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Outline overall

» lecture 1: introduction to QCD and thermodynamics
» lecture 2: hot Yang-Mills theory on the lattice
» lecture 3: full QCD in extreme conditions on the lattice
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QOutline lecture 3

» dynamical fermions and chiral symmetry; staggered fermions
» finite temperature transition in full QCD
» equation of state

» nonzero density and the sign problem
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Dynamical fermions




Full QCD path integral

» path integral over links and fermion fields
Z= / DU Dy Dy e HSe—vMY

» Grassmann numbers on a computer?
= integrate out fermions analytically

Z= /DU det M &5
» fermion matrix

M = diag(D + my, D + mg, D+ ms, ...)

» note: ms — oo of full QCD gives back pure gauge theory
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Staggered fermions
» naive Dirac operator: 16-fold doubling
D= ;%:w {T} n T]
» staggered Dirac operator (no Dirac indices!): 4-fold doubling
D=3 m || ) = (1
» partition funition

Z= /DUe’BSG 1 V/det(B + m¢)
f

» rooting: no doubling? but has theoretical problems & Creutz '07
» note: local averaging of links suppresses discretization errors
“stout smearing” # Morningstar, Peardon PRD '04

.
— ] 1
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https://inspirehep.net/literature/757912
https://inspirehep.net/literature/632947

Staggered ns-hermiticity

> qs-hermiticity  {forward hopping} = {backward hopping}|

V5 D5 = @T

» determinant is real

det[s Dys] = det ' - det ) = (det D)*

» one can also show det [) > 0

» thus, path integral weight is real and positive v/
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Staggered ns-hermiticity

> qs-hermiticity  {forward hopping} = {backward hopping}|

V5 D5 = @T

» determinant is real

det[s Dys] = det ' - det ) = (det D)*

» one can also show det [) > 0

» thus, path integral weight is real and positive v/

» same holds for staggered fermions with 5 replaced by
N5 = (_1)n1+n2+n3+n4
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Continuum limit

» continuum limit nonperturbatively

1 =

> lattice spacing from scale setting | a(3)
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Continuum limit

» continuum limit nonperturbatively

I

> lattice spacing from scale setting | a(3)

» quark masses from line of constant physics | m¢(3)

tuned to the physical point:

My = 139 MeV, My = 495 MeV, M, = 938 MeV ...

76 / 107



Chiral symmetry and its breaking

> massless action ¥[0v) has chiral symmetry: {vs, P} =0

SUV(Nf) X SUA(Nf) X U\/(l) X UA(l)
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Chiral symmetry and its breaking

> massless action ¥[0v) has chiral symmetry: {vs, P} =0
SUv(Nf) X SUA(Nf) X U\/(l) X UA(l)

» SUA(Nf) broken spontaneously in the QCD vacuum (t1)) # 0
~~ Goldstone bosons: N? — 1 massless pions
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Chiral symmetry and its breaking

> massless action ¥[0v) has chiral symmetry: {vs, P} =0
SUv(Nf) X SUA(Nf) X U\/(l) X UA(l)

» SUA(Nf) broken spontaneously in the QCD vacuum (t1)) # 0
~~ Goldstone bosons: N? — 1 massless pions

P> massive case: mi1) breaks axial symmetries
~> pseudo-Goldstone bosons: N% — 1 almost massless pions

» high temperature: chiral symmetry restoration
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Dictionary 2.

Ising model QCD
symmetry group 7(2) SU(2)
spontaneous breaking || (M) = a'giz (Yuthy) = %’Tguz
Goldstones — 3
explicit breaking h m, = my
symmetry restoration at high T at high T
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Chiral condensate
» full QCD expectation value
7 ri T Dy a—BSc— M T
(@uths) = ;5 | PUDIDe Futbu

T1
= V? /DU det M eiBSG tr Mljl <— way to calculate

_ T OlgZz
VvV omy

> remember order parameter definition for Ising model

lim lim (M) or lim ((M]),_o

h—0t V—oo V—o0
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Chiral condensate
» full QCD expectation value
7 ri T Dy a—BSc— M T
(@uths) = ;5 | PUDIDe Futbu

T1
= V? /DU det M eiBSG tr Mljl <— way to calculate

TOlgZ
vV om,

> remember order parameter definition for Ising model

lim lim (M) or lim ((M]),_o

h—0t V—oo V—o0

» here only option:

lim I|m <¢u¢u>

my—0t V
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Renormalization

» remember UV divergences from free case (u and s flavors)

log ZIree — O(A*) + O((m? + m2)A2) + O((m? + m2)? log A?) + finite

vac
so the condensate

free
(huthu) = alc;)gn?‘m = O(myN?) + O(my(m? + m?) log A?) + finite

u
» multiplicative divergence (interacting case) « Peskin, Schroeder
my = Zp - mg Vv f
» fully renormalized combination
[<1/_}u¢u>T - <1/_1u1/}u>T:O} s my
» sometimes also used

mg <ﬂ_}uwu> T — my <¢_Js7/}s> T

cancels quadratic divergence but not the logarithmic one
80 / 107


https://inspirehep.net/literature/407703

Finite temperature transition in full QCD




Chiral restoration in full QCD



Results: condensate

» average light quark condensate after renormalization
() = — |:<'(Zuwu>7' - @uwuh:o] -

watch out: this vanishes at T = 0 and positive at high T
& Borsanyi et al. JHEP '10

0 4,Continuum u

N,=16 ©
N=12 ¢
N,=100

N,=8 v

» does not look like a real phase transition. how to check?

00 . . . . .
100 120 140 160 180 200 220

T[MeV]
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https://inspirehep.net/literature/855185

Results: order of transition

» chiral susceptibility Xy & Aoki, Endrédi et al. Nature '06
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» confirmed by other discretizations ¢ Bhattacharya et al. PRL '14 82 / 107


https://inspirehep.net/literature/731401
https://inspirehep.net/literature/1282138

Crossover transition

» in full QCD at the physical point, there is no real phase
transition but merely an analytic crossover

» there is no bubble formation in the QCD epoch of the early
universe
~ relevant for cosmology
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Transition temperature

P> at what temperature does the transition take place?
» there is no unique T, but we can define it via
> inflection point of (1))
> maximum of xz,
» any characteristic behavior
# Bazavov et al. PLB '19

300 - 170 —————
X~ N =16 = T.{0) [MeV) ;
2350) ' 12 = xXTo~
< 165 Cl -
200 . - ;
i . ey G o . . (o
150 7 - L e 160 : ; or
. « H CF e
100 - . ; x X
. e 155 " ¥ (156.5 4 1.5) MeV m
50
T [MeV 1N
0= ' MV : : 571 ) ——— . Ny
133 145 155 165 175 2 X P
ERE B W
e L & @

> transition at T, = 156.5(1.5) MeV
» transition width O(15) MeV
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https://inspirehep.net/literature/1710348

Deconfinement in full QCD



Center symmetry in full QCD

» remember center transformation
Ue(n,a) — Ve - Ue(n,ng) Ve € Z(3)

» gauge action is invariant

» det M in heavy-quark expansion:

det M o det <1 + LD> = exp ltrlog <1 + ¢>
m m

this includes Polyakov loop

r m2k
— exp [_ > t(m2/k)]

k>0

» det M not invariant under center transformations
it serves as explicit breaking for Z(3) symmetry

which center sector does it prefer?
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Center symmetry in full QCD

> perturbative effective potential again & Roberge, Weiss NPB '86
» in Polyakov gauge

P = tr diag(e’”h eisoz’ e*i(%ﬂoz))

it is as if we had boundary conditions ¢; for the fermions
P in pure gauge theory we had three degenerate minima at

p1=p2=0 1 =2 =27/3 01 =y = —2m/3

» for fermions this shifts Dirac eigenvalues (Matsubara
frequencies n € Z)

”77 —@2n+1+07  (2n+1+2/3)r  (2n+1-2/3)r

magnitude of lowest frequency is largest (so det M is largest)
for
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Center symmetry in full QCD

> perturbative effective potential again & Roberge, Weiss NPB '86
» in Polyakov gauge

P = tr diag(e’”h eisoz’ e*i(%ﬂoz))

it is as if we had boundary conditions ¢; for the fermions
P in pure gauge theory we had three degenerate minima at

p1=p2=0 1 =2 =27/3 01 =y = —2m/3

» for fermions this shifts Dirac eigenvalues (Matsubara
frequencies n € Z)

”77 —@2n+1+07  (2n+1+2/3)r  (2n+1-2/3)r

magnitude of lowest frequency is largest (so det M is largest)
for p1 =2 =0
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https://inspirehep.net/literature/18364

Polyakov loop in full QCD

» fermions prefer real Polyakov loops

scatter plot at low T and high T

0.1

0.0

-0.1

0.1
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Dictionary 3.

Ising model QCD
symm. group Z(2) Z(3) SU(2)
sp. breaking || (M) = 2182 (P) (Dutpu) = %22
Goldstones — - 3
exp. breaking h>0 my=mg<oo| my=mg>0
symm. restoration at high T at low T at high T
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Results: Polyakov loop in full QCD

» fixed Ni-approach & Borsanyi et al. JHEP '10

1.0F~ T 7
Continuum B
N=16 © o
08 N=12 ¢ . v
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o
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Renormalized Polyakov loop
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» chiral symmetry restoration at ~ (155 + 15) MeV

» deconfinement in roughly same region
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https://inspirehep.net/literature/855185

Columbia-plot

» full QCD at the physical point has no exact symmetries
not quite SU(2) chirally symmetric because m,, my > 0
not quite Z(3) center symmetric because ms < co

» order of finite temperature transition as a function of
m, = mg and ms: Columbia-plot & Brown et al. PLB '90

Ny=2 oC

B sz

® Physical point

Ny

Crossover

0 Mad

# Cuteri et al. PRD '18
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https://inspirehep.net/literature/28478
https://inspirehep.net/literature/1636214

Columbia-plot

» full QCD at the physical point has no exact symmetries
not quite SU(2) chirally symmetric because m,, my > 0
not quite Z(3) center symmetric because ms < co

» order of finite temperature transition as a function of
m, = mg and ms: Columbia-plot & Brown et al. PLB '90
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https://inspirehep.net/literature/28478
https://inspirehep.net/literature/1636214

Equation of state




Integral method in QCD

P> remember in pure gauge theory

B1
log Z(f1) — log Z (o) = /ﬁ dp

> now more parameters: 3, ms but they are not independent

a(p)

m¢(3)

Olog Z
op
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Integral method in QCD

P> remember in pure gauge theory

Olog Z
op

> now more parameters: 3, ms but they are not independent

B1
log Z(f1) — log Z (o) = /ﬁ dp

a(B) m¢(3)

» therefore

Olog Z Omf
amf

log Z(51, m¢(51))—log Z(Bo, me(Bo)) = /,3 [mogz Z

gauge action (Sg) as well as condensates (1)r1)r) enter

01 / 107



Integral method in QCD

» renormalization same as for pure gauge theory

p(Th) P (To) N [
o1 :/\/:3/60 dB| — (Se)nzn, + (S6)ne

+ 3 (Drveden, — Wrvr)ne) aa”/;f}
f

with starting point By where p*(To)/Tg ~ 0

» renormalized interaction measure

r 3 - 7 m
=B [<5G>N3Nt ~ (Sehng + 3 ((rvringn, — (rveing) 86/;1
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Integration paths

» integral is independent of integration path

B
1 x x
O % % x o x o x x
x x ox x x o x x
°
E’ X X X X X X X
\m X X X X X
£ x _x x x x
i [ .
x
EPCIE
28.15 x x
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p(T)/T

y ANE12 S
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https://inspirehep.net/literature/861362

Results: equation of state

P> most recent results using two different staggered
discretizations & Borsanyi et al. PLB '14  # Bazavov et al. PRD '14

6 T T T T Trrrrrrrrrr T
. ) - SB
5 N |attice continuum limit >) 4
ar 3
~
5 sk
e 2
stout HISQ
2 (e-3pyT4 Wm mm 4
HTL NNLO -~~~ 1 pTé Em ]
1 HRG ——— . B s/4T4 W 4
o . . ‘ ‘ TMev] |
200 300 200 500 ol
T[MGV] 130 170 210 250 290 330 370

> low T: agreement with Hadron Resonance Gas model
high T: comparison to Hard Thermal Loop resummed
perturbation theory
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https://inspirehep.net/literature/1254865
https://inspirehep.net/literature/1307761

QCD at nonzero density




Chemical potential in the continuum

» Noether current for Uy (1) symmetry

S

. _ ~ _ dN PO
b e 0,0 =0 M= [dxius = H M =0

P canonical path integral
_ ~H/T 5.
Iy = tr [e 5N N}
» grand canonical path integral
Z(p) = tr o~ (H—nl)/T _ /DAV D) Dip e 5657 (1)
with
Se(n) = Se(O+n [ dix iy > D) = PO+
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Grand canonical equation of state

> free energy (density)

F
F(T,u)=—-Tlog Z f:V
P entropy density
1
s = _787F
VoT
P pressure oF
_ 98 Vooo, ¢
P="8v
> number density 1 9F
_ _V@
P energy density
1 dlogZ FiTs

eE—pn = ——
H="Voa/m)
» interaction measure / trace anomaly

I =1trT,, =€e—3p % / 107



Chemical potential on the lattice



Chemical potential on the lattice

» add p~ys4 to naive Dirac operator
1
D=5> [—>—<—} + s -
v

» in the free case (U, = 1) logdet M contains divergences
# Hasenfratz, Karsch PLB '83
log det Miee(pt) = O(a™*)+0O(m?a=2)+0O(m* log a)+O(p?a~?)
so the number density
n=0(pa?)

» but in the continuum the number density is finite (0 at T = 0)

o<y =0) = vl o
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Chemical potential on the lattice

» add p~ys4 to naive Dirac operator
1
D=5> [—>—<—} + s -
v

» in the free case (U, = 1) logdet M contains divergences

& Hasenfratz, Karsch PLB '83
log det Miee(pt) = O(a™*)+0O(m?a=2)+0O(m* log a)+O(p?a~?)

so the number density

n=0(pa?)

» but in the continuum the number density is finite (0 at T = 0)

o<y =0) = vl o

did we violate gauge invariance?
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https://inspirehep.net/literature/189212

Chemical potential on the lattice

» imaginary chemical pot. as 4th component of U(1) gauge field
ID+/974=LD+I»A Al/:051/4

> just like gluon field, via parallel transporters
# Hasenfratz, Karsch PLB '83

u, = exp(iA,) € U(1)

» multiplying the SU(3) links (imaginary 1)

i t

1 1 eie e—i6’
IDZZZ’_:%{—Q. — ]+274{—>t <—]

» no p-dependent divergences in log det Mgee v/
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Chemical potential on the lattice

» imaginary chemical pot. as 4th component of U(1) gauge field
ID+/974=Q)+I»A AV:05V4

» just like gluon field, via parallel transporters
# Hasenfratz, Karsch PLB '83

u, = exp(iA,) € U(1)
» multiplying the SU(3) links (real 1)
Iz —n
D= ;Z% {—>‘—] +;74{e—n <e—}
» no p-dependent divergences in log det Mo v/
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https://inspirehep.net/literature/189212

Sign problem




Chemical potential and unitarity

> staggered quarks again

» imaginary chemical potential

links still unitary

> real chemical potential

B = & S0 U0 -

—i06,
V) ! 46n Vm}

ﬁ)e_msﬂ(sn—ﬁ,m

forward /backward propagation enhanced/suppressed

links not unitary anymore
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Sign problem

» remember 75-hermiticity of staggered Dirac operator at u =0
» now: {forward hopping} # {backward hopping}t

nsB()ns = B (—p)

ns-hermiticity is lost = det M(u) € C
P path integral

z- / DU [det M()] /e~ 556

no probabilistic interpretation anymore
» complex action problem
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P path integral

z- / DU [det M()] /e~ 556
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Sign problem

» remember 75-hermiticity of staggered Dirac operator at u =0
» now: {forward hopping} # {backward hopping}t

nsB()ns = B (—p)

ns-hermiticity is lost = det M(u) € C
P path integral

z- / DU [det M()] /e~ 556

no probabilistic interpretation anymore
» complex action problem
» actually we know Z € R

Z = / DU Re[det M(p)]Y/* e=F%

» sign problem

» bonus staggered problem: ambiguous complex rooting
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Sign problem - workarounds

» here: brief description of
» imaginary chemical potentials and analytical continuation
> many other approaches
> reweighting
Taylor expansion in g around p =0

»

» complex Langevin
» Lefschetz thimbles
»
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Analytic continuation from imaginary p

> again {forward hopping} = {backward hopping}'
ns D(i0)ns = B'(i0)

» so standard simulations work at 6 # 0 (u? < 0) & Borsanyi et al.
PRL '20

05 ug/T=0mBi —e—
ng/T=2m8i o
up/T=3n/8i —e—

L ugT=4m8i —
041 erismei——

) Hg/T=6 /81—

g g/T=7 T8

5 03¢

e

2

o

8

K] 0.2 -

£

5
01 48%12 Iattice

0

120 130 140 150 160 170 180 190 200
T [MeV]
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https://inspirehep.net/literature/1779106
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Analytic continuation from imaginary p

> again {forward hopping} = {backward hopping}'
ns D(i0)ns = B'(i6)

» so standard simulations work at 6 # 0 (u? < 0) & Borsanyi et al.

PRL '20
0.5 T 0B T = EL':“I&S = @-:0285 E’l':0355
pBg=§zgi —e— 190 W Vv =0.215 N Yv=0.325 N Yv=0.385
= [— — -
04| WTSamsi =025
il u/T=51/81 —— 180
o Ug/T=6 /81 e
o Wg/T=7 /81 s
$ 037 170
'g n
8 ﬁlGU
s 02r
£
© 150
01 | 48%12 lattice
140
120 130 140 150 160 170 180 190 200 1301 = = 5
H
T [MeV] ™

» fit and analytically continue to ;2 > 0
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https://inspirehep.net/literature/1779106
https://inspirehep.net/literature/1779106

Phase diagram

» analytically continue susceptibility peak positions
& Borsényi et al. PRL '20

160
155

Analytical continuation E===1
NLO Taylor-expansion ==——=1
LO Taylor- expans\on l:l

%ﬁ++ +

N
0

Dyson-Schwinger: hep-ph/1906.11644 ———

Chemical freezeout: nucl-th/0511071v3 —e—

nucl-th/1212.2431 —e—

hep-ph/1403.4903 —a—

nucl-th/1512.08025 ——

nucl-ex/1701.07065 ——

50 100 150 200
g [MeV]

103 / 107


https://inspirehep.net/literature/1779106

Roberge-Weiss transitions



Imaginary chemical potentials

» remember center sectors (Polyakov loop eigenvalues)
pr=p2=0 pr1=92=27/3 1 =p2=-2m/3
shifting the Matsubara frequencies

Wn+ 0
T

— (2n+1+6+0)7 (2n+14-6+2/3)m (2n+1+6-2/3)7

» magnitude of lowest frequency is largest for:
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Imaginary chemical potentials

» remember center sectors (Polyakov loop eigenvalues)
p1=p2=0 1 =2 =27/3 01 =y = —2m/3

shifting the Matsubara frequencies

w,,7—_|—9 — (2n+1+6+0)7 (2n+14-6+2/3)m (2n+1+6-2/3)7
» magnitude of lowest frequency is largest for:
—nT/3<0<nT/3 =0
nT/3<0<nT ¢ =-2m/3

—nT <0< —-nT/3| p=27/3
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Roberge-Weiss transitions

> preferred center sectors at nonzero 6

/

» f(0+27nT) = f(0) periodicity already in free case
» in QCD f(6 + 27T /3) = f(0)
(only N%3 = 0 states allowed) # Roberge, Weiss NPB '86
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https://inspirehep.net/literature/18364

Roberge-Weiss transitions

» phase diagram at nonzero 6

T

TRW
c

=)
S

T ™
# Roberge, Weiss NPB '86 ¢ Czaban et al. PRD '16

» analytical continuation limited by § < 7T /3 at high
temperature

P note: ongoing research on RW endpoint
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https://inspirehep.net/literature/18364
https://inspirehep.net/literature/1411089

Summary




Summary

> lattice QCD is a first-principles approach to study elementary
particles and also a lot of fun

P> inputs
> QCD Lagrangian
> 1 quantity to set lattice scale a(/5)
> N¢ quantities to set bare quark masses ms(/3)

» research on QCD thermodynamics

at physical quark masses at zero density: v
in the massless limit: ongoing

at physical quark masses at 4/ T < 1: v
large densities: x

background magnetic fields: v

isospin density: v’

» more on that at XQCD 2022 in Trondheim

VVVYVYYVYY
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