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Motivation

Intrinsic constraints not maintained in deriving governing equations 
(corrections need to be introduced aposteriori) M.C. Pinto, M. Mounier, E. Sonnendrücker, 

Appl. Math. and Comp. 272 (2016)
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Intrinsic constraints not maintained in deriving governing equations 
(corrections need to be introduced aposteriori) M.C. Pinto, M. Mounier, E. Sonnendrücker, 
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Second order systems require a different discretization for 𝑢 𝑡  and �̇� 𝑡
see e.g. J. Nordström, T. Lundquist, SIAM Journal on Sci. Comp. 38(3), 1561–1586 (2016)
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Space-time discretization breaks Noether’s theorem: lack of conservation of
continuum charges (even symplectic schemes only preserve energy on average) 
see e.g. B. Anerot, J. Cresson, K. Hariz Belgacem, F. Pierret, J. of Math. Phys. 61(11), 113502 (2020)
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Missing fundamental guiding principle for adaptive mesh refinement 

Space-time discretization breaks Noether’s theorem: lack of conservation of
continuum charges (even symplectic schemes only preserve energy on average) 
see e.g. B. Anerot, J. Cresson, K. Hariz Belgacem, F. Pierret, J. of Math. Phys. 61(11), 113502 (2020)



ALEXANDER ROTHKOPF - UIS COTECH 2023 – DECEMBER 1ST 2023 – UNIVERSITY OF STAVANGER – NORWAY

A SPACE-TIME SYMMETRY PRESERVING DISCRETIZATION SCHEME FOR IVPS

26

Motivation

Intrinsic constraints not maintained in deriving governing equations 
(corrections need to be introduced aposteriori)

Intricate form of governing equation obscures simplicity of Lagrangian formulation

M.C. Pinto, M. Mounier, E. Sonnendrücker, 
Appl. Math. and Comp. 272 (2016)

Second order systems require a different discretization for 𝑢 𝑡  and �̇� 𝑡
see e.g. J. Nordström, T. Lundquist, SIAM Journal on Sci. Comp. 38(3), 1561–1586 (2016)

Missing fundamental guiding principle for adaptive mesh refinement 

Space-time discretization breaks Noether’s theorem: lack of conservation of
continuum charges (even symplectic schemes only preserve energy on average) 
see e.g. B. Anerot, J. Cresson, K. Hariz Belgacem, F. Pierret, J. of Math. Phys. 61(11), 113502 (2020)

Solution I: discretize IVPs directly on the level 
of the system action and obtain the classical 

solution from a optimization procedure. 
(no need to derive governing equations)
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Solution I: discretize IVPs directly on the level 
of the system action and obtain the classical 

solution from a optimization procedure. 
(no need to derive governing equations)

Solution II: borrow concepts from general 
relativity to disentangle discretization from 

space-time symmetries
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Formulating IVPs on the level of the 
system action
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Starting point: Lagrangian formulation

Towards initial value problems 

<latexit sha1_base64="mqpz1J3DBD2sDKj+FfkPXXOM7pc="></latexit>

S =

Z tf

ti

L[x, ẋ]dt =
Z tf

ti

⇣1
2
mẋ2(t)� V (x)

⌘
dt
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Starting point: Lagrangian formulation

Towards initial value problems 

both starting and end point of the 
trajectory must be known apriori

Variational principle as boundary value problem
<latexit sha1_base64="SbhyWwBaYAONFHR5BArkKFHFwvw="></latexit>

@L
@x

� @t
@L
@ẋ

= 0
<latexit sha1_base64="JLE1E3Ze5GWfSwNwga+qcgZT94M=">AAACKnicZVDLTgIxFG3xhfgCXbppJCYuDJkxvjYmRDcuMcojAUI6nQINnemkvaMhk/kUt7rxa9wRt36IHWAhcJLmnpye+/QiKQw4zgTn1tY3Nrfy24Wd3b39g2LpsGFUrBmvMyWVbnnUcClCXgcBkrcizWngSd70Rg/Zf/OVayNU+ALjiHcDOghFXzAKVuoVSx2fS6Ak6TAqyXN65/SKZafiTEFWiTsnZTRHrVfCuOMrFgc8BCapMW3XiaCbUA2CSZ4WOrHhEWUjOuBtS0MacNNNprOn5NQqPukrbV8IZKouZkD/tpuIMIqBh2yW0I8lAUWyhYgvNGcgx5ZQpoXtSdiQasrArv2/UkIDY8aBd25jQGGYxaynyQgMg4VBk8wBSkmzKHtLNn9aIrVHc5dPtEoaFxX3unL1dFmu3s/Pl0fH6ASdIRfdoCp6RDVURwy9oXf0gT7xF/7GE/wzs+bwPOcILQD//gG2Oac7</latexit>

�S = 0

<latexit sha1_base64="mqpz1J3DBD2sDKj+FfkPXXOM7pc="></latexit>

S =

Z tf

ti

L[x, ẋ]dt =
Z tf

ti

⇣1
2
mẋ2(t)� V (x)

⌘
dt
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�S = 0

Reinterpretation as initial value problem only 
after derivation of equation of motion

<latexit sha1_base64="mqpz1J3DBD2sDKj+FfkPXXOM7pc="></latexit>

S =

Z tf

ti

L[x, ẋ]dt =
Z tf

ti

⇣1
2
mẋ2(t)� V (x)

⌘
dt
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A variational principle for IVPs
Causality: we do not know x(t2) so its value must
not be referenced.



ALEXANDER ROTHKOPF - UIS COTECH 2023 – DECEMBER 1ST 2023 – UNIVERSITY OF STAVANGER – NORWAY

A SPACE-TIME SYMMETRY PRESERVING DISCRETIZATION SCHEME FOR IVPS

33

A variational principle for IVPs

What prevented direct formulation of IVP? 
Boundary terms at t2 ! 

Causality: we do not know x(t2) so its value must
not be referenced.
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A variational principle for IVPs

What prevented direct formulation of IVP? 
Boundary terms at t2 ! 

Causality: we do not know x(t2) so its value must
not be referenced.

only initial value and derivatives
need to be supplied.

Quantum: L. Keldysh Sov. Phys. JETP. 20: 1018, (1965) 
Classical: C.R. Galley, PRL 110(17), 174301 (2013)

Known solution in quantum theory, more recently 
rediscovered in the classical context: 
forward-backward path construction

<latexit sha1_base64="uE6jVmuV5dkrkKY4t/pGBQGQmT8="></latexit>

SIVP =

Z tf

ti

L[x1, ẋ1]� L[x2, ẋ2]dt
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<latexit sha1_base64="uE6jVmuV5dkrkKY4t/pGBQGQmT8="></latexit>

SIVP =

Z tf

ti

L[x1, ẋ1]� L[x2, ẋ2]dt

“Double shooting method”:
<latexit sha1_base64="RefyCilxzS2E6vGxIsXteT2JN/A=">AAACKnicZVDLTgIxFG3xhfgCXbqZSEwwIWSG+NqYEN24xEQeCZBJpxRo6Ewn7R2FTOZT3OrGr3FH3PohdoCF4Emae3J67tMLBddg2zOc2djc2t7J7ub29g8Oj/KF46aWkaKsQaWQqu0RzQQPWAM4CNYOFSO+J1jLGz+k/60XpjSXwTNMQ9bzyTDgA04JGMnNFyZu7JSrSQlcfnE3cXnOzRftij2H9Z84S1JES9TdAsbdvqSRzwKggmjdcewQejFRwKlgSa4baRYSOiZD1jE0ID7TvXg+e2KdG6VvDaQyLwBrrq5mwOC2F/MgjIAFdJEwiIQF0koXsvpcMQpiagihipueFh0RRSiYtf9Wiomv9dT3yib6BEZpTHvqlMDIXxk0Th0gpdCrsrdm689LJOZozvqJ/pNmteJcV66eLou1++X5sugUnaESctANqqFHVEcNRNErekPv6AN/4i88w98LawYvc07QCvDPL+UepsM=</latexit>

x1,2(ti) = xi
<latexit sha1_base64="Y3Ei5NZXfszxdH1fGlEGi+UjOas=">AAACMnicZVDLSgMxFE181vpqdSVugkWoIGVGfG2EohuXFewDtAyZNLWhmcmQ3BHLMPg1bnXjz+hO3PoRZtpZWHsh3JOTc+7NvX4khQHH+cBz8wuLS8uFleLq2vrGZqm81TIq1ow3mZJKd3xquBQhb4IAyTuR5jTwJW/7w6vsvf3ItREqvIVRxLsBfQhFXzAKlvJKO/c9BeTJS9y0Cp44uMjvouiVKk7NGQeZBW4OKiiPhlfG2JpZHPAQmKTG3LlOBN2EahBM8rR4HxseUTakD/zOwpAG3HST8Qwp2bdMj/SVticEMmanHdA/7yYijGLgIZsY+rEkoEg2GOkJzRnIkQWUaWF7EjagmjKw4/+tlNDAmFHgH9ocUBhkOetpMgCDYOqjSaYApaSZpv1/st64RGqX5v5f0SxoHdXc09rJzXGlfpmvr4B20R6qIhedoTq6Rg3URAw9oxf0it7wO/7EX/h7Ip3DuWcbTQX++QWuUao7</latexit>

ẋ1(ti) = ẋi
<latexit sha1_base64="ydbTgw87NMcI/Q3G5871HLRak3U=">AAACOXicZVBLSwMxEE7qu75aPXoJFqGClN3i6yKIXjwqWFtoy5JNs21odrMks2JZevXXeNWLv8SjN/HqHzDbVrDtwDDffJlH5vNjKQw4zgfOLSwuLa+sruXXNza3tgvFnQejEs14jSmpdMOnhksR8RoIkLwRa05DX/K637/O3uuPXBuhonsYxLwd0m4kAsEoWMorkFZHAXnyUndYBi84vPjLq+M87xVKTsUZGZkH7gSU0MRuvSLGdgZLQh4Bk9SYpuvE0E6pBsEkH+ZbieExZX3a5U0LIxpy005HpwzJgWU6JFDaegRkxE53QHDeTkUUJ8AjNm4IEklAkew+0hGaM5ADCyjTwu4krEc1ZWBV+D8ppaExg9A/sjGk0MtittNkAHrh1EfTrAKUkmaa9mfKOqMRQyuaOyvRPHioVtzTysndcenyaiLfKtpD+6iMXHSGLtENukU1xNAzekGv6A2/40/8hb/HpTk86dlFU4Z/fgHcW6zJ</latexit>

ẋ1(tf ) = ẋ2(tf )
<latexit sha1_base64="5uHR2Wk8DlAkH1WRIak7hOvdfKQ=">AAACL3icZZDLSgMxFIaTeqv11iq4cTNYhApSZoq3jVB047KCvUBbhkyaaUMzkyE5I5axL+NWNz6NuBG3voWZtgvbHgjn48+5e5HgGmz7C2dWVtfWN7Kbua3tnd29fGG/oWWsKKtTKaRqeUQzwUNWBw6CtSLFSOAJ1vSGd+l/84kpzWX4CKOIdQPSD7nPKQEjufnDZzdxxiVw/dMbg5Up5tx80S7bE7OWwZlBEc2s5hYw7vQkjQMWAhVE67ZjR9BNiAJOBRvnOrFmEaFD0mdtgyEJmO4mkwXG1olRepYvlXkhWBN1PgP8627CwygGFtJpgh8LC6SVbmX1uGIUxMgAoYqbnhYdEEUomN3/V0pIoPUo8M6MDwgMUp/21CnAIJgbNEkjQEqh52VvIaw3KTE2R3MWT7QMjUrZuSxfPJwXq7ez82XRETpGJeSgK1RF96iG6oiiF/SK3tA7/sCf+Bv/TEMzeJZzgOYM//4BCA2o3w==</latexit>

x1(tf ) = x2(tf )
initial conditions connecting conditions



ALEXANDER ROTHKOPF - UIS COTECH 2023 – DECEMBER 1ST 2023 – UNIVERSITY OF STAVANGER – NORWAY

A SPACE-TIME SYMMETRY PRESERVING DISCRETIZATION SCHEME FOR IVPS

36

The world-line formalism from
general relativity
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General Relativity’s Worldline Formalism

Requires equal treatment of time and space: space-time coordinates <latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

<latexit sha1_base64="5EQnho31Z9LEGUDNsf7e5vKcPIo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJPtpl26uwm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqCG2RmMeqE6KmnEnaMsxw2kkURRFy2g7Ht7nffqJKs1g+mElCA4FDySJG0Fip3RuiEFjpV2te3ZvBXSZ+QWpQoNmvfvUGMUkFlYZw1Lrre4kJMlSGEU6nlV6qaYJkjEPatVSioDrIZudO3ROrDNwoVrakcWfq74kMhdYTEdpOgWakF71c/M/rpia6DjImk9RQSeaLopS7Jnbz390BU5QYPrEEiWL2VpeMUCExNqE8BH/x5WXyeFb3L+sX9+e1xk0RRxmO4BhOwYcraMAdNKEFBMbwDK/w5iTOi/PufMxbS04xcwh/4Hz+AMCgjzM=</latexit>�

1d submanifold
embedded in (d+1)
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General Relativity’s Worldline Formalism

Requires equal treatment of time and space: space-time coordinates <latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

<latexit sha1_base64="5EQnho31Z9LEGUDNsf7e5vKcPIo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJPtpl26uwm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqCG2RmMeqE6KmnEnaMsxw2kkURRFy2g7Ht7nffqJKs1g+mElCA4FDySJG0Fip3RuiEFjpV2te3ZvBXSZ+QWpQoNmvfvUGMUkFlYZw1Lrre4kJMlSGEU6nlV6qaYJkjEPatVSioDrIZudO3ROrDNwoVrakcWfq74kMhdYTEdpOgWakF71c/M/rpia6DjImk9RQSeaLopS7Jnbz390BU5QYPrEEiWL2VpeMUCExNqE8BH/x5WXyeFb3L+sX9+e1xk0RRxmO4BhOwYcraMAdNKEFBMbwDK/w5iTOi/PufMxbS04xcwh/4Hz+AMCgjzM=</latexit>�

1d submanifold
embedded in (d+1)

Trajectory of particle given by geodesic: “shortest path between points”
for a given space-time metric ( flat space g=diag(c2,-1,-1,-1) )

see e.g. S. Carroll “Spacetime and Geometry” Addison-Wesley 
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General Relativity’s Worldline Formalism

Requires equal treatment of time and space: space-time coordinates <latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

<latexit sha1_base64="5EQnho31Z9LEGUDNsf7e5vKcPIo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJPtpl26uwm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqCG2RmMeqE6KmnEnaMsxw2kkURRFy2g7Ht7nffqJKs1g+mElCA4FDySJG0Fip3RuiEFjpV2te3ZvBXSZ+QWpQoNmvfvUGMUkFlYZw1Lrre4kJMlSGEU6nlV6qaYJkjEPatVSioDrIZudO3ROrDNwoVrakcWfq74kMhdYTEdpOgWakF71c/M/rpia6DjImk9RQSeaLopS7Jnbz390BU5QYPrEEiWL2VpeMUCExNqE8BH/x5WXyeFb3L+sX9+e1xk0RRxmO4BhOwYcraMAdNKEFBMbwDK/w5iTOi/PufMxbS04xcwh/4Hz+AMCgjzM=</latexit>�

1d submanifold
embedded in (d+1)

Trajectory of particle given by geodesic: “shortest path between points”
for a given space-time metric ( flat space g=diag(c2,-1,-1,-1) )

see e.g. S. Carroll “Spacetime and Geometry” Addison-Wesley 

Variational principle via reparameterization invariant geodesic action
see e.g. J. Jost, X. Li-Jost ” Calculus of Variations” Camb.Uni.Press 

<latexit sha1_base64="dDiewOwDlc/Y67VTs7qO8HyDQtM=">AAACInicZVDLTgIxFG3xhfgCXbqZSEwwIWTG+NqYEN24xEQeCSDplAIN7XTS3jGQCZ/hVjd+jTvjysSPsQMsBE7S3JPTc59+KLgB1/3BqbX1jc2t9HZmZ3dv/yCbO6wZFWnKqlQJpRs+MUzwgFWBg2CNUDMifcHq/vA++a+/MG24Cp5gHLK2JP2A9zglYKXm6Lklo9sCFEdnnWzeLblTOKvEm5M8mqPSyWHc6ioaSRYAFcSYpueG0I6JBk4Fm2RakWEhoUPSZ01LAyKZacfTmSfOqVW6Tk9p+wJwpupiBvRu2jEPwghYQGcJvUg4oJxkEafLNaMgxpYQqrnt6dAB0YSCXfd/pZhIY8bSL9ooCQySmPQ0CYGBXBg0ThyglDCLsr9k605LTOzRvOUTrZLaecm7Kl0+XuTLd/PzpdExOkEF5KFrVEYPqIKqiCKFXtEbescf+BN/4e+ZNYXnOUdoAfj3D4F+pJ4=</latexit>

xµ = (t, x)
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General Relativity’s Worldline Formalism

Requires equal treatment of time and space: space-time coordinates <latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

<latexit sha1_base64="5EQnho31Z9LEGUDNsf7e5vKcPIo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJPtpl26uwm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqCG2RmMeqE6KmnEnaMsxw2kkURRFy2g7Ht7nffqJKs1g+mElCA4FDySJG0Fip3RuiEFjpV2te3ZvBXSZ+QWpQoNmvfvUGMUkFlYZw1Lrre4kJMlSGEU6nlV6qaYJkjEPatVSioDrIZudO3ROrDNwoVrakcWfq74kMhdYTEdpOgWakF71c/M/rpia6DjImk9RQSeaLopS7Jnbz390BU5QYPrEEiWL2VpeMUCExNqE8BH/x5WXyeFb3L+sX9+e1xk0RRxmO4BhOwYcraMAdNKEFBMbwDK/w5iTOi/PufMxbS04xcwh/4Hz+AMCgjzM=</latexit>�

1d submanifold
embedded in (d+1)

Trajectory of particle given by geodesic: “shortest path between points”
for a given space-time metric ( flat space g=diag(c2,-1,-1,-1) )

see e.g. S. Carroll “Spacetime and Geometry” Addison-Wesley 

<latexit sha1_base64="k0/AZXVd4bgvWsJZ5s+QnPnacYg="></latexit>

(t(�i), x(�i)) = (ti, xi) (t(�f ), x(�f )) = (tf , xf )
<latexit sha1_base64="k0/AZXVd4bgvWsJZ5s+QnPnacYg="></latexit>

(t(�i), x(�i)) = (ti, xi) (t(�f ), x(�f )) = (tf , xf )

Variational principle via reparameterization invariant geodesic action
see e.g. J. Jost, X. Li-Jost ” Calculus of Variations” Camb.Uni.Press 

<latexit sha1_base64="dDiewOwDlc/Y67VTs7qO8HyDQtM=">AAACInicZVDLTgIxFG3xhfgCXbqZSEwwIWTG+NqYEN24xEQeCSDplAIN7XTS3jGQCZ/hVjd+jTvjysSPsQMsBE7S3JPTc59+KLgB1/3BqbX1jc2t9HZmZ3dv/yCbO6wZFWnKqlQJpRs+MUzwgFWBg2CNUDMifcHq/vA++a+/MG24Cp5gHLK2JP2A9zglYKXm6Lklo9sCFEdnnWzeLblTOKvEm5M8mqPSyWHc6ioaSRYAFcSYpueG0I6JBk4Fm2RakWEhoUPSZ01LAyKZacfTmSfOqVW6Tk9p+wJwpupiBvRu2jEPwghYQGcJvUg4oJxkEafLNaMgxpYQqrnt6dAB0YSCXfd/pZhIY8bSL9ooCQySmPQ0CYGBXBg0ThyglDCLsr9k605LTOzRvOUTrZLaecm7Kl0+XuTLd/PzpdExOkEF5KFrVEYPqIKqiCKFXtEbescf+BN/4e+ZNYXnOUdoAfj3D4F+pJ4=</latexit>

xµ = (t, x)
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Geometrizing the interactions
Modify the metric so that the same trajectory ensues for interacting particle in 
flat spacetime and non-interacting particle in a non-flat spacetime

<latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

<latexit sha1_base64="5EQnho31Z9LEGUDNsf7e5vKcPIo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJPtpl26uwm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqCG2RmMeqE6KmnEnaMsxw2kkURRFy2g7Ht7nffqJKs1g+mElCA4FDySJG0Fip3RuiEFjpV2te3ZvBXSZ+QWpQoNmvfvUGMUkFlYZw1Lrre4kJMlSGEU6nlV6qaYJkjEPatVSioDrIZudO3ROrDNwoVrakcWfq74kMhdYTEdpOgWakF71c/M/rpia6DjImk9RQSeaLopS7Jnbz390BU5QYPrEEiWL2VpeMUCExNqE8BH/x5WXyeFb3L+sX9+e1xk0RRxmO4BhOwYcraMAdNKEFBMbwDK/w5iTOi/PufMxbS04xcwh/4Hz+AMCgjzM=</latexit>�

g=diag( c2, -1 )

V(x)

+ V(x)

see e.g. S. Carlip: General Relativity: A Concise Introduction. OUP Oxford
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Geometrizing the interactions
Modify the metric so that the same trajectory ensues for interacting particle in 
flat spacetime and non-interacting particle in a non-flat spacetime

<latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

<latexit sha1_base64="5EQnho31Z9LEGUDNsf7e5vKcPIo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJPtpl26uwm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqCG2RmMeqE6KmnEnaMsxw2kkURRFy2g7Ht7nffqJKs1g+mElCA4FDySJG0Fip3RuiEFjpV2te3ZvBXSZ+QWpQoNmvfvUGMUkFlYZw1Lrre4kJMlSGEU6nlV6qaYJkjEPatVSioDrIZudO3ROrDNwoVrakcWfq74kMhdYTEdpOgWakF71c/M/rpia6DjImk9RQSeaLopS7Jnbz390BU5QYPrEEiWL2VpeMUCExNqE8BH/x5WXyeFb3L+sX9+e1xk0RRxmO4BhOwYcraMAdNKEFBMbwDK/w5iTOi/PufMxbS04xcwh/4Hz+AMCgjzM=</latexit>�

g=diag( c2, -1 )

V(x)

g=diag( c2 + V(x)/2m , -1 )

≈
<latexit sha1_base64="yLHLiIKKYvv9QRFwUcc7eAOG25I=">AAACMHicZVBNSwMxEE38rN9VDx68BItQQcpu8etY9OKxgq2FtpZsmrXBZLMks2JZ9td41Yu/Rk/i1V9htu3B2oEwj5d5M/MmiKWw4HmfeG5+YXFpubCyura+sblV3N5pWp0YxhtMS21aAbVciog3QIDkrdhwqgLJ74LHq/z/7okbK3R0C8OYdxV9iEQoGAVH9Yp7ndBQljbLz0dZWlXsvpp1pCR+r1jyKt4oyCzwJ6CEJlHvbWPc6WuWKB4Bk9Tatu/F0E2pAcEkz1Y7ieUxZY/0gbcdjKjitpuOHGTk0DF9EmrjXgRkxE4rILzopiKKE+ARGwvCRBLQJLdF+sJwBnLoAGVGuJmEDaizBs78304pVdYOVXDssqIwyHM+0+YABmpq0TSvAK2lnaaDf2X9UYvMHc3/f6JZ0KxW/LPK6c1JqXY5OV8B7aMDVEY+Okc1dI3qqIEYytALekVv+B1/4C/8PS6dwxPNLpoK/PMLgnGpqw==</latexit>

V (x)

2mc2
⌧ 1

<latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

<latexit sha1_base64="5EQnho31Z9LEGUDNsf7e5vKcPIo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJPtpl26uwm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqCG2RmMeqE6KmnEnaMsxw2kkURRFy2g7Ht7nffqJKs1g+mElCA4FDySJG0Fip3RuiEFjpV2te3ZvBXSZ+QWpQoNmvfvUGMUkFlYZw1Lrre4kJMlSGEU6nlV6qaYJkjEPatVSioDrIZudO3ROrDNwoVrakcWfq74kMhdYTEdpOgWakF71c/M/rpia6DjImk9RQSeaLopS7Jnbz390BU5QYPrEEiWL2VpeMUCExNqE8BH/x5WXyeFb3L+sX9+e1xk0RRxmO4BhOwYcraMAdNKEFBMbwDK/w5iTOi/PufMxbS04xcwh/4Hz+AMCgjzM=</latexit>�
V(x)=0

+ V(x)

see e.g. S. Carlip: General Relativity: A Concise Introduction. OUP Oxford
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Equation of motion

Reparameterization invariance will impede numerical search for critical point 
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Equation of motion

Reparameterization invariance will impede numerical search for critical point 
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Equation of motion

Reparameterization invariance will impede numerical search for critical point 

The following geodesic equations ensue from the action E:
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A discretization scheme preserving 
space-time symmetries
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Discretizing the Worldline as BVP

<latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

1d submanifold
embedded in (d+1)

<latexit sha1_base64="1sqm7cGQg4vubA9niSpu6CqvEzE=">AAACJHicZVDLSgMxFE181nerSzfBIriQMiO+lkVduKxgtdAOcidN22AyGZM7Qhn6HW5149e4Exdu/BYztQurB8I9nJz7jFMlHQbBJ52ZnZtfWCwtLa+srq1vlCubN85klosmN8rYVgxOKJmIJkpUopVaATpW4ja+Py/+bx+FddIk1zhMRaShn8ie5IBeijoXQiGwTh+0hrtyNagFY7D/JJyQKpmgcVehtNM1PNMiQa7AuXYYpBjlYFFyJUbLncyJFPg99EXb0wS0cFE+nnrEdr3SZT1j/UuQjdXpDOydRrlM0gxFwn8SepliaFixCutKKziqoSfArfQ9GR+ABY5+4d+VctDODXW876MGHBSx6OkKggM9NWheONAY5abl+I+tOy4x8kcL/57oP7k5qIXHtaOrw2r9bHK+EtkmO2SPhOSE1MklaZAm4eSBPJFn8kJf6Rt9px8/1hk6ydkiU6Bf35nppb0=</latexit>

��

Discretize in the world-line parameter using summation-by-parts finite differences:
<latexit sha1_base64="QBSyGDD38hKPaVQkRWAjZ1vU/X0="></latexit>

EBVP =
1

2

n⇣�
c2 +

2V (x)

m

�
�Dt

⌘T
H (Dt)� (Dx)TH (Dx)

o

+ �1(t[1]� ti) + �2(t[N� ]� tf )

+ �3(x[1]� ti) + �4(x[N� ]� xf )

for a review of SBP operators see D. Fernández, J. E. Hicken, and D. W. Zingg, Comp. & Fluids 95 171 (2014)
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Discretizing the Worldline as BVP

<latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

1d submanifold
embedded in (d+1)

<latexit sha1_base64="1sqm7cGQg4vubA9niSpu6CqvEzE=">AAACJHicZVDLSgMxFE181nerSzfBIriQMiO+lkVduKxgtdAOcidN22AyGZM7Qhn6HW5149e4Exdu/BYztQurB8I9nJz7jFMlHQbBJ52ZnZtfWCwtLa+srq1vlCubN85klosmN8rYVgxOKJmIJkpUopVaATpW4ja+Py/+bx+FddIk1zhMRaShn8ie5IBeijoXQiGwTh+0hrtyNagFY7D/JJyQKpmgcVehtNM1PNMiQa7AuXYYpBjlYFFyJUbLncyJFPg99EXb0wS0cFE+nnrEdr3SZT1j/UuQjdXpDOydRrlM0gxFwn8SepliaFixCutKKziqoSfArfQ9GR+ABY5+4d+VctDODXW876MGHBSx6OkKggM9NWheONAY5abl+I+tOy4x8kcL/57oP7k5qIXHtaOrw2r9bHK+EtkmO2SPhOSE1MklaZAm4eSBPJFn8kJf6Rt9px8/1hk6ydkiU6Bf35nppb0=</latexit>

��

Discretize in the world-line parameter using summation-by-parts finite differences:
<latexit sha1_base64="QBSyGDD38hKPaVQkRWAjZ1vU/X0="></latexit>

EBVP =
1

2

n⇣�
c2 +

2V (x)

m

�
�Dt

⌘T
H (Dt)� (Dx)TH (Dx)

o

+ �1(t[1]� ti) + �2(t[N� ]� tf )

+ �3(x[1]� ti) + �4(x[N� ]� xf )

Note that the values of t and x remain continuous: 
explicit invariance under time translations in the 
discrete setting. No issue with finite domain.

for a review of SBP operators see D. Fernández, J. E. Hicken, and D. W. Zingg, Comp. & Fluids 95 171 (2014)
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Discretizing the Worldline as BVP

<latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

1d submanifold
embedded in (d+1)

<latexit sha1_base64="1sqm7cGQg4vubA9niSpu6CqvEzE=">AAACJHicZVDLSgMxFE181nerSzfBIriQMiO+lkVduKxgtdAOcidN22AyGZM7Qhn6HW5149e4Exdu/BYztQurB8I9nJz7jFMlHQbBJ52ZnZtfWCwtLa+srq1vlCubN85klosmN8rYVgxOKJmIJkpUopVaATpW4ja+Py/+bx+FddIk1zhMRaShn8ie5IBeijoXQiGwTh+0hrtyNagFY7D/JJyQKpmgcVehtNM1PNMiQa7AuXYYpBjlYFFyJUbLncyJFPg99EXb0wS0cFE+nnrEdr3SZT1j/UuQjdXpDOydRrlM0gxFwn8SepliaFixCutKKziqoSfArfQ9GR+ABY5+4d+VctDODXW876MGHBSx6OkKggM9NWheONAY5abl+I+tOy4x8kcL/57oP7k5qIXHtaOrw2r9bHK+EtkmO2SPhOSE1MklaZAm4eSBPJFn8kJf6Rt9px8/1hk6ydkiU6Bf35nppb0=</latexit>

��

Discretize in the world-line parameter using summation-by-parts finite differences:
<latexit sha1_base64="QBSyGDD38hKPaVQkRWAjZ1vU/X0="></latexit>

EBVP =
1

2

n⇣�
c2 +

2V (x)

m

�
�Dt

⌘T
H (Dt)� (Dx)TH (Dx)

o

+ �1(t[1]� ti) + �2(t[N� ]� tf )

+ �3(x[1]� ti) + �4(x[N� ]� xf )

Note that the values of t and x remain continuous: 
explicit invariance under time translations in the 
discrete setting. No issue with finite domain.

Noether charge:
<latexit sha1_base64="VJXZzRoRxETYjJWKU1WReQGnmcw="></latexit>

Qt = 2(Dt) � (1+ 2V(x)/m)

A. Rothkopf, J. Nordström, 
arXiv:2307.04490

for a review of SBP operators see D. Fernández, J. E. Hicken, and D. W. Zingg, Comp. & Fluids 95 171 (2014)
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Now reformulate as IVP

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

1d submanifold
embedded in (d+1)

<latexit sha1_base64="1sqm7cGQg4vubA9niSpu6CqvEzE=">AAACJHicZVDLSgMxFE181nerSzfBIriQMiO+lkVduKxgtdAOcidN22AyGZM7Qhn6HW5149e4Exdu/BYztQurB8I9nJz7jFMlHQbBJ52ZnZtfWCwtLa+srq1vlCubN85klosmN8rYVgxOKJmIJkpUopVaATpW4ja+Py/+bx+FddIk1zhMRaShn8ie5IBeijoXQiGwTh+0hrtyNagFY7D/JJyQKpmgcVehtNM1PNMiQa7AuXYYpBjlYFFyJUbLncyJFPg99EXb0wS0cFE+nnrEdr3SZT1j/UuQjdXpDOydRrlM0gxFwn8SepliaFixCutKKziqoSfArfQ9GR+ABY5+4d+VctDODXW876MGHBSx6OkKggM9NWheONAY5abl+I+tOy4x8kcL/57oP7k5qIXHtaOrw2r9bHK+EtkmO2SPhOSE1MklaZAm4eSBPJFn8kJf6Rt9px8/1hk6ydkiU6Bf35nppb0=</latexit>

��

Forward-backward construction for both time and space coordinate

forward branch

backward branch

initial conditions

connecting conditions

<latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))
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Now reformulate as IVP

<latexit sha1_base64="wSAu0/7KQRMZHT2zeelcb3ZvpdU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaEHKjHhbFt24rGAv0A5DJs20oUlmSDJiGQpufBU3LhRx60u4823MtAW19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuMrqzTsiFY3ErR7GxOOoJ2hIMdLG8u29ki51eohz5NPy0f0Plwu+XXQqzlhwHtwpFMFUNd/+7HQjnHAiNGZIqbbrxNpLkdQUMzIqdBJFYoQHqEfaBgXiRHnp+IYRPDROF4aRNE9oOHZ/T6SIKzXkgenkSPfVbC0z/6u1Ex1eeCkVcaKJwJNFYcKgjmAWCOxSSbBmQwMIS2r+CnEfSYS1iS0LwZ09eR4axxX3rHJ6c1KsXk7jyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3SWvOms7sgj+yPr4BbZOWHA==</latexit>

(t(�i), x(�i))

1d submanifold
embedded in (d+1)

<latexit sha1_base64="1sqm7cGQg4vubA9niSpu6CqvEzE=">AAACJHicZVDLSgMxFE181nerSzfBIriQMiO+lkVduKxgtdAOcidN22AyGZM7Qhn6HW5149e4Exdu/BYztQurB8I9nJz7jFMlHQbBJ52ZnZtfWCwtLa+srq1vlCubN85klosmN8rYVgxOKJmIJkpUopVaATpW4ja+Py/+bx+FddIk1zhMRaShn8ie5IBeijoXQiGwTh+0hrtyNagFY7D/JJyQKpmgcVehtNM1PNMiQa7AuXYYpBjlYFFyJUbLncyJFPg99EXb0wS0cFE+nnrEdr3SZT1j/UuQjdXpDOydRrlM0gxFwn8SepliaFixCutKKziqoSfArfQ9GR+ABY5+4d+VctDODXW876MGHBSx6OkKggM9NWheONAY5abl+I+tOy4x8kcL/57oP7k5qIXHtaOrw2r9bHK+EtkmO2SPhOSE1MklaZAm4eSBPJFn8kJf6Rt9px8/1hk6ydkiU6Bf35nppb0=</latexit>

��

Forward-backward construction for both time and space coordinate

forward branch

backward branch

initial conditions

connecting conditions

Lagrange multipliers modify Noether charge 
<latexit sha1_base64="VJXZzRoRxETYjJWKU1WReQGnmcw="></latexit>

Qt = 2(Dt) � (1+ 2V(x)/m)

<latexit sha1_base64="e8HnGuFk5zqDo38NCVeN9D0sAi8=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoQUpM+JtWXTjsoK9QDsMmTTThiaZIcmIZShufBU3LhRx61O4821M2wG19YfAx3/O4eT8Qcyo0o7zZeUWFpeWV/KrhbX1jc0te3unoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwuBrXm3dEKhqJWz2MicdRT9CQYqSN5dt7JV3q9BDnyA/LR/c/XPbtolNxJoLz4GZQBJlqvv3Z6UY44URozJBSbdeJtZciqSlmZFToJIrECA9Qj7QNCsSJ8tLJCSN4aJwuDCNpntBw4v6eSBFXasgD08mR7qvZ2tj8r9ZOdHjhpVTEiSYCTxeFCYM6guM8YJdKgjUbGkBYUvNXiPtIIqxNagUTgjt78jw0jivuWeX05qRYvcziyIN9cABKwAXnoAquQQ3UAQYP4Am8gFfr0Xq23qz3aWvOymZ2wR9ZH98nl5YC</latexit>

(t(�f ), x(�f ))
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Nonlinear potential case V(x)=kx4

+++++++++++++++++ ++ + + + + + + + + + + + + +
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Temporal grid spacing adapts to the dynamics of the position coordinate:
a form of automatic adaptive mesh refinement

End of simulation now emerges dynamically, as time is dynamical on worldline
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Discretized Noether charge 
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Noether charge not only conserved but exhibits correct continuum value

Manifest time-translation invariance of action: exactly preserved Noether charge
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Convergence properties
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Global convergence en-par with expectations for stable SBP schemes 

Local convergence at ɣf Global L2 convergence
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Summary

IVPs directly formulated on the action level using forward-backward construction

General Relativity offers alternative action formulation in terms of world-lines

Discretization of world-line action retains continuum symmetries

Dynamical emergence of time-mesh & exact conservation of Noether charge 

Discretization on action level via a single type of SBP finite difference operator
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Summation-by-parts finite differences

Derivation of Noether theorem or governing equations rely on integration by parts
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Summation-by-parts finite differences

Derivation of Noether theorem or governing equations rely on integration by parts

Mimetic discretization needed to preserve IBP in discrete setting: 
for a review see D. Fernández, J. E. Hicken, and D. W. Zingg, Comp. & Fluids 95 171 (2014)
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Summation-by-parts finite differences

Derivation of Noether theorem or governing equations rely on integration by parts

<latexit sha1_base64="BnMaibl4NswkZ/s2HB5hHHWGR+g="></latexit>

D = H�1
Q

<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]
<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]
<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]

<latexit sha1_base64="3EkJjzdGSPCUIQRHHtlqNF++/wY="></latexit>Z tf

ti

dt u(t) v(t) ⇡ ut
Hv

quadrature rule

finite difference

Mimetic discretization needed to preserve IBP in discrete setting: 
for a review see D. Fernández, J. E. Hicken, and D. W. Zingg, Comp. & Fluids 95 171 (2014)
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Summation-by-parts finite differences

Derivation of Noether theorem or governing equations rely on integration by parts

<latexit sha1_base64="BnMaibl4NswkZ/s2HB5hHHWGR+g="></latexit>
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<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]
<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]
<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]

<latexit sha1_base64="3EkJjzdGSPCUIQRHHtlqNF++/wY="></latexit>Z tf

ti

dt u(t) v(t) ⇡ ut
Hv

quadrature rule

finite difference

Mimetic discretization needed to preserve IBP in discrete setting: 
for a review see D. Fernández, J. E. Hicken, and D. W. Zingg, Comp. & Fluids 95 171 (2014)
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Summation-by-parts finite differences

Derivation of Noether theorem or governing equations rely on integration by parts
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<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]
<latexit sha1_base64="ROYJ7slG6e/CXl4AtI54fKyu3TI="></latexit>

Q+Qt = EN � E0 = diag[�1, 0, . . . , 0, 1]

<latexit sha1_base64="3EkJjzdGSPCUIQRHHtlqNF++/wY="></latexit>Z tf

ti

dt u(t) v(t) ⇡ ut
Hv

quadrature rule

finite difference

Mimetic discretization needed to preserve IBP in discrete setting: 
for a review see D. Fernández, J. E. Hicken, and D. W. Zingg, Comp. & Fluids 95 171 (2014)
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