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®| Intrinsic constraints not maintained in deriving governing equations
(corrections need to be introduced aposteriori)
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®| |ntrinsic constraints not maintained in deriving governing equations
(corrections need to be introduced aposteriori)

¥/ Second order systems require a different discretization for u(t) and u(t)

® Intricate form of governing equation obscures simplicity of Lagrangian formulation

B Space-time discretization breaks Noether’s theorem: lack of conservation of
continuum charges (even symplectic schemes only preserve energy on average)
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Motivation

®| |ntrinsic constraints not maintained in deriving governing equations
(corrections need to be introduced aposteriori)

¥/ Second order systems require a different discretization for u(t) and u(t)

® Intricate form of governing equation obscures simplicity of Lagrangian formulation

B Space-time discretization breaks Noether’s theorem: lack of conservation of
continuum charges (even symplectic schemes only preserve energy on average)

® Missing fundamental guiding principle for adaptive mesh refinement
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¥ |ntrinsic co 1S
eyl Solution I: discretize IVPs directly on the level prenarcker,
of the system action and obtain the classical
| c - . )
SNl solution from a optimization procedure. |t
.g. J. Nordst
(no need to derive governing equations)
® Intricate folrreorgovermmyg-oguauurruvovurco-onmprnuny-oreagrarldian formulation

B Space-time discretization breaks Noether’s theorem: lack of conservation of

continuum charges (even symplectic schemes only preserve energy on average)
see e.g. B. Anerot, J. Cresson, K. Hariz Belgacem, F. Pierret, J. of Math. Phys. 61(11), 113502 (2020)

Missing fundamental guiding principle for adaptive mesh refinement

L
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® Intrinsic co 1S
eyl Solution I: discretize IVPs directly on the level prendricker
[l [} L] l
of the system action and obtain the classical
| : T :
St solution from a optimization procedure. |t
.g. J. Nordst
(no need to derive governing equations)

® Intricate folrreorgovermmyg-oguauurruvovurco-onmprnuny-oreagrarldian formulation

B Space-time . ervation of
LIyl olution li=borrow concepts from general BV P

ea-yree  relativity to disentangle discretization from

space-time symmetries t
N

® Missing fur
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Formulating IVPs on the level of the
system action

ALEXANDER ROTHKOPF - UIS COTECH 2023 — DECEMBER 1ST 2023 — UNIVERSITY OF STAVANGER — NORWAY

University
of Stavanger

28



A SPACE-TIME SYMMETRY PRESERVING DISCRETIZATION SCHEME FOR IVPS

Towards initial value problems

®| Starting point: Lagrangian formulation

S = /:fﬁ[x,x']dt - /ttf (%miQ(t) V()

2 K2
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Towards initial value problems LS of Stavant

of Stavanger

Starting point: Lagrangian formulation

2 K2

Xcl(t)
®| Variational principle as boundary value problem
oL oL x(t) BVP
58 — O - — 875—, — O
ox ox
t b

both starting and end point of the
trajectory must be known apriori
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Towards initial value problems LS of Stavant

of Stavanger

Starting point: Lagrangian formulation

2 K2

Xcl(t)
®| Variational principle as boundary value problem
t)
L L x(t BVP
58 — O - — 875—, — O
ox ox
t, t,
H| Reinterpretation as initial value problem only both starting and end point of the
after derivation of equation of motion trajectory must be known apriori
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A variational principle for IVPs

®| Causality: we do not know X(t,) so its value must
not be referenced.
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A variational principle for IVPs

®| Causality: we do not know X(t,) so its value must
not be referenced.

® What prevented direct formulation of IVP?
Boundary terms at t, !
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A variational principle for IVPs

®| Causality: we do not know X(t,) so its value must
not be referenced.

A
® What prevented direct formulation of IVP?
Boundary terms at t, !
= Known solution in quantum theory, more recently Xgi(1): X4 (H)=X(t)
rediscovered in the classical context:
forward-backward path construction x(ty) X(t1) VP
o
b t t
— L] ; only initial value and derivatives
STvP . E[xl’ xl] ,C[ZCQ, x2]dt need to be supplied.
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A variational principle for IVPs

®| Causality: we do not know X(t,) so its value must
not be referenced.

® What prevented direct formulation of IVP?
Boundary terms at t, !

= Known solution in quantum theory, more recently
rediscovered in the classical context:
forward-backward path construction

tf
Srvp = Llry, 1] — Llxe, To]dt
t;

University
LI of Stavanger

Xg(£): X4 (t)=Xx(t)

X(t1) X(ty) IVP

>

4 b

only initial value and derivatives
need to be supplied.

® “Double shooting method™: 1 2(t;) = x; @1(t;) = &5 x1(tr) = z2(ty) @1(tr) = B2(ty)

initial conditions
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The world-line formalism from
general relativity
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General Relativity’s Worldline Formalism

®| Requires equal treatment of time and space: space-time coord

University
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NS (1 (14), (7))

(t(vi)s (i)
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1d submanifold
embedded in (d+1)
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General Relativity’s Worldline Formalism

H| Requires equal treatment of time and space: space-time coordinates (t(vs), 2(74))

®| Trajectory of particle given by geodesic: “shortest path between points”
for a given space-time metric ( flat space g=diag(c?,-1,-1,-1) )

1d submanifold
embedded in (d+1)

(t(vi)s (i)
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General Relativity’s Worldline Formalism of Stavanger

H| Requires equal treatment of time and space: space-time coordinates (t(vs), 2(74))

®| Trajectory of particle given by geodesic: “shortest path between points”
for a given space-time metric ( flat space g=diag(c?,-1,-1,-1) )

H| Variational principle via reparameterization invariant geodesic action

v dzt dxv
pu— b lj/
S 5 dy (—mc) \/g,w & X (¢, x)

1d submanifold
embedded in (d+1)
((7i) z(7i))
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General Relativity’s Worldline Formalism of Stavanger

H| Requires equal treatment of time and space: space-time coordinates (t(vs), 2(74))

®| Trajectory of particle given by geodesic: “shortest path between points”
for a given space-time metric ( flat space g=diag(c?,-1,-1,-1) )

H| Variational principle via reparameterization invariant geodesic action

v dzt dxv
pu— b lj/
S 5 dy (—mc) \/g,w & X (¢, x)

(t(vi), o(vi)) = (i, 74)

t(vr),z(vp)) = (tr,2y) 1d submanifold

e don g embedded in (d+1)
< zH dx¥

> — t 1) 7
iz Tl g gy =0 (i), 2(7i))
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Geometrizing the interactions

®| Modify the metric so that the same trajectory ensues for interacting particle in
flat spacetime and non-interacting particle in a non-flat spacetime

(t(vr)s (1))

V(x)

(i) o(7:))

g=diag( c?, -1)

St = [ it (£~ (£)" +vig
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Geometrizing the interactions

®| Modify the metric so that the same trajectory ensues for interacting particle in
flat spacetime and non-interacting particle in a non-flat spacetime

t(vp)s z(vr))

(). 2()) 2

i)y (Vi

o Viw) 4

g=diag( c2, -1) 2mc? g=diag( c?+ V(x)/2m , -1)

Sfat = [:f d'y(—mc)\/c2(j§>2 — (3—:)2 + V(X) S :/:f dry (_mc)\/QOO(;Z_,i)Z - (%)2

(2
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Equation of motion

®| Reparameterization invariance will impede numerical search for critical point

vf dxt dxv
S = dy (—me)y | Guy ———
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Equation of motion

H| Reparameterization invariance will impede numerical search for critical point

EBvp = ‘LW dyEgvplt,t,z,1] = /W dﬁ’% (goo(c(él—j;)2 T u (%)2)

ALEXANDER ROTHKOPF - UIS COTECH 2023 — DECEMBER 1ST 2023 — UNIVERSITY OF STAVANGER — NORWAY 44



University

A SPACE-TIME SYMMETRY PRESERVING DISCRETIZATION SCHEME FOR IVPs
LI ; of Stavanger

Equation of motion

®| Reparameterization invariance will impede numerical search for critical point

EBvp = LW dyEgvplt,t,z,1] = /W dﬁ’% (goo(jll—j;)2 T u (%)2)

®| The following geodesic equations ensue from the action E:

L) =0 () ey o
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A discretization scheme preserving
space-time symmetries
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Discretizing the Worldline as BVP

®| Discretize in the world-line parameter using summation-by-parts finite differences:

Epyvp = 1{ ((c2 + 2V<X)) o ]Dt)T]H (Dt) — (Dx)TH (]Dx)}

° m (t(vr), 2(7s) @
+ AL (E[1] — &) + A2 (E[Ny] — L) /
+ A3(x[1] = ) + Aa(x[N,] — zy) //

1d submanifold
& embedded in (d+1)

(t(vi)s (i)
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Discretizing the Worldline as BVP

®| Discretize in the world-line parameter using summation-by-parts finite differences:

Epyvp = 1{ ((c2 + 2V<X)) o ]Dt)T]H (Dt) — (Dx)TH (]Dx)}

° m (t(vr), 2(7s) @
+ AL (E[1] — &) + A2 (E[Ny] — L) /
+ A3(x[1] = ) + Aa(x[N,] — zy) , /

: i — -_
® Note that the values of t and x remain contlnuous:/ - A~

explicit invariance under time translations in the
discrete setting. No issue with finite domain.

/ 1d submanifold
& embedded in (d+1)

(t(vi)s (i)
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Discretizing the Worldline as BVP

®| Discretize in the world-line parameter using summation-by-parts finite differences:

1{((02 N 2V(X)) ° ]Dt)T]H(]Dt) _ (Dx)H (]Dx)}

Egvp = -
e o (t(vs), 2(v7) @
+ A1 (6[1] = t;) + Ao (6[N,] — L) /
+ A3(x[1] = ) + Aa(x[N,] — zy) //

: : - -
®| Note that the values of t and x remain contlnuous:/ - =
explicit invariance under time translations in the A’y

discrete setting. No issue with finite domain.

/ 1d submanifold

®| Noether charge:
& embedded in (d+1)

Qe =2(Dt)o (1+2V(X)/m) (1013 4()
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Now reformulate as IVP

®| Forward-backward construction for both time and space coordinate

Ervp =% {(ﬂ_)Rt )'d [62 + 2\77;—)(1)] H(D;'t;) — (]]_)mRX1)T]ﬁ(]]_)5X1)} forward branch
~5 {Fe)Te e+ 2 (D) - (D) TH(DExs) | backward branch (), =01 ))/‘

A1 (61 [1] = 2:) + Ao ((Dt1)[1] — &) + A3 (3 [1] — ) /
+)\4((]Dx1) [1] — xz) initial conditions /
+X5 (t1[Ny] — t2[N,]) + X6 (x1[N5] — x2[N,]) connecting conditions T~
FAr((D8)[N,] = (DE2)[N]) + As ((Dx1) [Ny ] — (Do) IV, ). / Aq/

/

/ 1d submanifold
& embedded in (d+1)

(t(vi)s z(vi)
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Now reformulate as IVP
®| Forward-backward construction for both time and space coordinate

_ 2V (x - _ _
Ervp = {(]DRt )Td [cz + #] H(D},) — (]DmRX1)T]H(1D5X1)} forward branch

l\DIi—‘ l\)li—l

{ (DRt2)Td [ 42 751,X2)] H(DRt,) — (ﬂ_)gxz)T]H(]]_)mez)} backward branch (t(fyf)’ 33(’7f))/.

A1 (61[1] = :) + Ao (Dt1)[1] — 45) + A3 (xa[1] — 24) /
+)\4((]Dx1) [1] — xz) initial conditions /
+X5 (t1[Ny] — t2[N,]) + X6 (x1[N5] — x2[N,]) connecting conditions T~
(D) [N, — (DE)[N]) + As ((Dx1)[V, ] — (Do) [V, ). / Aq/

/

u| Lagrange multipliers modify Noether charge /

+

1d submanifold
Q¢ = 2(Dt) o (14 2V(x)/m) & embedded in (d+1)

+ A20(y — i) + A70(y — vy) (t(vi), (7:))
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u u Univ it
Nonlinear potential case V(x)=kx4* LS of Stavanger
¥ End of simulation now emerges dynamically, as time is dynamical on worldline

®| Temporal grid spacing adapts to the dynamics of the position coordinate:
a form of automatic adaptive mesh refinement

t(y)
VAN
AAA
1.5 AA
A28

1.QM

05

0.2 04 0.6 0.8 10"
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Discretized Noether charge

®| Manifest time-translation invariance of action: exactly preserved Noether charge

AE = Q; — Q; = (Dt) o (1 + 2kx*) + X201 + Adn, — £i(1 + 2K27)

AE(y)

-32 _
2.x10 o AE [i=1, Ny=32] SBP21

i + AE [t=1, Ny=32] SBP42
1.5x10”

1 10_32 ++++++++++++++++++++++H++H+H 4
. X

5.x 10733
0000000000000000000000000000000)

= 0.2 0.4 0.6 0.8 1.0"

®| Noether charge not only conserved but exhibits correct continuum value
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Convergence properties LS i

Local convergence at y; Global L, convergence
€(yr) €(L2)
0.001¢ 0.001
.08
1074k 1074 d Vz
j - dy2.08
10_5—' O 10—5
_ o €[SBP21] d o [SBP21]
107 + [SBP21] 1075} ! + €& [SBP21]
o o €[SBP24] p o €[SBP24]
1 O_?- d V2 N Et[SBP24] N 1 O—Z A € [SBP24]
0.01 0.02 005 MY 0.01 0.02 005 MY

®| Global convergence en-par with expectations for stable SBP schemes
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Summary

®| |VPs directly formulated on the action level using forward-backward construction
H| General Relativity offers alternative action formulation in terms of world-lines

®| Discretization on action level via a single type of SBP finite difference operator
®| Discretization of world-line action retains continuum symmetries

® Dynamical emergence of time-mesh & exact conservation of Noether charge
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Summation-by-parts finite differences

® Derivation of Noether theorem or governing equations rely on integration by parts
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Summation-by-parts finite differences

® Derivation of Noether theorem or governing equations rely on integration by parts

® Mimetic discretization needed to preserve IBP in discrete setting:
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Summation-by-parts finite differences

® Derivation of Noether theorem or governing equations rely on integration by parts

® Mimetic discretization needed to preserve IBP in discrete setting:
D=H1Q finite difference

Q+Q =Ey—IE
= diag|—1,0,...,0,1]

tf
/ dtu(t)v(t) ~u'Hv
t;

quadrature rule
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Summation-by-parts finite differences

u| Derivation of Noether theorem or governing equations rely on integration by parts

® Mimetic discretization needed to preserve IBP in discrete setting:
D=H1Q finite difference

Q+Q =Ey—IE
= diag|—1,0,...,0,1]

tf
/ dtu(t)v(t) ~u'Hv
t;

quadrature rule

(Du)'Hv = —u’' HDv
+unvy
— UpVo

ALEXANDER ROTHKOPF - UIS COTECH 2023 — DECEMBER 1ST 2023 — UNIVERSITY OF STAVANGER — NORWAY 59



University

A SPACE-TIME SYMMETRY PRESERVING DISCRETIZATION SCHEME FOR IVPs
LI ; of Stavanger

Summation-by-parts finite differences

u| Derivation of Noether theorem or governing equations rely on integration by parts

® Mimetic discretization needed to preserve IBP in discrete setting:

ty . D=H1Q finite difference
/ dtu(t)v(t) ~u"Hv ,
i quadrature rule Q ™ Q - EN - EO
= diag|—1,0,...,0,1]

5 -1 1 0 0
b At| 0 =3 0 4 (Du)'Hv = —u’' HDv
| 5 | i 0 0 _]. ]. i _l_ uNVN
21 D21 — UpVo
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