features. A notable exception is the scale where the tree level power
spectrum presents a dip, see fig. 3, kdip/kin ⇡

p
5/4e�3�NUSR/2 [47]. At that scale the 1-loop correction dominates,

resulting in a spike in �P1-loop. As a consequence, the dip is only realised if the 1-loop correction is neglected, see
the right panel of fig. 9. We also observe that in the limit of small k ⌧ kin the result quickly converges towards
the one discussed in the previous section, as expected. Finally, it is also interesting to notice that the correction
�P1-loop stays almost the same at any scale, except around kdip. For this reason, we expect that a generalisation of
this calculation to the case for �N 6= 0 will lead to results similar to ones presented in the previous section for
k ⌧ q.
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FIG. 9. In both panels, we consider a USR dynamics with ⌘II = 3, �NUSR = 2.2, ⌘III = 0 and the instantaneous limit
�N = 0. These values corresponds to a scenario producing fPBH ' 1. The vertical gridlines corresponds to k = kin and kend

in both panels. Left panel: correction to the tree level power spectrum as a function of k in the limit of ⌧ ! 0�. Right
panel: tree level power spectrum (black) compared to the 1-loop correction (red line) and their sum (blue dashed line).

At first sight, our result that loop corrections impact the tree-level power spectrum at the percent level seems at
odds with the findings of ref. [53] in which it was found that the one-loop power spectrum could dominate over the
tree-level one, thus indicating the breakdown of the perturbation theory. Upon a closer look, however, there is no
contradiction. Ref. [53] considers a particular instance of background dynamics in which curvature perturbations
are resonantly amplified due to a specific pattern of oscillatory features in the inflaton potential. In such a model,
we checked that the condition V 000/H ⌧ 1 (cf. eq. (99) and the related discussion) is not verified and, therefore, it
is not unexpected to find an amplification of loop e↵ects.
It is instructive to consider also a di↵erent limit. Since we are assuming that the USR is followed by a second

period of slow roll, characterised by a negligible ⌘III and a small ✏, modes in the range q 2 [kin, kend] freeze around
⌧end. Therefore, the loop correction at ⌧end is very close to its limit at ⌧ ! 0�, as we verified through a numerical
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larger kend/kin. Then, we set �NUSR = 3 and compare the value of J�N!0(3, 3) with J�N (3, 3) as function of �N .
We plot the ratio J�N (3, 3)/J�N!0(3, 3) in the right panel of fig. 6.

Realistic single-field models that feature the presence of a phase of USR dynamics typically have �N = 0.4÷ 0.5
(cf., e.g., ref. [12, 48]). This means that, according to our result in the right panel of fig. 6, we expect that in realistic
models the size of the loop correction gets reduced by one order of magnitude with respect to what is obtained in
the limit of instantaneous SR/USR/SR transition. This confirms the intuition presented in refs. [34].

It should be noted, however, as evident from our discussion in section II B, that in the case of smooth SR/USR/SR
transition the amplitude of the power spectrum gets reduced with respect to the �N ! 0 limit (cf. the left panel of
fig. 3). The origin of this e↵ect becomes evident if we consider the right panel of fig. 5. In this figure, we plot the
time evolution of the curvature mode |⇣̄q| with q̄ = 2 in the two cases of a sharp and smooth transition (dashed and
solid lines, respectively – see caption for details). In the case of a sharp transition, the curvature mode experiences a
longer USR phase, and its final amplitude is larger with respect to the case of a smooth transition. As a consequence,
therefore, we expect that the smaller size of the loop correction will be, at least partially, compensated by the fact
that finite �N also reduces the amplitude of the tree-level power spectrum. In order to quantify this information,
we repeat the analysis done in section IVA2 but now for finite �N . We plot our result in fig. 7. For definiteness, we
consider the benchmark value �N = 0.4 while we keep ⌘II and �NUSR generic as in fig. 4.
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FIG. 7. We consider a generic USR dynamics with varying ⌘II (x-axis) and �NUSR (y-axis). We take ⌘III = 0 and the
smooth limit �N = 0.4. The region hatched in red corresponds to �P1�loop(k⇤) > 0. Along the line defined by the condition
fPBH = 1, we get 100% of DM in the form of asteroid-mass PBHs. The dotted blue line and the red dashed line correspond,
respectively, to the conditions fPBH = 1 and lim�N!0 �P1�loop(k⇤) > 0 as derived in the limit of instantaneous transition.

Our numerical analysis mirrors the previous intuition. The perturbativity bound (the region hatched in red
corresponds to the condition �P1�loop(k⇤) > 0) gets weaker because of the partial cancellation illustrated in the
right panel of fig. 6. However, as previously discussed, the drawback is that taking �N 6= 0 also reduces the peak
amplitude of the power spectrum. Consequently, the condition fPBH = 1 requires, for fixed ⌘II, larger �NUSR.
As for the limit of instantaneous transition, the condition fPBH = 1 does not violate the perturbativity bound

since the two above-mentioned e↵ects nearly compensate each other. However, our analysis reveals an interesting
aspect: modelling the SR/USR/SR transition (and, in particular, the final USR/SR one) beyond the instantaneous
limit reduces the impact of the loop correction but, at the same time, lowers the peak amplitude of the tree-level
power spectrum, which must be compensated by a larger �NUSR see fig. 8. As illustrated in fig. 7, both these
e↵ects must be considered together in order to properly quantify the impact of loop corrections and the consequent
perturbativity bound.

This is an interesting point. Refs. [34–36] argue that if one goes beyond the limit of instantaneous transition then
the loop correction to the CMB power spectrum becomes e↵ectively harmless. Technically speaking, in our analysis
the role of the parameter �6 < h < 0 that in [34–36] (see also ref. [60]) controls the sharpness of the transition
is played by our parameter �N (with h ! �6 that corresponds to our �N ! 0 and h ! 0 that corresponds to
increasing values of �N).

Realistic models: no violation of 
perturbativity from USR modes

Loop correction to any scale 
of around few percent

G. Franciolini, A. Iovino, Junior., M. Taoso and A. Urbano, [arXiv:2305.03491]

Still open questions remain…


