Lattice QCD in extreme conditions

Gergely Endrodi

University of Bielefeld

UNIVERSITAT ¥
BIELEFELD  shiamal

The 2022 XQCD PhD school
July 22 - July 25, 2022




Outline overall

» lecture 1: introduction to QCD and thermodynamics
» lecture 2: hot Yang-Mills theory and hot QCD on the lattice
» lecture 3: QCD in extreme conditions on the lattice
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Outline lecture 2

vVvyYyyvyy

some elements of finite temperature field theory
lattice discretization of the QCD action
confinement and deconfinement

Polyakov loop and center clusters

equation of state
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Finite temperature field theory




Equation of state

> free energy (density)

F
F=—-TlogZ f=—
og V;

> entropy density
1 0F

VoT

P pressure
_ _8i V—oo _f
P="ov

> energy density
1 0logZ
=———— " =f 4T
“Tveym T
P interaction measure
I=1trT,, =€¢—3p

P all we need is log Z
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Scalar quantum field theory

» partition function for real scalars

Z = / DQZS efsw)]
¢(X70):¢(X71/T)

over commuting numbers ¢(x, 7)

P partition function for complex scalars

— * —S[¢*,4]
Z= / o(x0)=o(x,1/T) D9 Doe
¢*(X70):¢*(X,1/T)

» for quadratic actions (free case)
/D¢ e 29Mé — C . [det(M)] "1/

/ D& Dp e Mo — C' . [det(M)]
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Fermionic quantum field theory

» partition function for fermions

Z= / DY Dy e~ 10
w(xvo)sz(xﬁl/ T)

over Grassmann numbers ¥(x, 7)

» for bilinear actions (not just free case!)
/ DI DY e MY — . det(M)
» Euclidean Dirac operator

M:(Z‘—i—m:’yuf)u—i—m {V W}t =20,
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Gauge field theory

> gauge field A, (U(1)) or A7 with a=1... N2 —1 (SU(N.))

P partition function

Z= DA2 e~
Az, (X,O):AZ(X,I/T)

P note 1: this is gauge invariant, but to derive it we needed to
fix a gauge

P> note 2: to evaluate Z via perturbation theory, we need to fix
a gauge again

> free case

fU(l) = f;eal scalar * (4 - 2) fSU(Nc) = f;eal scalar * (4 - 2) : (NS - ]-)
ghosts cancel half the gauge field contribution
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Remark: ultraviolet divergences

» vacuum contribution to free energy is UV divergent

1 (MNzrp’dp 5 4 272 4 2 4
fvac_§/0 oy B m2=O(N) + O(mP?) + O(rm* log A?) + O(m)

» renormalize free energy at T = 0 to zero
fr=Ff—f(T=0)

(normal ordering in operator language)

» for the equation of state

pr=p—p(T=0) € =c—¢T=0)
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Remark: ultraviolet divergences

2

» vacuum contribution to free energy is UV divergent
d
p\/p2 + m2=0(A*) + O(m*N?) + O(m* log A%) + O(m*)

1 A
fvac—i/o )3

» renormalize free energy at T = 0 to zero

4p
(2r

fr=f—f(T =0)

(normal ordering in operator language)

» for the equation of state
pr=p—p(T=0) € =c—¢T=0)

no renormalization necessary for entropy s = —0f /0T
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Perturbation theory

» pure glue free pressure

r r d3p _ 87r2
Psu@3) = —fSU(3) = —16-/(27T)3T|0g(1 —e Ip\/T) _ e T4

> perturbation theory in g (vertices A3 and A%)
# Blaizot, lancu, Rebhan PRD '03

P/P,
1.4

1.2

1

0.8

0.6

bands: renormalization scale depence g?(nT < ji < 47 T)

P> need for lattice gauge theory
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https://inspirehep.net/literature/614591

QCD on the lattice




In the continuum

» Euclidean path integral

- T
Z= /DAquDw exp [—/ dxa 3dst'(x)}
0 L
> Lagrangian

£= 520D + )i + 54777 Gus G
> fields
Ap=ATa  Guw = 0uA, — OuA, + [Au, Al
U= rae B =700, +iATE)
» parameters: ms quark masses and g strong coupling
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Discretization

» discretize space L = a- Ns and imaginary time 1/T = a- N;
x=a-n

> path integral

z= lim /HdAH(n)dzﬂ(n)dw(n) exp [~ o]
Ni—r o0 n,p

Ns— o0

» nonzero T: bosons periodic, fermions antiper. in imag. time
» finite volume: periodic boundary conditions in space
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Lattice action

> variable substitution to parallel transporter
U, = exp(iaA,) € SU(3)
» symbolically
Uu(n)= ——  Ul(n—p)=+—,
» gauge transformation (€ unitary)
Au(n) = Q(m)A,(n)QF () + 1(8,2(n))2(n)
U,(n) — Q(n) Uu(n)QT(n + 1)
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Lattice action

> variable substitution to parallel transporter
U, = exp(iaA,) € SU(3)
» symbolically
Uu(n)= ——  Ul(n—p)=+—,
» smallest closed (=gauge invariant) curves

M © I
TrPu(n)= v TrPL2(n) = v

nop nop Iz
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Lattice action

> variable substitution to parallel transporter
U, = exp(iaA,) € SU(3)
» symbolically
Uu(n)= ——  Ul(n—p)=+—,
» smallest closed (=gauge invariant) curves

© © I
TrPu(n)= v TrPL2(n) = v

nop nop Iz

or winding loops (Polyakov loop)

TrLM(n): nw on T w B n ot Ny
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Gluon action
P expansion towards continuum limit
ReTr(1 — P,.(n)) = > Tr Guu(n)Guu(n) + O(a )

» full action

Shat — Z Z Re Tr(1 — P, (n))

n pu<v

» strong coupling parameter

P path integral over links

Z = /DUexp[ ﬁZRe( v )}

n,u<v
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Continuum limit

» continuum RG equation perturbatively

_0gr(j) _
g = —bigg(i) + ...
» lattice RG equation perturbatively
_19g(a”") -
1 — phio3(a1
a o> 1) big>(a ")+ ...

» asymptotic freedom: cont. limit at g — 0, 8 = 6/g> — o0
» continuum limit nonperturbatively

T

] —

> lattice spacing from scale setting | a(3)
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Finite temperature on the lattice



Finite temperature on the lattice

> spatial size: L = Nsa(p)
» temporal size: 1/T = N;a(3)
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Finite temperature on the lattice

» spatial size: L = Nsa(5)

» temporal size: 1/T = N;a(3)

> fixed-3 approach: change T by changing N;
» only discrete temperatures possible x

» all temperatures have same lattice spacing v’
P scale setting and renormalization only once v

high T — low T
Ne
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Finite temperature on the lattice

» spatial size: L = Nsa(5)

» temporal size: 1/T = N;a(3)

> fixed-3 approach: change T by changing N;
» only discrete temperatures possible x

» all temperatures have same lattice spacing v’
P scale setting and renormalization only once v

high T — low T
Ne

> fixed-N; approach: change T by changing g
» continuous temperatures possible v*

» different temperatures have different lattice spacing x
» scale setting and renormalization for each 8 x

low T high T
p
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Confinement and deconfinement




Confinement

> free energy of thermal medium: F = —Tlog Z
free energy in presence of static quark: Fg = —T log Z,

» confinement: Fg — F = o0
deconfinement: Fg — F < o0

> operator language

—(FF) T _ Zq _tre” TP
Z tre—H/T

with P4 projector to states including static quark & Ukawa '93
» with path integral

P(x) = tr P exp (i/ol/TdX4A4(x)>
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https://inspirehep.net/literature/396296

Polyakov loop

» on the lattice
Nt—l

P(n):tr H Ut(n): n t t t ton+ Net

ny=0

> average Polyakov loop P = & 3" P(n)
» order parameter for confinement

(P) — o (FaF)T )= 0 confinement
B # 0 deconfinement

P static quark and antiquark at separation r
e (Fal)=PIT — (P(0)Pi(r)) =% (P) (1) + O(e /)

SO

or confinement
Fog(r — 00) — F _
const. deconfinement
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Center symmetry

» symmetry corresponding to confinement/deconfinement?
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Center symmetry

» symmetry corresponding to confinement/deconfinement?
» transformation under which S is invariant but P is not

= center transformation

» elements of center of group
Ve sothat [V, U]=0 V UeSU(3)
in our case it is

Z(3) = {1,e?31, e 31} = (-1

VA
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Center symmetry

» center transformation
Ue(n, ng) = Vi - Ue(n, ng) Ve € Z(3) v n

P> gauge action is invariant

[Vg, Uu(n)] =0 = S¢—S¢ % Ve

nop
» Polyakov loop not invariant
Ve
P(n)—>(P(n) n ot : t t g Nt
confinement | (P) =0 Z(3) symmetry intact

deconfinement | (P) # 0 | Z(3) symmetry spontaneously broken
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Spontaneous center symmetry breaking

» Polyakov loop in Polyakov gauge

1 1 [IU

not ot g Nt not t ot g Nt

is a boundary condition
» if P(n) is constant, it can be diagonalized

P = tr diag(e"“’l, ei<P2’ e—i(<P1+<P2))

P perturbative treatment at high temperature:
log Z(1, p2) in the background of a constant Polyakov loop
# Roberge, Weiss NPB '86

P three degenerate minima at

Pp1=¢2=0  p1=p2=27/3  @1=¢p2=-21/3
P=3 P:3627ri/3 P:3e—27ri/3
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https://inspirehep.net/literature/18364

Spontaneous center symmetry breaking

» from perturbation theory we except three minima
P=3 P=3&3 p=3¢2/3

P scatter plot at low T and high T & Danzer et al. JHEP '08

LI T T
ol A&
L v
0.0 ¥ =
o1 A
| | |
o1 00 o1

» remember Ising model recipe: limy_, (|M|) at h=10
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https://inspirehep.net/literature/800300

Spontaneous center symmetry breaking

» from perturbation theory we except three minima
P=3 P=3&3 p=3¢2/3

P scatter plot at low T and high T # Danzer et al. JHEP '08

LI T T
ol A&
L v
0.0 ¥ =
o1 A
| | |
o1 00 o1

» remember Ising model recipe: limy_, (|M|) at h=10
> alternative 1: measure (|P|)
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https://inspirehep.net/literature/800300

Spontaneous center symmetry breaking

» from perturbation theory we except three minima
P=3 P=3&3 p=3¢2/3

P scatter plot at low T and high T # Danzer et al. JHEP '08

LI T T
ol A&
L v
0.0 ¥ =
o1 A
| | |
o1 00 o1

» remember Ising model recipe: limy_, (|M|) at h=10
> alternative 1: measure (|P|)

» alternative 2: measure (P,q) with rotated Polyakov loop

—7/3 < arg Pt < /3
52 /70


https://inspirehep.net/literature/800300

Dictionary 1.

Ising model | Yang-Mills theory
symmetry group Z(2) Z(3)
spontaneous breaking || (M) = 21282 (P)
explicit breaking h ?
symmetry restoration at high T at low T
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Deconfinement transition



Results: Polyakov loop

» (|P|) as function of T in the fixed N-approach

& Lo et al. PRD 13

1.2

0.8
0.6 -
0.4

0.2 -

» note: UV renormalization: F, additive ~» (P) multiplicative

<|L""]>

L

o
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$
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ot 07
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6
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https://inspirehep.net/literature/1244133

Results: susceptibility

» susceptibility of order parameter
2 2
XpP = <Pr0t> - <’D1"0t>

» how does peak height scale with volume?
& lwasaki et al. PRD '92

60

o FOU (N~4)

T a ABS(N=9) %_
o QCDPAX (N.=4) "
401 5 acopax (N=6)
Xmax( le) T ;
20
x
O'
L ]
0 oy - : : i t
0 100 200 300

V/N'3

» xp(L, Te(L)) o< L3 = V first-order phase transition
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https://inspirehep.net/literature/32338

Results: susceptibility

» susceptibility of order parameter
2
> - <'Dr0t>

» how does peak height scale with volume?
& lwasaki et al. PRD '92

60

xp = (

40 1
Al )

max"  rot

20 +

o FOU (N=4)
o ABS (N=4)
o QCDPAX (N.=4)
o QCDPAX (N=6)

» xp(L, Te(L)) o< L3 = V first-order phase transition

100

260
V/N'3

t
300
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https://inspirehep.net/literature/32338

Center clusters



Center clusters

local distribution of P(n) & Stokes, Kamleh, Leinweber Ann. Phys. '14
https://www.youtube.com/watch?v=T4sRON6u0z0

/o

» clusters percolate at T, and they are fractals
{7Endrod| Gattringer, Schadler PRD '14

; . D T T T T T
box
10 SRATONOT u Vo vA OV 1
P -
perc 30 AR PP~ O
08l . =
s 2
06 - i 25 ; H N
04l E 20} HEE 1
02 X n
v a=00481fm 5| o A a-0.1117fm
- o a=00677m o o a=-0.0677 fm
[ Mr——e-:3 A a=01117fm | v a-0.0481fm
. . L ) ) o L L L L L
0.0 10 20 a0 00 05 10 15 20 25 56 / 70

T T,

c


https://inspirehep.net/literature/1267514
https://www.youtube.com/watch?v=T4sRON6uOz0
https://inspirehep.net/literature/1279016

Center clusters

> insight into confinement and deconfinement mechanism
& Gattringer, Schmidt JHEP '10

T<T, T>T,

<Lx)Lly)> # 0 <Lix)Ly)> =0

h |

(P(0)P'(r)) o exp(—ar/T)
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https://inspirehep.net/literature/876731

Equation of state




Equation of state, reminder

> free energy (density)

F
F=-TlogZz f=—
og v
> entropy density
__10F
VoT
P> pressure
__OF v o
P="av
P energy density
1 OlogZ
=—— =f+T:
““vewym 7"

» interaction measure / trace anomaly

I =1trT,, =¢e—3p
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EoS -

methods

very high T: perturbation theory, Hard Thermal Loop
resummation

2 Braaten, Pisarski PRL '90 & Andersen, Strickland, Su JHEP '10
low T: glueball resonance gas model

intermediate T: lattice gauge theory
how to determine log Z via expectation values?

» derivative method
» integral method
» moving frame method
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https://inspirehep.net/literature/283689
https://inspirehep.net/literature/854486

Derivative method



Derivative method

P trace anomaly as a derivative

dlogZ  dlogZ 1 dlogZ 30logZ V

= == 3L =——(e—3
dloga % da _Ton ey T T3P
» how does log Z depend on a7
S¢
1 I3
Z= [ DU -6z Re(3— . v
Jruee]=5-3 ¥ R )]
) nop
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Derivative method

P trace anomaly as a derivative

dlog Z dlogZ 1 OlogZ 30log Z %4
= = = 3L =——(e—3
doga 7 a2 1o 3oy — Tl %)
» how does log Z depend on a7
Sc

Zz/DUexp{—B-iZRe(?)— v ”

n,u<v

» implicitly via g
dlogzzalogz' op _(—Se)- a(p)
dloga op  Jloga ¢ a(B)

for which we need to know a(3) from scale setting

» so
a(B)
a(6)

T
126—3pzv<56>
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Derivative method

» how to get just p or just €7

1/T: Nta

L = Nsa
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https://inspirehep.net/literature/180536
https://inspirehep.net/literature/169507

Derivative method

» how to get just p or just €7

l/T:Nta 1/T:Ntat

L = Nsa L = Nsa

> anisotropic lattice { = a/a;

__T dlog Z
~ Vdloga:|,

dlog Z

T
%4

these can be evaluated at £ =1
# Karsch NPB '82 ¢ Engels et al. NPB 82

dloga |,,
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https://inspirehep.net/literature/180536
https://inspirehep.net/literature/169507

Anisotropy coefficients

» anisotropic lattice action

56 4

SG:§O-;ZRe<3— ¢ t)+;';ZRe<3— v >

n,uF#t p— Zhlzj;;l;
k)

nop

and we need one more scale setting relation | (5, &)

> energy density

0/3 o

» anisotropy coefficients difficult to measure precisely

e=-¢ |52
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Results: derivative method

> results for energy density & Engels et al. NPB '82

elegg

ok e

osf !
o --—.———f—:i**.i"’—“——-

i L P L
o 0 30 50 100 150 200 300 SO0

T/AL

» remember additive divergences in log Z o< a—*
P renormalized energy density
€ =e—¢(T=0)

involving cancellation of O(a=*) divergences

<525>N§Nt - <525>N§
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https://inspirehep.net/literature/169507

Integral method



Integral method

P integrate back the derivatives & Boyd et al. NPB '96

Olog Z
op

B1
log Z(f1) — log Z (o) = /ﬁ dp

» works in the fixed N;-approach

> differences of dimensionless pressures

4 4 1 B1
p(T1)al — p(To)ag = ~ N3N, /ﬂo dB (Se)

or

dB (Se)

Tf T(‘,‘ N3
» is this UV finite?

p(T1) P(To)__/\/?/ﬂ1
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https://inspirehep.net/literature/415828

Renormalization

> p( T1, a) — p( To, a) UV finite but p( T1, 31) — p(To, ao)
divergent

» need to do T = Q subtraction
p'(T) P (To) N7

B1
T =y LS (S

with starting point By where p*(To)/Tg ~ 0
» renormalized interaction measure

. 3
% N xg«:’((ﬁﬁ)) (Sehnsn, — (S6)ne]
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Results: integral method

» need interpolation (+ a(f)) for /, then numerical integral for p

# Boyd et al. NPB '96

s B e s

p/T
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https://inspirehep.net/literature/415828

Results: integral method

I(T) /T4

» need interpolation (+ a(f3)) for /, then numerical integral for p

# Boyd et al. NPB '96

» update on finer lattices & Borsanyi, Endrédi et al. JHEP '12

LU B S B B B S B B e

L L e S S p

DR
ZZzzZ

Ionnn
@~ o]

cont. limit
- Boyd et Iu\.
PR

.

1.5

/T

c

2

2.5

p(T)/Pes

0.8

0.6

0.4

0.2

LI e £ I L L

7ZZ cont. limit
.~ O(q") fitted

-~ 0O(qg®) fitted + nonpert.
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https://inspirehep.net/literature/415828
https://inspirehep.net/literature/1112771

Moving frame method



Thermal medium at relativistic speeds

» so far we have been in the rest frame

e 0 0O
<\ _|op oo
<@‘“’>_ 00 poO
000 p
» now consider frame moving with v = (v, 0,0)
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Thermal medium at relativistic speeds

» so far we have been in the rest frame

& xked.com/1233

EINSTEIN WRS FAMED
FOR HIS GEDANKEDANK.
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https://xkcd.com/1233/

Thermal medium at relativistic speeds

» so far we have been in the rest frame

e 0 0O

<\ _|op oo

<@‘“’>_ 00 poO

000 p

» now consider frame moving with v = (v, 0,0)
TE vith 00
N N etp  ptvie

6’1, =N N (O ) = Visvr 12 00
(8lu) =Ml (Bpr) = | V0 X7
0 0 0 p

> recalle=f+Ts=—p+ Ts
therefore

<é01>v = 1_\/V2(e+p) = _V 5 Ts
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Shifted boundary conditions

>

partition function becomes
& Giusti, Meyer PRL '11 & Giusti, Meyer JHEP '13

Z =tr exp {—(éoo - vém)/To}
in Euclidean space v = i§
Z =trexp [—(éoo — i§©01)/7—0}

states with x;-momentum ©g; weighted by e/€C01/To
= shifted boundary conditions

U(n,0) = U(m +&/To,1/To)

|
[ —

X1

L
|

= }&/To
X4 1 / To

but watch out: 1/T =1/Tg-/1+&?
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https://inspirehep.net/literature/877015
https://inspirehep.net/literature/1204601

Results: moving frame method

P entropy in moving frame
1+¢€2 < A
> {(6n) - Zr(a
¢ 01), 7(a)
> simulations with £ = {1,v/2,1/3} - a # Giusti, Pepe JHEP '16
» multiplicative renormalization Z7 for operator ©,,
» recover full EoS from s

Ts =

8- T :
’/ﬁ SB
3 n e anasens s nn ] 3
er'| e
6k
sk TR ’;
i E {2‘ 15k
&
i [
s
i - E
' -~ ) E osk
o] =ve ':"d' ) ‘ 1
: 10 100
T/IT,


https://inspirehep.net/literature/1501254

Equation of state: summary

» derivative method

P works with a single ensemble v/
» needs anisotropy coefficients x

» moving frame method

» works with a single ensemble v/
» needs renormalization constants x

» integral method: most powerful up to date

» only simple expectation values required v’
» needs many ensembles x

P Jarzynski's method & Caselle et al. PRD '18
and other approaches
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https://inspirehep.net/literature/1647385

