CARROLLIAN FLUIDS AND SPONTANEOUSLY
BROKEN BOOSTS

Based on 2308.10594 with Jay Armas

Emil Have

STAVANGER, DEC. 2023

v The Niels Bohr
ol b International Academy




Carrollian symmetry & geometry: redux

e Physically ¢ — 0; hence “ultra-local”

c=1 cxl c=0

e Generically arises as the geometry on a null hypersurface: in
particular black hole horizons & at the infinities of
asymptotically flat spacetime

e _.and as the ¢ — 0 limit of Lorentzian geometry

Metric g, replaced by (v/, h,,) satisfying v/'h,,, =0




What is it good for?

The main motivation to study
Carrollian physics comes from
flat space holography

Black hole membrane paradigm

Magic angles in superconducting
twisted bilayer graphene

Other motivations include the
Carroll/fracton duality
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@ Carrollian geometry from
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@ ¢ — 0 limit of relativistic fluids

@ Carrollian fluids and the boost
Goldstone
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Carrollian geometry

A neat way to get a Carrollian geometry is to c® expand a
Lorentzian geometry:

e Write metric and inverse as (PUL parameterisation)
1
Buv = _CQTMTV+HHV7 glw = _*2VHVV+H“D
C
where T, V¥ = -1, V*II,, = T,]I" =0
e Expand PUL variables in powers of ¢?
Ty =7+ 0(c), VE= v 4 0(),
I, = hu +0(?), " = " + O(c?)
e Local Lorentz boosts turn into Carrollian boosts with

parameter A\, (note: v/\, =0)

0cTy =Ny, Och™ = 2),h1yY)



The connection

e V Levi-Civita connection with Christoffel symbols written in
terms of the PUL variables as

~ 1 =
Ly = =5 VK +| Gl |+ P T, K + O(c?)

where IC,, = —1/2£y 11,

e Carrollian adapted “affine” connection V with

fZV = Cﬁu c=0" VHVV = vﬂhl’ﬁ = 0’ 5Cfﬁl’ 7& 0

NB: Actual affine connection requires the Ehresmann connection
(“strong Carrollian geometries") - fractons?



Revisiting the ¢ — 0 limit of relativistic fluids

Relativistic fluid has U" satisfying U"U" gy, = —c2. In PUL

variables:
Ul" = -VF - CQUM (cf. also

for some u* = 0" + O(c?).
e Since §V* = 2\, + O(ct)

=[dc0" = —h"), |

e EMT given by

P
T, = L: URU, + P8% = (€ + P)vi7, + P8t + O(c?)

with
%M:Tu—l-hw,el/, (Scf'u:()



Broken boosts in Nature

e Thermal states break boost symmetry spontaneously due to
preferred rest frame aligned with thermal vector g = vt/ T

e Relativistic fluids: boost Goldstone normally absorbed in fluid
velocity (except for framids)

|

Not the case for Carrollian fluids




The Carroll boost Goldstone

The Carroll boost Goldstone transforms as

d0cH" = —ht" A,

NB: Only spatial part of of 6* is physical, so we endow with a
timelike Stueckelberg symmetry

050" = yvt
e We can use 8% to build the C and S invariant objects
Ty = Ty + hu 0", R = B 4 vV (9% + 27,60°) + 2v (1Y)

= The fields (7, v", hy,, ") form an Aristotelian structure



Currents & conservation laws

General variation of free energy S[r,, h,.; 6"

1
55 = / dd+1xe( = THomt 5 T Sh — K, 59#)

e Energy current /

e Momentum-stress tensor
e Goldstone equation of motion

The Ward identities for timelike Stueckelberg transformations and
Carrollian boosts are

viK, =0, Thy, = K,

1
The diffeo. Wlis |e "9, (eT*,) + T 9,7, — 57" Ophyu =0

where TH, = —7, T + T h,, (NB: dc.sTH, = K h'7A, — xv'K,)



Hydrostatic partition function for Carrollian fluids
Given a background Carrollian KVF k*, can build gauge inv. scalars
T = To/7u k", @ = hutu”

where v = k* /7,kP. NB: no temperature unless boosts broken

e Hydrostatic partition function given by
S= /dd+1x e P(T,?)

= ldeal EMT and Goldstone equation of motion given by

"
T(O)l/

K(O)u = (ST + mD’Z)D'M = (5 + P)ffu

= P&¥ + mutt, — (sT + mi®)(u'7, + 6"0,),

e Two solutions to K, = 0: either i, =0 or £+ P =0



Summary and outlook

WHAT WE HAVE ACHIEVED

e The Carroll boost Goldstone plays a crucial role in Carrollian
fluids

e The ¢ — 0 limit of relativistic fluids gives rise to one branch of
the Carrollian fluid

e First order hydro from Aristotelian fluids & dissipative modes
WHAT LIES AHEAD
e Relation to the membrane paradigm?

e “Strong Carrollian fluids” and fractons?

e Relation to flat space holography?



THANK YOU FOR YOUR ATTENTION



Fluid equations of motion

Relativistic equations of motion

VMT“V =0
turn into

v0,E = (E+ P)K,
hMO, P = —( 4+ P)(hv'7,, — W0 K, — KW h, ,0°)
— WM h vV (€ + P)6F)
where 7, = (d7),, and K, = —1/2 £,h,,

e If in coordinates x* = (t, x") such that Carrollian structure of
“Randers—Papapetrou form”

1 o .
vio, = —ﬁﬁt, hydxtdx” = aydx'dx’,  1,dx" = Qdt — bidx'

recover Carrollian fluids of



Extra slide: the Carroll algebra

The Poincaré algebra iso(d, 1) = (P, Lmn) has brackets

[Limns Lpg] = NnpLmg — NmpLng — MngLmp + MmgLnp
[Lmnu Pp] = 77mp'Dn - 77np'Dm
where 7y, = (—c%,1,...,1). Setting B, = Ly, and H = Py, we
get
[Laba cd] 5acLbd 5bc ad + 5deac - 5adLbc [Pa? Bb] = (SabH
[Laba ] - 6acBb - 5bc a [Ba7 Bb] = _C2 Lab
[Lab; ] 6ach 6bc a [l"/7 Ba] = C2Pa

The Carroll algebra is the ¢ — 0 limit of this (with B, — C,)

[Pa,Cb} :5abHa [Labapc} :5ach*5bcPay
[Laba Cc} = 5ach - 5bcCa 5
[Laba Lcd} = 6acLbd - 5bcLad + §deac - (SadLbc .



