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Abstract. This study presents a novel mass-in-mass metamaterial con-
figuration in which the conventional internal resonator is replaced by a
beam. To induce an impacting response, rigid stoppers are introduced on
either side of the beam, firmly connected to the primary mass. A time-
domain solver is developed based on the linear complementary problem
(LCP) formulation and Euler’s discretization to compute the dynamic
response of the impacting metamaterial. An experimental investigation
is conducted on a beam embedded within a mass-impacting unit cell
to validate the LCP solver. The vibration transmission characteristics
and effective mass of the proposed unit cell are systematically analyzed,
demonstrating the emergence of vibration attenuation band gaps and
negative effective mass. These findings underscore the potential of the
proposed metamaterial unit cell as a fundamental building block for ad-
vanced vibration control systems.

Keywords: linear complementary problem · metamaterial · Euler’s dis-
cretization · cantilever beam · transmittance spectrum · effective mass

1 Introduction

The mitigation of vibrations in engineering structures has been an area of signif-
icant research interest for several decades [1,2]. Numerous studies have explored
various strategies for efficient vibration suppression, including the implemen-
tation of tuned liquid dampers [3,4,5], tuned mass dampers [6,7,8], metama-
terials [9,10,11], and origami-based metamaterials [12], among others. Among
these approaches, metamaterials have drawn particular attention due to their
ability to be artificially engineered to achieve desired mechanical properties.
By carefully designing their structure and geometry, metamaterials can exhibit
unconventional characteristics that are not typically found in natural materials
[13,14,15,16,17]. One such property, negative effective mass [17,18,19,20], enables
unique control over wave propagation behavior. The ability of metamaterials to
generate frequency-dependent effective mass or elasticity plays a crucial role
in influencing vibration transmission through these structures [21]. Research
indicates that integrating resonators within mechanical metamaterials allows
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them to attain these distinct properties [22]. Additionally, such resonators can
suppress low-frequency waves without adding extra mass [23,24]. Despite these
advantages, a key limitation arises from the fact that their functionality is con-
strained to narrow frequency ranges due to their reliance on linear resonance
[25]. However, this issue can be addressed by leveraging nonlinear metamate-
rials, as nonlinearity has the potential to broaden the frequency bandwidth in
oscillator-based metamaterials.

A linear complementarity approach is commonly employed in contemporary
studies to address problems associated with impact and contact mechanics. The
multi-body formulation introduced by Moreau [26] and Panagiotopoulos [27,28]
established the use of inequality-based impact laws, which can often be reformu-
lated into linear complementarity problem (LCP) frameworks. This approach is
particularly effective in modeling unilateral contact conditions [29]. The conven-
tional method involves applying Newton’s impact law in the normal direction
[30] and Coulomb’s friction law in the tangential direction [21].

Building upon prior studies that employed impact-based models for vibration
attenuation, this work introduces a novel beam-in-mass impacting metamaterial
unit cell. The proposed design consists of a cantilever beam enclosed within a
rigid mass, functioning as a resonator. When subjected to external excitation,
the mass exerts a pseudo force on the cantilever beam, causing it to vibrate. As
the beam oscillates, its free end collides with two fixed rigid supports, thereby
generating impact events. This paper presents a computational approach based
on the LCP framework, coupled with Euler’s discretization, to track variations
in the normal gap between the cantilever beam’s free end and the rigid supports
over time. The proposed method is validated experimentally and reported in this
study.

Following the validation of the proposed numerical scheme, the methodol-
ogy is further extended to analyze the transmittance spectrum of the beam-in-
mass impacting metamaterial unit cell, examining the formation of attenuation
bandgaps. Additionally, the effective mass of the unit cell is investigated using
a momentum balance approach.

2 LCP based solver for cantilever beam vibrating
between two rigid supports

To formulate the LCP based solver for a cantilever beam vibrating between two
rigid supports, firstly the dynamic equation of motion for a cantilever beam
vibrating between two rigid supports is formulated and presented in subsec-
tion 2.1. Further, the formulation of linear complementary equation is explained
in subsection 2.2.

2.1 Formulation of dynamic equation of motion for cantilever beam

The contact dynamics for the proposed cantilever beam in mass impacting meta-
material unit cell as shown in Figure 1 have been presented, wherein a vibrat-
ing cantilever beam strikes against two rigid supports. The considered cantilever
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beam is assumed to be an Euler Bernoulli beam, the dynamic equation for which
can be expressed as:

EI
∂4w(x, t)

∂x4
+ ρA

∂2w(x, t)

∂t2
= f(x, t) (1)

where w(x, t), EI, ρ and A represents the beam deflection in transverse direction,
the flexural rigidity of the beam, beam density and the beam cross-sectional
area respectively. Further, f(x, t) represents the force acting in the transverse
direction at position x on the beam at time t.

k

c

s

ug gN1 gN2

λN1
λN2

Figure 1. A cantilever flexible beam fixed inside a rigid mass to form an impacting
metamaterial unit cell

Equation 1 can be written in discretized form by using Lagrangian equation of
motion, as discussed and presented in this section. The solution to Equation 1 can
be written as the summation of the product of n number of mode shapes(ϕi(x))
and corresponding time dependent generalized coordinates (ηi(t)).The higher
the number of mode shapes n chosen, the closer would be the solution to the
exact solution. Hence, the beam deflection in transverse direction (w(x, t)) for
the considered cantilever beam is given as [31]:

w(x, t) =

n∑
i=1

ϕi(x) · ηi(t) (2)

where

ϕi(x) =Cn

[
sin

βix

l
− sinh

βix

l
− αi

(
cos

βix

l
− cosh

βix

l

)]
(3a)

where

αi =

(
sinβi + sinhβi

cosβi + coshβi

)
(3b)
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Moreover, βi can be evaluated by solving the frequency equation given by:

cosβi · coshβi = −1 (3c)

Furthermore, βi
2
(

EI
ρAl4

)1/2
denotes the natural frequency of the ith mode

shape, l represents the length of beam and Cn represents the mass-normalised
coefficient of the mode shape.

The expression for potential energy (V ) of the beam[31] is given as:

V =
1

2

∫ l

0

EI

(
∂2w

∂x2

)2

dx (4a)

=
1

2

∫ l

0

EI

(
n∑

i=1

d2ϕi(x)

dx2
· ηi(t)

) n∑
j=1

d2ϕj(x)

dx2
· ηj(t)

 dx (4b)

=
1

2

n∑
i=1

n∑
j=1

∫ l

0

EI
d2ϕi(x)

dx2

d2ϕj(x)

dx2
dx︸ ︷︷ ︸

kij

ηi(t)ηj(t) (4c)

The kinetic energy (T ) of the beam[31] can be expressed as:

T =
1

2

∫ l

0

ρA

(
∂w

∂t

)2

dx (5a)

=
1

2

∫ l

0

ρA

(
n∑

i=1

ϕi(x) · η̇i(t)

) n∑
j=1

ϕj(x) · η̇j(t)

 dx (5b)

=
1

2

n∑
i=1

n∑
j=1

∫ l

0

ρAϕi(x)ϕj(x)dx︸ ︷︷ ︸
mij

η̇i(t)η̇j(t) (5c)

The expression for work done by non-conservative forces on the beam is written
as:

δWNC =

∫ l

0

Fnetδw(x, t)dx (6a)

=

n∑
i=1

∫ l

0

Fnetϕi(x)η̇i(t)dx (6b)

=

n∑
i=1

η̇i(t)

∫ l

0

Fnetϕi(x)dx︸ ︷︷ ︸
QiNC

(6c)

where Fnet is the total sum of non-conservative forces acting on the beam, i.e.,
Fnet = [f(x, t) + {(λN1 − λN2)δd(x − l)}] and δd symbolises the dirac delta
function. From the basic understanding of beam dynamics, it is known that
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the tip of cantilever beam experiences the maximum deflection when subjected
to dynamic loading. Hence, λN1 and λN2 represent the normal reaction forces
developed when tip of the cantilever beam strikes the rigid supports.

The Lagrangian equation of motion for the beam is expressed as[31]:

d

dt

(
∂T

∂η̇i

)
− ∂T

∂ηi
+

∂V

∂ηi
= QiNC (7)

where i = 1, 2, 3....n. Hence, from Equation 7, n number of equations of motion
would be obtained for n generalized coordinates. Substituting the corresponding
values in Equation 7 using Equation 4 and Equation 5, the Lagrangian equation
of motion takes the form:

n∑
j=1

mij η̈j(t) +

n∑
j=1

kijηj(t) = QiNC (8)

Moreover, Rayleigh damping can be considered in the beam. Hence, Equation 8
can be re-written as:

n∑
j=1

mij η̈j(t) +

n∑
j=1

kijηj(t) = QiNC − ∂R

∂η̇i
(9)

where R represents the Rayleigh dissipation function and is given as:

R =
1

2

n∑
i=1

n∑
j=1

cij η̇i(t)η̇j(t) (10)

where cij represent the damping coefficients, which can be calculated using cij =
αmij + βkij . The value of α and β can be evaluated using the relations, α =
2ξωaωb

ωa+ωb
and β = 2ξ

ωa+ωb
, where ωa and ωb are the frequencies of first and fifth

mode of vibration respectively [32]. Firstly, the values of mass, stiffness and
damping matrices for nth mode are substituted in the expression for Rayleigh
damping and the corresponding expression for damping ratio at nth mode is
obtained as ξn = α

2ωn
+ βωn

2 . Further, by substituting the damping ratios and
natural frequencies for first and fifth modes in the aforementioned expression,
a set of two simultaneous equations with two unknowns is obtained, which is
further solved to get the values of α and β.
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Furthermore, Equation 9 can be expressed in the matrix form as:
m11 m12 . . . m1n

m21 m22 . . . m2n

...
...

...
...

mn1 mn2 . . . mnn


︸ ︷︷ ︸

M


η̈1
η̈2
...
η̈n


︸ ︷︷ ︸

ü

−λN1


ϕ1(l)
ϕ2(l)

...
ϕn(l)


︸ ︷︷ ︸

WN

+λN2


ϕ1(l)
ϕ2(l)

...
ϕn(l)


︸ ︷︷ ︸

WN

+


c11 c12 . . . c1n
c21 c22 . . . c2n
...

...
...

...
cn1 cn2 . . . cnn



η̇1
η̇2
...
η̇n

+


k11 k12 . . . k1n
k21 k22 . . . k2n
...

...
...

...
kn1 kn2 . . . knn



η1
η2
...
ηn

−


f1(x, t)
f2(x, t)

...
fn(x, t)


︸ ︷︷ ︸

−h

=


0
0
...
0


(11)

and fi(x, t) =
∫ l

0
f(x, t) · ϕi(x)dx. Therefore, Equation 11 takes the form of

general equation of motion written at acceleration level for dynamic systems
with normal forces, and expressed as:

Mü− h−WNλN1 +WNλN2 = 0 (12)

where M represents the mass matrix, h represents the force vector and WN

represents the normal directional matrix. Substituting ü = ∆q/∆t and applying
Euler’s discretization to Equation 12, we get:

M∆q − h∆t−WNΛN1 +WNΛN2 = 0 (13a)

∆q = M−1(h∆t+WNΛN1 −WNΛN2) (13b)
∆u = (q +∆q)∆t (13c)

∆u = [q +M−1(h∆t+WNΛN1 −WNΛN2)]∆t (13d)

where q = u̇ and Λk = λk∆t, where k = 1, 2.

2.2 Formulation of LCP equation for a vibrating cantilever beam
hitting against rigid supports

The Linear Complementary Problem (LCP) approach can be adopted to solve
the dynamics of contact or impact problems. Generally, the LCP equations are of
the form: y = Ax+B, such that y ≥ 0, x ≥ 0 and xT y = 0 i.e. the complementary
condition.

This paper deals with the application of LCP approach to investigate vari-
ous cantilever systems in which the tip of cantilever beam strikes against rigid
supports, as shown in Figure 1. gN1 and gN2 represent the normal gap from the
tip of cantilever beam to rigid support-1 and rigid support-2 respectively. The
normal gaps gN1 and gN2 and normal reaction forces λN1 and λN2 form the
complementary conditions, i.e. gN1.λN1 = 0 and gN2.λN2 = 0, as the normal
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reaction forces will be non-zero when corresponding normal gaps are zero and
vice-versa. Applying Taylor series expansion to normal gaps (gN1 and gN2) and
ignoring higher order terms of ∆u and ∆t yields:

geN1 = gN1 +∆gN1(u, t) = gN1 +
∂gN1

∂u︸ ︷︷ ︸
XT

N1

∆u+
∂gN1

∂t︸ ︷︷ ︸
ω̃N1

∆t
(14)

geN2 = gN2 +∆gN2(u, t) = gN2 +
∂gN2

∂u︸ ︷︷ ︸
XT

N2

∆u+
∂gN2

∂t︸ ︷︷ ︸
ω̃N2

∆t
(15)

where u represents the vector of generalised coordinates, XN1 =
(

∂gN1

∂u

)T
,

XN2 =
(

∂gN2

∂u

)T
, ω̃N1 =

(
∂gN1

∂t

)
and ω̃N2 =

(
∂gN2

∂t

)
. The superscript e is

used to denote the corresponding value at the end of time step. Eliminating
the value of ∆u from Equation 14 and Equation 15 using Equation 13(d), the
following is obtained:

geN1 =gN1 +XT
N1[q +M−1(h∆t+WNΛN1 −WNΛN2)]∆t+ ω̃N1∆t

=XT
N1M

−1WN︸ ︷︷ ︸
GXN1

ΛN1∆t−XT
N1M

−1WN︸ ︷︷ ︸
GXN1

ΛN2∆t+

XT
N1(q +M−1h∆t)∆t+ gN1 + ω̃N1∆t︸ ︷︷ ︸

CN1

(16)

geN2 =gN2 +XT
N2[q +M−1(h∆t+WNΛN1 −WNΛN2)]∆t+ ω̃N2∆t

=XT
N2M

−1WN︸ ︷︷ ︸
GXN2

ΛN1∆t−XT
N2M

−1WN︸ ︷︷ ︸
GXN2

ΛN2∆t+

XT
N2(q +M−1h∆t)∆t+ gN2 + ω̃N2∆t︸ ︷︷ ︸

CN2

(17)

Hence, using Equation 16 and Equation 17 the final LCP equation can be
written as: [

geN1

geN2

]
=

[
GXN1∆t −GXN1∆t
GXN2∆t −GXN2∆t

] [
ΛN1

ΛN2

]
+

[
CN1

CN2

]
(18)

Further, the expressions for normal gaps can be written as:

gN1 = g1 + w(l, t) = g1 +WT
Nu

gN2 = g2 − w(l, t) = g1 −WT
Nu

(19)

By differentiating the above equations, we get:

∆gN1 = WT
N∆u

∆gN2 = −WT
N∆u

(20)
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Comparing the above equations with the terms in Equation 14 and Equa-
tion 15, we get XN1 = WN , ω̃N1 = 0, XN2 = −WN and ω̃N2 = 0.

The LCP equation in Equation 18 can be solved at each time step using
various algorithms, like Lemke’s algorithm used in present study. The solution
thus obtained gives the values of normal reaction impulses ΛN1 and ΛN2, which
can be then used in Equation 13 to calculate the system state at the next time
step. The solver has been expressed using a flow chart in Figure 2 and various
simulations are run using MATLAB software.

Figure 2. Flow chart depicting the LCP based solver.
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3 A cantilever beam in mass impacting metamaterial
unit cell

A metamaterial unit cell formed by fixing a cantilever beam inside a rigid mass is
considered as shown in Figure 1. In such a metamaterial unit cell, the cantilever
beam behaves like a resonator and vibrates between two rigid supports when the
outer mass is given an external excitation.

To formulate the LCP equation for this proposed metamaterial unit cell, the
required parameters are given as:

f(x, t) = ρAs̈

QiNC =

∫ l

0

[ρAs̈+ {(−λN1 + λN2)δd(x− l)}]ϕi(x)
(21)

where s represents displacement in the outer mass, ρA represents the mass per
unit length of the beam and ρAs̈ represents the inertial force developed on the
cantilever beam due to motion of the outer mass.

Hence, by substituting QiNC in Equation 9 the equation of motion for the
cantilever beam is expressed as:

n∑
j=1

mij η̈j(t) +

n∑
j=1

cij η̇j(t)+

n∑
j=1

kijηj(t)−

∫ 1

0

ρAs̈ϕi(x)dx = (−λN1 + λN2) · ϕi(l)

(22)

Moreover, the equation of motion for the outer rigid mass can be expressed
as:

mos̈ = −λN1 + λN2 − k(s− ug)− c(ṡ− u̇g) (23)

Therefore, the combined equation of motion for the cantilever beam and outer
mass in the considered metamaterial unit cell would be given as:
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m11 m12 . . . m1n −

∫ l

0
ρAϕ1(x)dx

m21 m22 . . . m2n −
∫ l

0
ρAϕ2(x)dx

...
...

...
...

...
mn1 mn2 . . . mnn −

∫ l

0
ρAϕn(x)dx

0 0 . . . 0 mo




η̈1
η̈2
...
η̈n
s̈

+


c11 c12 . . . c1n 0
c21 c22 . . . c2n 0
...

...
...

...
...

cn1 cn2 . . . cnn 0
0 0 . . . 0 c




η̇1
η̇2
...
η̇n
ṡ

+


k11 k12 . . . k1n 0
k21 k22 . . . k2n 0
...

...
...

...
...

kn1 kn2 . . . knn 0
0 0 . . . 0 k




η1
η2
...
ηn
s

− λN1


−ϕ1(l)
−ϕ2(l)

...
−ϕn(l)
−1

−

λN2


ϕ1(l)
ϕ2(l)

...
ϕn(l)
1

−


0
0
...
0

kug + cu̇g

 =


0
0
...
0
0



(24)

where ug and u̇g represents the ground excitation displacement and velocity
respectively which can be expressed as:

ug = Ug sin ω̄t =⇒ u̇g = Ugω̄ cos ω̄t (25)

Equation 24 can be non-dimensionalized by using the following parameters:

k = moω
2
m; c = 2ξωmmo; ηi = Bη̃i; s = Bs̃;

λN1 = Nλ̃N1; λN2 = Nλ̃N2; t =
τ

ωb

(26)

Therefore, Equation 24 can be written as:
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ρAl


a11 a12 . . . a1n −d1
a21 a22 . . . a2n −d2
...

...
...

...
...

an1 an2 . . . ann −dn
0 0 . . . 0 mo

ρAl




ω2
bB

¨̃η1
ω2
bB

¨̃η2
...

ω2
bB

¨̃ηn
ω2
bB

¨̃s

+


c11 c12 . . . c1n 0
c21 c22 . . . c2n 0
...

...
...

...
...

cn1 cn2 . . . cnn 0
0 0 . . . 0 2ξωmmo




ωbB ˙̃η1
ωbB ˙̃η2

...
ωbB ˙̃ηn
ωbB ˙̃s

+



(
EI
l3

)
b11

(
EI
l3

)
b12 . . .

(
EI
l3

)
b1n 0(

EI
l3

)
b21

(
EI
l3

)
b22 . . .

(
EI
l3

)
b2n 0

...
...

...
...

...(
EI
l3

)
bn1

(
EI
l3

)
bn2 . . .

(
EI
l3

)
bnn 0

0 0 . . . 0 moω
2
m




Bη̃1
Bη̃2

...
Bη̃n
Bs̃

−Nλ̃N1


−ϕ1(l)
−ϕ2(l)

...
−ϕn(l)
−1

−

Nλ̃N2


ϕ1(l)
ϕ2(l)

...
ϕn(l)
1

−


0
0
...
0(

moω
2
mUg sin

ω̄τ
ωb

)
+
(
2ξωmmoUgω̄ cos ω̄τ

ωb

)

 =


0
0
...
0
0


(27)

where

aij =

∫ 1

0

ϕi(lx1) · ϕj(lx1)dx1, bij =

∫ 1

0

d2ϕi(lx1)

dx2
1

· d
2ϕj(lx1)

dx2
1

dx1,

di =

∫ 1

0

ϕi(lx1)dx1.

(28)

These coefficients are obtained by non-dimensionalization of mij , kij and∫ l

0
ρAϕi(x)dx respectively by substituting x = lx1 in their corresponding ex-

pressions. Moreover, ωm represent the natural frequency of the mass and ωb is
a parameter used for non dimensionalization.
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The final non-dimensional form of Equation 27 can be expressed as:
a11 a12 . . . a1n −d1
a21 a22 . . . a2n −d2
...

...
...

...
...

an1 an2 . . . ann −dn
0 0 . . . 0 1

θ


︸ ︷︷ ︸

M̃


¨̃η1
¨̃η2
...
¨̃ηn
¨̃s


︸ ︷︷ ︸

¨̃u

+


c̃11 c̃12 . . . c̃1n 0
c̃21 c̃22 . . . c̃2n 0
...

...
...

...
...

c̃n1 c̃n2 . . . c̃nn 0

0 0 . . . 0 2ξ
θγs


︸ ︷︷ ︸

C̃


˙̃η1
˙̃η2
...
˙̃ηn
˙̃s


︸ ︷︷ ︸

˙̃u

+


σb11 σb12 . . . σb1n 0
σb21 σb22 . . . σb2n 0

...
...

...
...

...
σbn1 σbn2 . . . σbnn 0
0 0 . . . 0 1

θγ2
s


︸ ︷︷ ︸

K̃


η̃1
η̃2
...
η̃n
s̃


︸ ︷︷ ︸

ũ

+λ̃N1


ϕ1(l)
ϕ2(l)

...
ϕn(l)
1


︸ ︷︷ ︸

XN

−λ̃N2


ϕ1(l)
ϕ2(l)

...
ϕn(l)
1


︸ ︷︷ ︸

XN

−


0
0
...
0

1
γs

sin γrτ + 2ξγr cos γrτ


︸ ︷︷ ︸

F̃

=


0
0
...
0
0



(29)

where

1

θ
=

mo

ρAl
, γs =

ωb

ωm
, γr =

ω̄

ωb
, σ =

EI

ρAl4ω2
b

, Ug = Bθγs, N = ρAlBω2
b (30)

θ represents the mass ratio, γr represents the non dimensional excitation fre-
quency, γs represents the inverse of natural frequency of outer mass, c̃ij repre-
sents the non-dimensional damping coefficients, ξ represents the damping ratio,
B is an arbitrary constant and Ug is the amplitude of excitation.

Hence, Equation 29 is similar to the form given in Equation 12, such that
WN = XN and h = h̃ = −C̃ ˙̃u − K̃ũ + F̃ . Moreover, M̃, C̃, K̃ and F̃ are the
non-dimensional mass matrix, damping matrix, stiffness matrix and force vector
respectively.

Therefore, to write the final LCP equation in non-dimensional form, sub-
stitute gN1 = Bg̃N1, gN2 = Bg̃N2 and ∆u = B∆ũ in Equation 18, the final
non-dimensional LCP equation for this case is expressed as:[

g̃eN1

g̃eN2

]
=

[
G̃XN∆τ −G̃XN∆τ

−G̃XN∆τ G̃XN∆τ

] [
Λ̃N1

Λ̃N2

]
+

[
C̃N1

C̃N2

]
(31)

where G̃XN = WT
NM̃−1XN , C̃N1 = −WT

N (q̃ + M̃−1h̃∆τ)∆τ + g̃N1, C̃N2 =

WT
N (q̃+M̃−1h̃∆τ)∆τ+g̃N2. Moreover, g̃N1 and g̃N2 represent the non-dimensional

normal gaps.
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Further, the transmittance in the outer mass can be calculated as:

Γ = 20 log10

∣∣∣ s
ug

∣∣∣ = 20 log10

∣∣∣Bs̃

Ug

∣∣∣ = 20 log10

∣∣∣ s̃

θγs

∣∣∣ (32)

A comprehensive analysis of the transmittance spectrum is presented in sec-
tion 4 to examine both the quantitative and qualitative characteristics of the
bandgaps in the proposed metamaterial unit cell. Due to the presence of non-
linear impact forces in the unit cell, conventional analytical techniques such as
the Transfer Matrix Method or eigenvalue solutions using Bloch’s theorem are
not suitable for accurately capturing its behavior. As a result, deriving a closed-
form solution for analytical bandgap analysis becomes challenging. To address
this, the present study employs the transmittance spectrum as an effective ap-
proach for bandgap investigation. Previous studies [33,34,35] have successfully
utilized transmittance spectrum analysis for bandgap studies, demonstrating
strong agreement with dispersion curve-based methods.

4 Results and Discussion

First, the experimental validation of the proposed solver for the cantilever beam
in mass metamaterial unit cell is presented in subsection 4.1.

The transmittance spectrum of a cantilever beam in mass metamaterial unit
cell is analyzed and plotted for different parameters. Additionally, the effective
mass is calculated and visualized using the momentum balance approach.

4.1 Experimental validation of the proposed solver for the
metamaterial unit cell

To provide a more comprehensive validation of the proposed LCP solver with
experimental results, an experiment was conducted to analyze the transmittance
spectrum of a cantilever beam in mass impacting metamaterial. The details of
this study are discussed and presented in this section.

Experimental Setup A cantilever beam in mass impacting metamaterial
unit cell was fabricated using PLA material with a 3D printer. The unit cell is
connected to the shaker system via a spring with a stiffness coefficient of 350
N/m, as illustrated in Figure 3(a). To reduce frictional effects, a layer of oil is
applied between the unit cell and the surface. Furthermore, the unit cell rests on
four hemispherical contact points at the corners, minimizing its contact area with
the base surface. Two triaxial accelerometers are mounted—one for capturing the
base excitation data and the other for measuring vibrations within the unit cell,
as shown in Figure 3(b). The parameters of the unit cell are provided in Table 1.
Additionally, the mass of the accelerometer attached to the unit cell is included
in the outer mass.
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Shaker system

Beam in mass 

unit cell

Spring connecting 

shaker system and

unit cell

Accelerometer 1

Accelerometer 2

(a) (b)

Figure 3. Experimental setup to validate the proposed LCP solver for transmittance
spectrum of a cantilever beam in mass impacting metamaterial unit cell (a) Complete
setup showing the proposed unit cell connected to shaker system (b) Enlarged view of
the unit cell with attached accelerometers.

Table 1. Unit cell parameters

Unit cell Parameter Value
Material Polylactic acid (PLA)
Length of beam 0.15 m
Breadth of beam 0.01 m
Thickness of beam 0.0025 m
Gap between beam and outer mass 0.001 m
Density of unit cell 1250 kg/m3

Young’s Modulus (E) 4.583× 107 N/m2

Outer mass 12.67 g
Mass of accelerometer 4 g

Experimental methodology The experiment is conducted by configuring
the frequency and gain of the shaker system and collecting data from the ac-
celerometers using Labview software at a sampling rate of 500 samples/second
for 10 seconds. Data was recorded for excitation frequency values ranging from
12Hz to 22Hz in increments of 2Hz, from 23Hz to 30Hz in increments of 1Hz,
and from 32Hz to 42Hz in increments of 2Hz. The base excitation ug for the
analytical study is obtained by converting the time-series data recorded from
the accelerometer attached to the base plate into the frequency domain using
the Fourier transform. The physical parameters listed in Table 1, along with
the derived base excitation function, are then utilized in the analytical study
using the solver with physical parameters as per Equation 24. Additionally, the
experiment was repeated three times to obtain three sets of data.
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Validation of proposed solver with experimental results The data from
the accelerometer attached to the base of shaker system is used to find the
amplitude of base excitation, which is then used in the analytical solver. The
transmittance in the unit cell is calculated as below:

Γ = 20 log10

∣∣∣ x
Ug

∣∣∣ (33)

where, x is the amplitude of induced vibrations in the unit cell and Ug is the
amplitude of base excitation. The analytical solver results, along with three sets
of experimental data, are presented in Figure 4. It is evident that the analytical
predictions align well with the experimental findings. The slight discrepancies
observed at lower frequencies can be attributed to the higher error tolerance
in the accelerometer’s sensitivity at lower frequency ranges, as indicated in its
calibration certificate. Furthermore, experimental errors may also arise due to
the resistance introduced by the accelerometer wire attached to the unit cell.
Overall, the experimental validation provides strong confidence in the accuracy
of the proposed LCP-based solver.
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Analytical

Experimental Reading 1

Experimental Reading 2

Experimental Reading 3

Figure 4. Transmittance plot for a beam in mass impacting unit cell comparing results
obtained from the LCP based solver and that from three readings from experimental
study.

4.2 Transmittance spectrum for metamaterial unit cell

From the formulation of final LCP equation for the considered unit cell, it is
observed that the response of such a system depends on the non-dimensional
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gaps (g̃1, g̃2), mass ratio (θ), inverse of natural frequency of outer mass (γs)
and stiffness parameter of inner beam (σ). Hence, the transmittance plots with
respect to varying non dimensional excitation frequency (γr) are plotted for
different values of these parameters using the solver developed in MATLAB.
The following observations are perceived:

(i) (ii) (iii)

(c)

(a)
(ii)

(b)

Figure 5. (a) Transmittance with respect to varying non dimensional excitation fre-
quency (γr) for different values of non-dimensional normal gaps (g̃1, g̃2), (b) Time
history plots of non dimensional tip displacement of inner beam (−sb) for γr = 4 and
(i) g̃1 = g̃2 = 0.5 and (ii) g̃1 = g̃2 = 1, and (c) Time history plots of non dimensional
tip displacement of inner beam (−sb) and displacement of outer mass (s̃) for γr = 2.5
and (i) g̃1 = g̃2 = 0.1, (ii) g̃1 = g̃2 = 0.3 and (iii) g̃1 = g̃2 = 0.7

– Figure 5(a) illustrates the variation in transmittance of the outer mass for
different values of non-dimensional normal gaps (g̃1, g̃2) between the beam tip
and the outer mass. It can be observed from Figure 5(a) that a second prop-
agation band appears for γr in the range of 2.2 to 3. Additionally, the peak
transmittance decreases progressively as the values of g̃1 and g̃2 increase.
This trend is further explained by the time history plots in Figure 5(c). When
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the normal gap is relatively small, specifically g̃1 = g̃2 = 0.1, the displace-
ment of the beam tip remains in phase with the displacement of the outer
mass, as shown in Figure 5(c-i). Consequently, the impact force enhances
the displacement of the outer mass, leading to an increase in transmittance.
Conversely, as the normal gap values increase, the beam tip displacement
and the displacement of the outer mass gradually shift out of phase, as de-
picted in Figure 5(c-ii) and Figure 5(c-iii). This phase mismatch reduces the
displacement of the outer mass, thereby lowering the transmittance value.

– Furthermore, as observed in Figure 5(a), beyond a certain high-frequency
threshold, the beam tip ceases to impact the outer mass. The excitation
frequency at which this phenomenon occurs is lower for larger values of the
normal gap. Consequently, beyond this point, variations in the normal gap
no longer influence the transmittance behavior, causing the different plots to
converge into a straight line. This observation is further corroborated by the
time history plots in Figure 5(b), which show that for different normal gap
values, the peak displacement of the beam tip remains nearly identical. This
clearly indicates that the effect of varying normal gaps diminishes beyond a
specific frequency.

– Additionally, it is observed that the anti-resonance drop is more pronounced
for smaller normal gap values compared to larger ones. This occurs because,
at that frequency, the outer mass and the vibrating beam move out of phase
with each other. To sustain the same vibration frequency in steady-state con-
ditions, a smaller normal gap results in a longer impact duration compared
to a larger gap. Consequently, the displacement of the outer mass decreases,
leading to a reduction in transmittance.

4.3 Effective mass of metamaterial unit cell

An average effective mass can be computed for the cantilever beam in mass
impacting metamaterial unit cell by the concept of momentum balance, described
as below:

Meff ṡ =moṡ−
∫ l

0

ρA

n∑
i=1

ϕi(x)η̇i(t)dx = moṡ−
∫ 1

0

ρAl

n∑
i=1

ϕi(lx1)η̇i(t)dx1

(34a)

Meff =mo −
ρAl

ṡ

n∑
i=1

∫ 1

0

ϕi(lx1)η̇i(dx1)︸ ︷︷ ︸
ṡb

= mo −
ρAl

ṡ
ṡb

(34b)

θeff =
Meff

mo + ρAl
=

Meff/mo

1 + θ
(35)

Substituting the value of Meff from Equation 34b to Equation 35, the final
expression for θeff is obtained as:

θeff =
1− θ

(
ṡb
ṡ

)
1 + θ

(36)
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(i) (ii) (iii)

(i) (ii) (iii)

(i) (ii) (iii)

(i) (ii) (iii)

(i) (ii) (iii)

(a)

(b)

(c)

(d)

(e)

Figure 6. Study of negative effective mass property of the proposed metamaterial unit
cell. (i) Time history plots for velocity of outer mass (ṡ) and inner beam tip (−ṡb) (ii)
Phase portrait for varying −θṡb with respect to ṡ (iii) Time history plot for variation
of θeff for (a) γr = 0.85 (b) γr = 2.35 (c) γr = 3.9 (d) γr = 4.15 (e) γr = 5.8
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Figure 6 illustrates the time history plots for the velocity of the outer mass
(ṡ) and the inner beam (−ṡb), the phase portrait depicting the variation of −θṡb
with respect to ṡ, and the time history plot showing the variation of θeff for
different values of γr, while maintaining γs = 1, σ = 0.05, and g̃1 = g̃2 = 0.1.
The following observations are obtained:

– The time history plots in Figure 6(a-i) and Figure 6(b-i) illustrate that the
motion of the beam and the outer mass remains in phase. Consequently,
the corresponding phase portrait plots in Figure 6(a-ii) and Figure 6(b-ii)
are confined to either the first or third quadrants, with a positive slope.
Substituting the expression

(−θṡb
ṡ

)
into Equation 36 results in a positive

value for θeff , which is subsequently plotted in Figure 6(a-iii) and Figure 6(b-
iii), yielding average values of 0.5213 and 1.1072, respectively.

– Additionally, the time history plots in Figure 6(c-i), Figure 6(d-i), and Fig-
ure 6(e-i) clearly demonstrate that the motion of the beam and the outer
mass are out of phase. Consequently, the corresponding phase portrait dia-
grams in Figure 6(c-ii), Figure 6(d-ii), and Figure 6(e-ii) exhibit a negative
slope. Substituting the expression

(−θṡb
ṡ

)
into Equation 36 results in a nega-

tive value for θeff . These values are plotted in Figure 6(c-iii), Figure 6(d-iii),
and Figure 6(e-iii), with average values of -1.9462, -0.1826, and -0.1424, re-
spectively.

5 Conclusions

This study introduces an algorithm based on the linear complementary prob-
lem (LCP), incorporating Euler’s discretization, to analyze the dynamics of a
novel metamaterial unit cell, where a cantilever beam functions as a resonator
enclosed within an external mass. To validate the accuracy of the proposed com-
putational approach, an experimental study has been carried out on the unit
cell subjected to external excitation, with the results presented in this work.
The transmittance outcomes derived from the theoretical model exhibit strong
agreement with those obtained from experimental investigations. The successful
validation of the proposed method reinforces its reliability for further analysis.

For the considered unit cell, the cantilever beam undergoes vibrations and
impacts two rigid supports due to a pseudo force generated when the outer mass
experiences external excitation. The developed LCP-based solver is further ap-
plied to assess the vibration attenuation characteristics of the metamaterial unit
cell. The final LCP equation governing a single metamaterial unit cell reveals
that its dynamic response is predominantly influenced by the mass ratio (θ),
the inverse of the natural frequency of the outer mass (γs), the non-dimensional
stiffness parameter (σ), and the non-dimensional normal gaps (g̃N1, g̃N2). To
gain insight into the attenuation capability of the proposed unit cell, the trans-
mittance spectrum is plotted for varying non-dimensional excitation frequencies
across different values of the non-dimensional normal gaps. The out-of-phase
motion between the vibrating beam and the outer mass results in a reduction in
the displacement of the outer mass, thereby lowering the transmittance.
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In addition to transmittance analysis, the effective mass of the metamaterial
unit cell is also examined for different values of the non-dimensional excitation
frequency (γr). A negative effective mass is observed for several values of γr,
highlighting the potential of this unit cell in achieving effective vibration control.
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