Hard Thermal Loops

Resummations and collective modes

» To see the emergence of collectivity, consider resummed propagators

« Quarks: in vacuum propagating massless quark (antiquark) with positive
(negative) chirality to helicity ratio Sx(Q) = h;SE(Q) + 1, Sg(Q), with

Sx(Q) =il(¢" +ieFg)andh; = (' F7y-q)/2

« After HTL resummation
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Hard Thermal Loops

Collective quark modes

Sr(Q) = o (q+;§(q0/q)) I (1 20 __qln(qmrq))_

q _
2q 2q " — q

 |n the time-like sector plasmons: collective excitations with modified
dispersion relation. At vanishing momentum

Sﬁ(qo) = qu/((qO + i€)* — m2/2), propagating, massive modes for both
helicities!

At large g > m__, at positive frequency the negative chirality/helicity
mode has exponentially small residue, positive chirality/helicity modes

have qo = q + mgc/(Zq) asymptotic mass. The opposite happens at neg
freqg. In-between: numerical solution,



Hard Thermal Loops

Collective quark modes
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« Plasmino: a collective excitation where the positive frequency fermion
mixes with the negative frequency anti-fermion. Negative freq. derivative!



Hard Thermal Loops

Causality and “old” sum rules

The analytical properties of amplitudes are dictated by causality.

They can be used to obtain sum rules: perform complicated-looking
integrals analytically

Textbook causality examples: retarded (advanced) propagator analytical in
the upper (lower) half-plane in the complex frequency

“Old” sum rules for HTL propagators at fixed three-momentum exploit it

1 . . |
I[n = /d3X€—Zq.x<Eza(t __ O7X)Eza(070)>: / dw T
d A 27 W

[QwQ,OT(w, q) +q°pr(w, q))

Aside: HTLs are classical (see Kurkela), kept only the classical-field part T/w



Hard Thermal Loops

Causality and “old” sum rules
dw T
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 |In the complex plane (see blackboard) the only contributing structures are
the zero-mode pole at w = 0 and the asymptotic behaviour at |w| — o



Hard Thermal Loops

Causality and “old” sum rules

1

dw T

Ip =~ /d3xe—’i‘I'X<Em(t — o,X)Em(o,o»:/
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 |In the complex plane (see blackboard) the only contributing structures are

the zero-mode pole at w = 0 and the asymptotic behaviour at |w| — o
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Hard Thermal Loops

Causality and new sum rules

» Let us look at transverse momentum broadening, important ingredient for

collinear radiation

Clh) = rP gt = [ GEER Ch)

. Hard particle propagating eikonally in the x™ = (x + x%)/2 direction

- Rate: correlator of eikonal Wilson lines at finite transverse separation

Casalderrey-Solana Teaney hep-th/0701123 space- ([ k
Xt SfPﬁVd_(ef
? A‘(x‘,n,o\ /\N"\

A (‘/*,o, o\


https://arxiv.org/abs/hep-th/0701123

Hard Thermal Loops

Causality and new sum rules

» Let us look at transverse momentum broadening
C (k) = D( (fo ‘d ke cCky, g4 </\ (XT X1 ()) /\ (O \> — yCRS d k1 G,:,:(V*, " O)

« Power counting A"
o Ve Jar
. K soft: @S d ‘_ 0 (K) ~ V.

2 /1
- K hard: @( dm (% +“‘B(“*\) .-ty () ~ 9/:

~ Soft modes dominate total rate, [ 6 (k,), both LO for g ~ { kf‘[g(kl)
k k

1 1



Hard Thermal Loops

Causality and new sum rules

Let us look at transverse momentum broadening
_ o2 2 NAEWTY - . _ 2 1 _
Cui) =y [det | CA (1 K1, 0) A ) = yé S% 62 ( ko

. . - G - ( Xyx2
This looks complicated for soft gluons s Oyz b &

Space-like separations and causality come to the rescue however, and

give us a powerful new(er) “sum rule”: a connection to a dimensionally-
reduced Euclidean theory

| et’s see in detalil



Euclideanisation

Causality and analiticity

. For t/x* = 0: equal time correlators: Euclidean (recall first lecture)

Grr(t = 0, X) — iGE(wnap)eip.x

p
. Consider the more general case |#/x*| < 1

1

Grr(tax) — /dedpdePJ_ei(pzxZ_l_pJ_'XLpoxo) (5 + nB(pO)> (GR(P) o GA(P))

. Change variables to p* = p? — p(¢/x%)

1
2

Grr(t,x) _ /dedﬁdePJ_ei(ﬁzxZ—l—PJ_-xJ_) ( | nB(pO)> (GR(pO,ﬁZ 4+ (t/(L‘Z)pO)— GA)



Euclideanisation

Causality and analiticity

D®(q%, ¢, qu) = / detde=d?z, 0 e marx ) DRE p x ) )

. DX(X) has support for x” > 0 and 2xtx~ > xi, i.e.x™ >0, x~ > 0. Hence
retarded functions are analytical in the upper plane in any time-like or

light-like variable (g = (¢ + ¢%)/2, g~ = q¢" — ¢%)

~2 1(p°x” - X 1 ~2 z
Gro(t,%) = [ dpdpdpue 7 P50 (Dknnp) ) (G, + (t/a7)8° — G

» Gp analytical in pO, only poles are the Matsubara modes in ng
G (t,x) = TZ/dpdepLei(pzwszpL'XL)GE(wn,pL,pz iwpt/x*)

where p* renamed back to p*



Euclideanisation

Causality and analiticity

. Gp analytical in pO, only poles are the Matsubara modes in ng
G””’“(t7 X) — TZ / dpdePJ_ei(pzxz—l_pJ_.XJ_)GE(WTHpJ_7pZ_|_iwnt/xZ)

. Soft physics dominated by n = 0 (and t-independent) =>EQCD!
Gr’r‘ (ta X)SOft =1 / dgp eip-x GE (wn — Ov p)

« NB: forgot 27 denominators everywhere

Caron-Huot PRD?79 (2009)



Euclideanisation

Causality and analiticity

. Soft physics dominated by n = 0 (and t-independent) =>EQCD!

Grr(t7 X)soft — T/dgp e'P Gp (wn = 0, P)

+ In our case, recalling that iGp(w, p) = G(wr = — (W + i€), p)
. KK = 1
C(K:\ .:()2 Ce (JU [clm@ 4 (/\‘(Krl)(_,\ /\'(o\> P24 M2 A
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Caron-Huot PRD79 (2009)



Euclideanisation

Causality and analiticity

« The latest result could have been obtained (for the zero mode only) from

the complex plane directly, Aurenche Gelis Zargket
R R ~Gp
.‘ 7~ A /\/\__/'\
Clk) ) Ce g‘% (22- ¢ ‘“u(ﬂ\@" (K",kj,o)

|_K'f

Caron-Huot PRD79 (2009)



Hard Thermal Loops

Fermionic sum rules and the photon rate

« The proper evaluation of the soft contribution to the photon rate requires HTL
resummation for the photon rate. Landau damping will then make this
contribution IR finite.

Single line soft, double line hard (they can’t be both soft, k ~ T). The cut goes
through any of the infinite HTLs



Hard Thermal Loops

Fermionic sum rules and the photon rate

« The proper evaluation of the soft contribution to the photon rate requires
HTL resummation for the photon rate. Landau damping will then make this
contribution IR finite

< d*P 1 o< <
g2 soft (IC) = —2 Z g 1 [(eQZ’V )Shard (7) _I_IC)(QQi,yM)SSOft(_P)} |
_ | @

Using the KMS relations this is () A v
115 () =262 3 QF [ G W (OR = K (Sn(P) = Sa(P))] (0P K) e (1° LAPD)208(P + KP)(1 - e (6)

H;Q Soft (IC) = — 62 Z Q? an(k) / (27-‘-7))4 Tr [K(SR(P) — SA(P))} 27T5(p_)

1



Hard Thermal Loops

Fermionic sum rules and the photon rate

Hg<2 Soft (IC) — — 62 Z ng TLFk(k) / (27-‘-7))4 1r [K:(SR(P) — SA (73))} 27‘(‘5(]9_)

. See where this is going? dp™ integration, retarded functions

. Recalling Sg(P) = i} S;t(P) + h; Sz (P)

dpTdp, |

1T (/C):QeQZQ?n (k)/ 1 P’ T(pT,pT =0,p1) + 1'p+ “(pT,p” =0 )-
g2 soft ' i TUF (27_‘_)3 _ D P \P P y PL | D P P P y P L _

. Clearly, no zero modes p™ = 0 for a fermion.




Hard Thermal Loops

Fermionic sum rules and the photon rate

dpTd’py | p* _ p* '
S —9¢? 2 T (T — | — (T T —
H92 Soft(lc) =2e Z:Qz nF(k)/ (27_‘_)3 _ 1 D P (p P = Ova_) - (1 | D )10 (p P = OapJ_)_

. Deform the dp™ contour away from the real axis
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Hard Thermal Loops

Fermionic sum rules and the photon rate

dpTdp, |

15, (€) =26 3 Qe (1) [t (12 )or ot =0+ (1-

 Finally one finds

d°p | |
15 () =262 3 Gt @) [ 535

1

p?

pt '
; )p_(p+,p‘ =0,p1)

pT +m2,

« This is UV log-divergent, removes log sensitivity of naive contribution. A

finite result is thus obtained analytically

. Still missing the collinear contribution




Collinear physics

Another failure of the naive loop expansion

dr,  II<(K)
3k (2m)32k

(4P

O

< (K) = / XX (JR(0) T, (X))

T

Soft Collinear




Collinear physics

Another failure of the naive loop expansion

. If O ~ g1 the intermediate quark is close to the mass shell: photon
emission is collinear and enhanced

« This Bethe-Heitler process is of the same order as the hard+soft 2<->2
contributions



Collinear physics

Another failure of the naive loop expansion

1k k * ork A
~ The formation time is L %

Myire Myirt (P + K )2 P J2_ P

« This is of the same size of the mean free time between soft collisions

whenp, ~ gl



Collinear physics

Another failure of the naive loop expansion

= = = = = = = = =

The formation time is (R — _{j
' (P + K)?

Myire Myirt pjz_ >
« This is of the same size of the mean free time between soft collisions

whenp, ~ gl

- Multiple soft interactions have to be resummed, Landau-Pomeranchuk-
Migdal effect. Resumming to all orders the € kernel



The leading-order photon rate

| sat here for 5 hours and all | got was this lousy plot

Thermal photon rate, a,=0.2
0.5
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AMY (Arnold Moore Yaffe) JHEP 0111, 0112, 0226 (2001-02)



Conclusions

- Many modern perturbative calculations of dynamical quantities (not
thermodynamics) follow the pattern of the thermal photon rate:

« multiple scales
» breakdown of loop expansion
« HTL resummation for soft modes

« LPM resummation for collinear modes

 |f you are lucky and can map the soft contribution to space-like separated
amplitudes, then you can use analyticity to make life much easier



