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Introduction

What is entanglement?
- Quantum physical implementation of conservation laws

m Decay of spin-0 particle: s=0 — 8 +5=0
m Pair creation from vacuum: s=0 — 51 +5 =0
m In a quantum field theory:

- correlations
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Introduction

What is entanglement entropy?

m Preliminaries:

Hilbert space: H , statevector: [¢¥) € H

Density matrix:
p=3 Pl , [y eH Vi, Xpi=1
tr(p) =1

pure state: p = [9) (|

> % =p(projector) > tr(p?) =1

mixed state: p = >, pj [vi) (Wil

> p? # p (not projector) = tr(p?) <1
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m Bipartite quantum system: Hag = Ha ® Hp

pick pure state: |1)) 45 € Hag

pick orthonormal bases: |n), € Ha, |m)g € Ha
2 [Vag =2 @m M ®I[n)g Zmn|amn‘2 =1 A
> pa = [¥)as(¥l = 2k @mn iyl m) a(k| © (1) (1]

m Reduced density matrix:

pA = tre(pa) = 2 i @m@lm) alk|

= ingeneral mixed state —> [tr(pi)<1 — entanglement

> W= ®Y)y = |tr(p3) =1 = noentanglement
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What is entanglement entropy?

m Reduced density matrix:

pA = tre(paB) = D i 8m@lm) alk|

tr(p3) <1 = entanglement

—

tr(pg) =1

= no entanglement
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What is entanglement entropy?

m Reduced density matrix:

pA = tre(paB) = D i 8m@lm) alk|

[tr(pi)<1 = entanglement] = [tr(pi):1 = no entanglement

m Entanglement measures:

> | Purity:  tr(p3)

- | Rényi entropies: Hs(A) = 731—1 logtr(pg) ., s=2,3,...

S
- | Entanglement entropy:  Sge(A) = — limg_1 alo%;(p“) = limg_,1 W = limg_y1 Hs(A)



Introduction

What is entanglement entropy?

m Reduced density matrix:

pA = tre(paB) = D i 8m@lm) alk|

[tr(pi)<1 = entanglement] = [tr(pi):1 = no entanglement

m Entanglement measures:

> [y ()

> l Rényi entropies:  Hs(A) = — 15 logtr(pg) . s=2,3,...

- | Entanglement entropy:  Sge(A) = — tr(pa log(pa)) (Von Neumann entropy)
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m SU(N) gauge theory on NS~ x N, lattice
Partition function: Z(N¢, Ns) = [ D[U] e~SalV]

- Divide lattice into two parts (A, B)

- Reduced density matrix p4 for part A |
T RO
(a1 |palibaz) = I

-
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

m SU(N) gauge theory on NS~ x N, lattice
Partition function: Z(N¢, Ns) = [ D[U] e~SalV]
- Divide lattice into two parts (A, B)

- Reduced density matrix p4 for part A

B Vho

(Va1|palvaz) = ¥

- Entanglement entropy:

See = —tra(pa log pa) (how ?)

]

Ny
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Entanglement entropy on the lattice [P. Calabrese, J.
m SU(N) gauge theory on NS~ x N, lattice

Partition function: Z(N¢, Ns) = [ D[U] e~SalV]

- Divide lattice into two parts (A, B)

- Reduced density matrix p4 for part A

B Vho

(Va1|palvaz) = ¥

- Replica method for s-th Rényi entropy:

Cardy (2004)] N,

1 1 Z(1, 8, Nt, Ns)

Hs(1, Nt, Ng) = log tr(p3) =

with "cut partition function" Z¢(/, s, Nt, Ns)
— Z(I=0,s,Ni, Ns) = ZS(N,Ns) Vs €N
—  Zo(I = Ns, s, Ni, Ns) = Z(sNi, Ns) Vs eN

1—s 15 87 Z5(N;, Ns)

v

-

Ny

Ny

2N,
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]
- Entanglement entropy (EE):

lim dlogtr(ps)

See(/l, Nt, Ns) = = lim 58
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]
- Entanglement entropy (EE):

o1 :
. Ologtr(py)

See(l, Nt, Ns) = 7sh—>1 58
dlog Zc(1, s, Nt, N,
:—(Iim 9log Ze(l, s, N, Ne) flogZ(N,,Ns)>
s—1 os

~ —logZ:(l,2,Nt,Ns) — (—2 log Z(Nt, Ns))

= —logtr(p3) = Ha(l, Ni, Ns)
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

. Ologtr(ps
SEE(’, NtyNS) = 7sh_n>11 %

dlog Zo(l, 8, N, N
:—(Iim 9log Zo(l, s, Ni, Ns) flogZ(N,,Ns)>
s—1 os

~ | —logZ:(1,2, Nt,Ns) | — (—2 log Z(N, Ns))
—logtr(pz) = He(/, Ni, Ns)

v
- measure free energy difference
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2N,



https://doi.org/10.1088/1742-5468/2004/06/P06002

Entanglement entropy on the lattice

Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

N,
dlogtr(p) _—
I, Nt, Ng) = — lim —F2~ U
See(/, Nt, Ns) Jim s .

dlog Z(l, s, Ni, N —_— ,
— 7<Iim Olog Zo(l, s, Ni, Ns) log Z(N:, Ns)) N
s—1 as [

~

~ —log Zo(l,2, N, Ns) — (2 log Z(Ni, Ns)) T T T TR

2Ny

= —logtr(p3) = Ha(l, Ni, Ns)

Ny

y A A N | .
- measure free energy difference L
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

. Ologtr(ps
SEE(’, nyNS) = 7sh_n>11 %

0 0log Zs(l, s, Ni, Ns)
= — m ——— %
s—1 os

— log Z(Ni, Ns))
~ —logZ:(l,2,Nt,Ns) — (—2 log Z(Nt, Ns))
= —logtr(p}) = Ho(l, Ni, Ns)

- measure free energy difference

Co

€2

|SBLAE\ = ¢ + (finite)

Issue: UV-divergent piece 1
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

. Ologtr(ps
SEE(’, nyNS) = *sll_fn %

dlog Zo(l, 8, N, N
:—(Iim 9log Zo(l, s, Ni, Ns) flogZ(N,,Ns)>
s—1 os

~ —logZ:(l,2,Nt,Ns) — (—2 log Z(Nt, Ns))
—logtr(pz) = He(/, Ni, Ns)

- measure free energy difference

S C (o}
Issue: UV-divergent piece ﬁ = 6—2 % + (finite)

- Instead of EE, measure discrete derivative w.r.t. / > 0:

OSge(', Ni, Ns) N
or P=I41/2

- IOch(I +1,2,N;, NS) - (_ IOgZC(I7 2, N, NS))
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]
- Entanglement entropy (EE):

. Ologtr(ps
See(l, Ni Ns) = = lim %

i Olog Zc(1, s, Nt, Ns)
= — m — -
s—1 os

~ —logZ:(l,2,N;,Ns) — (—2 logZ(Nt, Ns))

— log Z(Nt, Ns)>

= —logtr(p3) = Ha(l, Ni, Ns)

- measure free energy difference

See _ G0 C (hinite)

Issue: UV-divergent piece m = 2 7

- Instead of EE, measure discrete derivative w.r.t. / > 0:
OSee(!', N, Ns)
or P=I41/2

~
~
Y

—lOch(l+1,2,N[,Ns) - (_IOgZC(I727NI7NS)) L'

Ny

2Ny
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

dlogtr(p)
I, Nt, Ns) = — lim —=~
See(l, Nt, Ns) Jim 58
0 log Z¢(1, s, Nt, N,
:—(Iim 9log Ze(l, s, N, Ne) flogZ(N,,Ns)>
s—1 os

~ —logZ:(l,2,N;,Ns) — (—2 logZ(Nt, Ns))

= —logtr(p3) = Ha(/, Ni, Ns)

- measure free energy difference

See Co Cc -
— = = = — finite
oA = @ gt (finte)

Issue: UV-divergent piece

- Instead of EE, measure discrete derivative w.r.t. / > 0:
OSee(!', N, Ns)
ar

~

I'=I+1/2 v

—lOch(l+1,27N[,Ns) - (_IOgZC(I727NUN5)) L'

Ny

2N,
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m Measuring free energy differences:

-> | — I+ 1isnon-local change — overlap problem
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m Measuring free energy differences:
-> | — I+ 1isnon-local change — overlap problem
m Approach from literature: [P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)]

- interpolating partition function:

Zi(a) = /D[U] ep(~(1— ) S[U] o §i41[U]]), witha € [0,1]

Ny

Ny
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m Measuring free energy differences:
-> | — I+ 1isnon-local change — overlap problem
m Approach from literature: [P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)]
- interpolating partition function:
Z (o) = /D[U] ep(~(1-0) S[U] —a S[U] ), witha e [0,1]

_Olog Z ()

fora € [0, 1
o o €[0,1]

2> measure (Si1—S), =
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m Measuring free energy differences:
-> | — I+ 1isnon-local change — overlap problem
m Approach from literature: [P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)]
- interpolating partition function:
2 (@)= [ DI exp(~(1 - @) S[U] —a Si[U] ). witha € [0,1]

_Olog Z ()

fora € [0, 1
o o €[0,1]

2> measure (Si1—S), =

= interpolate and integrate:

1 1
dlog Z*
o /daM _ /da<s,+1 —s).,
I'=1+1/2 dax 5

OSee(!", Ni, Ns)
or
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m Measuring free energy differences:
-> | — I+ 1isnon-local change — overlap problem

m Approach from literature: [P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)]
- interpolating partition function:

Z'(a) = /D[U] ep(~(1—a) S[U] —a §4[U] ), witha € [0,1]

Olog Z*
> measure (S — ), = —Ogai’(a) fora €[0,1]
(63
- interpolate and integrate: s
1 1 I:
OSee(!', N, N. Olog Z* 2
M z—/daM:/da(S/+1—S/>a
or I'=1+1/2 o efe! 5

Issue: huge free energy barrier — bad signal to noise ratio

4000

2000

-2000

-4000

0 0.2 0.4 0.6 0.8 1.0

a

data from [Y. Nakagawa et al. (2009)]
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m Measuring free energy differences:
-> | — I+ 1isnon-local change — overlap problem

m Approach from literature: [P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)]
- interpolating partition function:

Z'(a) = /D[U] exp(—(1 —a) S[U] —a Sui[U] ),witha €10,1]

Olog Z*
> measure (S — ), = —L(a) fora € [0,1] 1000
9a 800
= interpolate and integrate:

T 600

0See(l', Ne, Ns) P odlogZi(a) | ]

ee(l’, Nt, og 4 («

S, [Tl = [aatsi s,
I=i+1/2 5 5 200
Issue: huge free energy barrier — bad signal to noise ratio 0

0 0.2 04 0.6 0.8 1.0
a

data from [Y. Nakagawa et al. (2009)]
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m Measuring free energy differences:

-> | — I+ 1isnon-local change — overlap problem

Ni

m Approach from literature: [P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)]

B, a

A 2N,

- interpolating partition function:

Zi(a) = /D[U] ep(~(1—a) S[U] —a §4[U] ), witha € [0,1]

Olog Z*
> measure (S — ), = —%T’m) fora €[0,1]
(63
- interpolate and integrate: N,
1
OSee(!', N, N. Olog Z*
M ~ —/daM — /da<3/+1 - S, N
or I'=1+1/2 o efe! 5

[ Issue: huge free energy barrier — bad signal to noise ratio }

2 Z(a) imposes simultaneously BC4 and BCp on plaquettes Py, P if o # 0, 1. {f ..
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Ny
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! A

N iBaloo
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{ L] 5

-
x 1=3
Ny
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Entangling surface deformation method

How can we avoid (huge) free energy barriers?
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Free-energy plateau

m Why does the free energy initially not change?
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Can we avoid free energy barriers completely?
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- SU(5) in (3+1) dimensions (Vs
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Can we avoid free energy barriers completely?
m Yes => use "ilted lattice”

- SU(5) in (3+1) dimensions (Vs

= Ny N2 with Ny = 6, N = 5).
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Entangling surface deformation method

Can we avoid free energy barriers completely?
m Yes => use "ilted lattice”

- SU(5) in (3+1) dimensions (Vs = Ny N2 with Ny = 6, Ns = 5).
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Can we avoid free energy barriers completely?

m Yes = use "ilted lattice”

- SU(5) in (3+1) dimensions (Vs = Ny N2 with Ny = 6, Ns = 5).
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Entangling surface deformation method

Can we avoid free energy barriers completely?

m Yes => use "ilted lattice”
- SU(2) in (3+1) dimensions:

comparison of boundary update methods: non-tilted lattice «+— tilted lattice
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Results

Results in 4D

[arXiv.2211.00425]

m Entanglement entropy change as function of entangling region width / for SU(3) on N¢ x 2 - N; lattice
with Ns = N; = 16, 8 € {5.7,5.75,5.8,5.85 }.
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m Entanglement entropy change as function of entangling region width / for SU(3) on N¢ x 2 - N; lattice
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m Entanglement entropy change as function of entangling region width / for SU(3) on N¢ x 2 - N; lattice
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Relation to thermal entropy [arXiv:2304.08949]
m Thermodynamic entropy on the lattice
Lattice free energy: Fi(Nt, V,N) = —log(Z(Nt, V,N)) = Nt F(T(N:), V, N)
(spatial lattice volume V, temporal lattice size N;, some charge N)

- Thermal entropy: Sy, = Ne (U — F) = Ny U — FL = Ny % on ot
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m Thermodynamic entropy on the lattice

Lattice free energy: Fi (N, V,N) = —log(Z(Nt, V, N)) = Nt F(T(N;), V,N) Ne

(spatial lattice volume V, temporal lattice size N;, some charge N)

- Thermal entropy: Sy, = Ne (U — F) = Ny U — FL = Ny % on ot

m Lattice entanglement entropy density at finite T, large ¢:
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N
m Thermodynamic entropy on the lattice ( TB m -- [ ( - W - ‘ ,F
Lattice free energy: Fi (N, V,N) = —log(Z(Nt, V,N)) = Nt F(T(N;), V,N) Ney o 0 | %: |
(spatial lattice volume V, temporal lattice size N;, some charge N) 2 2N,
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m Lattice entanglement entropy density at finite T, large ¢: ‘ : ‘ ‘ ‘ ‘ ‘ ‘ ’
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m Thermodynamic entropy on the lattice

Lattice free energy: Fi (N, V,N) = —log(Z(Nt, V, N)) = N F(T(N;), V,N) Ne

(spatial lattice volume V, temporal lattice size N;, some charge N)
. OF;
= Thermal entropy: Sy = Nt (U — F) = Nt U — FL = N BTIL, VN
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m Thermodynamic entropy on the lattice
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m Lattice entanglement entropy density at finite T, large ¢:
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thermal entropy density of region A: sy, 4
- Replica trick can be used to determine thermal entropy

(without having to know F; or other intergration constants)
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m Testin (2+1) dimensions at high temperature:
=> holography: sih a4 T7/3 (Bekenstein-Hawking entropy) for T/T; > 1

- doesb= Ng

-2 , .
d )w scale like sy 47
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m Testin (2+1) dimensions at high temperature:
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Conclusions & outlook
Conclusions

m New method to determine entanglement measures (Rényi and entropies) in SU(N) lattice gauge theories.
m No more free energy barriers when using "tilted lattice".
= significant error reduction possible.
m Comparison with literature results promising.

m Replica trick can be used to compute thermal entropy.
Outlook
m Application to further cases:
m SU(N),N=2,8,4,5,...,7,d=3,4,T=0,T#0

m different entangling region shapes; alternative entropy measures?

m "metric reconstruction” (holography) for SU(2), SU(3)?
m improved simulation algorithm for "tilted lattice".

Thank you!
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